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The ultra weak variational formulation (UWVF) approachhasbeenproposed
as an effective methodfor solving Helmholtz problemswith high wave numbers.
However, for coarsemesheghe methodcansuffer from instability. In this paper
we considercomputationabspect®f the ultra weakvariationalformulationfor the
inhomogeneoubklelmholtzproblem.We introducea methodto improve the UWVF
schemeandcompardterative solversfor theresultinglinearsystem.Computations
for the acoustictransmissiorproblemin 2D shawv thatthe new approachenables
solving Helmholtz problemson arelatively coarsemeshfor a wide rangeof wave

numbers.

1. INTRODUCTION
Theinhomogeneouklelmholtzequatiorarisesin mary physicalproblems.The model-
ing of time-harmoni@coustiandelectromagnetifieldsin heterogenousmediaarewidely
known examples.For long wavelengthgheseproblemscanbe approximatedisinglow or-
derfinite elemenbr finite differencemethods As thewavelengthdecreasethesemethods
becomdncreasinglyexpensie dueto therequirementhattheremustbe sufficiently mary
pointsperwavelengthto obtainareliablesolution(tengrid pointsperwavelengthis often

mentionedasarule of thumb). In addition,numericalpollution dueto theaccumulatiorof
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phaseerrorforcesthe useof evenmoregrid pointsperwavelengthto maintainaccurag at
adesiredevel [7]. In mary applicationghis leadsto very large problemsandintolerable
computationatompleity.

To avoid theproblemsassociate@ith lowerorderfinite elementsavarietyof techniques
have beenproposed Modificationsof the basicfinite elementimethodincludefor example
higherordermethodg8], leastsquaredinite elementd6, 11, 15], and partition of unity
methods(PUM) [1]. The PUM malkesit possibleto includea priori informationabout
the solutionin the approximatiorsubspaceComparedo standardinite elementghis has
beenshawvn to give considerableeductionin computationatompleity [9].

A commonfeatureof finite elemenmethodswith speciakhapdunctions,suchasPUM,
is the needfor numericalquadraturesn the computationof the associatedntegrals. For
basesthat consistof oscillatory functionsthis requireshigher order quadratureg9] or
specialintegrationtechniqueg12]. In addition,conditioningproblemssometimesequire
aregularizationtype approacto stabilizethe problem[12].

Anotherapproachis to approximatehe global solutionof the Helmholtzequationby a
family of solutionsof theHelmholtzequatiorin eachelementandenforcecontinuityasfar
aspossibleacrosslemenboundarievia thenumericalscheme Oneolbviousmethods to
minimizetheleastsquareslifferencan thejumpsof the solutionandit’snormalderivative
acrosselementedgesby minimizing aleastsquaredunctional,seee.g. [10, 14]. In [10]
themethodwasanalyzedisingplanewave andBessefunctionbasesBothbasegprovided
efficientmeango obtaingoodaccurag. However, the planewave basiswasrecommended
dueto the simplicity of evaluatingintegrals. Conditioningproblemswere notedasthe
numberof basisfunctionsperelemenincrease.

Theultraweakvariationalformulation(UWVF) is anotherapproacho usingdiscontin-
uouslocal solutionsof the Helmholtzequationon eachelement.In this approachwhich
wasproposedandanalyzedn [3, 4, 5], integrationby partsis usedto derive a variational
formulationthat weakly enforcesappropriatecontinuity conditionsbetweenelementsvia

impedancéroundaryconditions.Lik e the leastsquaresnethoda family of local solutions
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of the Helmholtzequationis usedto constructthe approximatiorspace.However, unlike
theleastsquaresnethod thefinal equationsatisfiedby the discretesolutionaregivenby
the Galerkinprocedureatherthanthe moread hoc leastsquaresapproach.However, on
thetheoreticallevel theleastsquaresnethodis betterunderstoodhanthe UWVF in that
globalcorvergencecanbe proved.

In principle thereare mary possiblechoicesfor the local approximationfunctionson
eachelementin the UWVF. However, only planewaveshave beenusedsofar, andbased
onthetheoreticaltudiesin [10], it seemaunlikely thatBessefunctionbasesvould offer
muchimprovementwhenapproximatingsmoothsolutions.Hence asdiscussedurtherin
Section3, we useplanewavesin this paper

An advantageof the useof the planewavesis thatin mostcasesntegralsoccuringin the
resultingmatrix systemcanbe evaluatedin closedform. As a drawback,ill-conditioning
of the problemhasbeenreportedvhenfine meshe®r largedimensionabasesreused3].
However, it is shavn in numericalexamplesthatthe methodcanproduceaccurateesults
whentheelementizeis twice thewavelength.

In this paperwe investigatethe UWVF from the computationalpoint of view. We
shaw thatthe conditioningproblemis particularly severe whenthe UWVF is appliedto
inhomogeneougroblemsor whenunstructureaneshesvith varyingelemensizeareused.
We proposeheuseof abasiswith anon-uniformnumberof basisfunctionsperelemenias
afeasiblemethodfor improving the conditioningof the UWVF. Numericalexamplesshov
thatthe properchoiceof basisenablesisto usevery largegeometricelementssometimes
fivetimesthesizeof thewavelength.In addition,we compareheRichardsorandstabilized
Bi-ConjugateGradientiterative methoddor solvingtheresultinglinearsystem.

Thepaperis organizedasfollows. In Section2 we give a shortreview of theultraweak
variationalformulation. In Section3 we summarizehe discreteform of the method. The
computationaschemefor choosingthe basesand solving the linear systemis described
in Section4. In Section5 we give numericalexamplesof the methodappliedto a high

frequeng acoustidransmissiomproblem.
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Now let us describethe problemconsideredn this paper Let Q be a domainin R2
with the smoothboundaryI” andoutward unit normalv. The inhomogeneousielmholtz

problemfor thefield u is definedas

2

v-(lvu>+“—u=o in €, )
p p

(1@—iau>:Q(—16—u—iau)+g onT, (2)

pOov pOv

wherek = k(z1,22) € C with Im(k) > 0, Re(k) > 0, is the wave numberand
Q| <1, Q € C. Theparameterp = p(z1,z2) ando arerealandpositive. The source

termonT is denoteddy g.

2. THE ULTRA WEAK VARIATIONAL FORMULATION OF THE
HELMHOL TZ EQUATION

In this sectiorwe outlinethe UWVF for theinhomogeneousklelmholtzproblem(1)-(2).
Let uspartitionthedomain2 into a collectionof disjoint finite eIements[Qk}le. In this
reporteachelement(;, is atriangleexceptnearcurvedinterfacesor boundariesvhere(y,
canbe curvilineartriangle. In principleit is possibleto mix trianglesandquadrilateralsn
the samemesh,but we have not studiedthis ideahere. Let X; denotethe edgebetween
element(2;, andelement(2;, andlet v, denotethe outward unit normalon 92 . The
exterior edgesaredenotedby I'y,, seeFig 1.

The coeficientsp andx areassumedo be piecevise constantssothatpy, = plq, and
kr = k|q,. Problem(1) and(2) cannow be decomposednto sub-problemdor each

elementQ, k=1,--- K

Auk + I‘Liuk -0 in Oy (3)

p— on Xy, 4)

1 Ouy, 1 Buj

1 Oup _ 10y on Xy, 5

Pk Ovy pj Ov; Y ¥
1 1

(_%—ia’kuk) :Q(— _%_iakuk) +9 onTy (6)
Pk al/k Pk 6l/k
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whereu, = u|g,. Thetransmissiorconditions(4) and(5) on the interfaceX;; canbe

writtenin the coupledform [2]

18 1 du; 18 1 du;
— T guy = —— 29 —jouy, and— <k 4 iguy = —— 23 4iou;  (7)
Pk 81/k 1 P ov, 1 1

whereg is anappropriateeal valuedparametethatis definedon the elementboundary

99y,. Sinces musthave the samedimensionsask/p [2] we have used

_ 1 (Re(ky) | Re(s;)
0_2( Pk * Pj

) onXy; (8)

whichis themeanvalueof Re(«) /p ontheinterfaceX,;. Ontheexterior boundant the
choiceof the parametetr depend®n theboundarycondition.

Let usnow definea new function

Xk=((_pikaiwﬂ_ia)“’“)‘ank’ lsks k. ®

>From(3), (6), and(7) andintegrationby partsit followsthaty, satisfied3, 4, 5]
3 (T (EESCRRW RS 55 1 Cacams I
oQ Pk 6Vk k=1 j—1 Ek] Pk ov
+ Z/ (ﬁaT"”)”’“_Z/ <p—ka—yk—w>vk (10)

for all piecavise smoothtestfunctionswv,, that are solutionsof the adjoint Helmholtz

equation
Aﬁk + Iﬂlzﬁk =0, in Qk; (11)

wherethe barsstandfor complex conjugate.
We now rewrite (10) to facilitate our discussiorof the discreteproblem. Let us define

anoperator
Fy : L2(6Qk) — L2(89k) (12)

suchthatif y, € L?(0Q;) thenFy (yx) € L*(89Qy,) is givenby

1 9
Fk(yk) = (p—ka—yk—lo) Vg Onan (13)
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FIG. 1. A partof themesh.Theinterfacebetweerelements, andQ; is ;. Theoutward unit normal

on the boundaryd$, is vi. Furthermorejf the elementis on the exterior boundary the correspondingart of

09y, is denotedoy I'y,.

wherevy, € H'(9);,) satisfieg11)and

(—li — w) v = Y, 0N ON. (14)
Pr Ovy,

Using F}, we seethat(10) mayberewrittenasthe problemof finding xx € L2(0Q), k =

1,2,..., K suchthat

Z/ —X0Tk = ZZ/ _XJFk Yk +Z/Fk ngFk(yk)

k=1 j=1

Z/r —gF(yk) (15)

for all y, € L2(0Q4), k = 1,2,... K. Equation(15) is calledthe ultra weakvariational
formulationof theinhomogeneouelmholtzproblem(1) and(2). Thisformulationmakes
clearthatthe unknown functionsyy arecomputedon 02, usingastestfunctionsy;, that
arealsofunctionson 992. Thusthe UWVF generates directapproximatiorto thefield u
anddu/dvy, ontheskeletonof themeshdQy,, k = 1,... , K. Tocomputeu away from the
skeletoninvolvesalocal post-processingtep.In thediscretecasethiswill bediscussedn

thefollowing section.Notethata knowledgeof Fy,k = 1,... , K isrequired.
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3. THE DISCRETE PROBLEM
Following [3, 4], we usea Galerkinapproacho the discretizationof the UWVF (15).
We needto discretizethe spaced.?(9Q), k = 1,... , K for functionsappearingn (15).
In principleary choiceof completefamily in L2(02;) couldwork (for examplepiecavise
constanfinite elementon 92, ). However, to implement(10) we mustbeableto compute
Fy(yg) for discretefunctionsyy. Thiswould bedifficult usinga pieceviseconstanbasis.
With thisin mind CessenandDespes[3, 4] suggesthefollowing stratey for constructirg
adiscretizatiorof L2(0Q;) thatmakesthe computatiorof Fy, trivial. For eachQ);, afinite

family of functionsyy, ¢, £ =1, ... , p is choserwhich satisfyequation(11) so
AQy + KpPre =0 ongy (16)

andgy,, = 0 on Q\Q. Thenthe discretespaceapproximatingL? () consistsof all

functionsyy; suchthat

Pk 1 a
=3 =Y i k=1,2,... K, 17
Yk L Yk,t ( P 6l/k )wk,f ( )

where{y;,(}}*, arearbitraryconstantsSimilarly

Pk 1 6
Xk ;:1 Xk, ( o B ) I, (18)

wheretheexpansiorcoeficients{ xx ¢}~ , aretheunknovnfunctionswewishto compute.

Of courseFy (y¢) is easyto computesince

Pk 1 6
Fe(yd) =D uke (—— - iU) Py (19)
= Pr Ovg

ThediscretetUWVF is thenobtainedby replacingx by x andy by yj in (15).
Therearestill a numberof possiblechoicesfor the functionsyy, ;. Obviously we want
{¢r,e}32, to be acompletefamily of solutionsin the sensethatary functionin L?(Q)

canbeapproximatedo ary desiredaccuray by afunctionof theform (17) providedpy, is
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chosenargeenough.For examplewe couldchoose
Ore(x) = Joa (Brlz — ) V7 1<t <y (20)

wherex € R?, x;, € Qy, andJ,_; is theBessefunctionof first kind andorder¢ — 1. For
theleastsquaregproblemthis basisdid not offer a significantadvantageover the basiswe
choosenext [10]. In additiontheintegralsin (15) mustbe computeddy quadrature.
Thuswe turnto the choiceadwocatedby CessenaandDespreg3, 4] of the planewave
basisgivenby
exp(iRrdi,e - ) INQy

Pkl =
0 elsavhere

whered;, ¢ is aunit vectorgiving thedirectionof propagatiorof thewave. Thewave plane

basisfor theelement;, canbe constructedisingangularlyequispacedirections

dre = (cos (27r€ — 1>,sin (27r€ — 1)) (21)
Pk Pk

The choiceof equallyspacedlirectionsis not requiredby the UWVF. It is possiblethat

anotheichoiceof directionsmightreducehenumberof requireddirectionsif somea priori
informationof the solutionis availablebut this topic is not studiedhere. Insteadwe focus
on allowing the numberof directionspy, to vary betweerelements.

In the Galerkinapproactthetestfunctionvy, ¢ is choserfrom thebasisfunctionssothat
successiely vy = ¢re, 1 < € < piandl < k < K. Thenthe discreteform of the

UWVF canbewritten asthe matrix equation3]
D-0C)X=1b (22)

where X = (X11,---,Xiprs X215---)L. The entriesin the Hermitian block diagonal

matrix D are

1 10 10
D™ = / = ( - —Dhm iU(Pk,m) (— — okt _ iUS%,e) (23)
90, Pr Ovg Pr Ovg
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wherethe subscriptof D refersto the block andthe superscripshows the elementn the

block. Thematrix C' is alsosparseandhasablock structure.Theentriesin C' aregivenby

1(10p;m . 1 Oppe .
chm :/ —(——J”“—w : )(—— —io
k,j Tu o \ pj 6Vk Pijm Dk al/k Pkt

1 0vkm . 10 .
+ / Q( — ohm WSOk,m) ( okt _ lfﬂpk,e)- (24)
Ty

o\ pk O pr O

Theentriesfor theright handsideof the systemare

1 10 .
by = / —g(— Pkl —wsok,z). (25)

r, 0 \Pr Ovg

If the edgesof the elementsare straightthe integralsabove canbe evaluatedin closed
form. For detailswe referto [3, 4]. On curved elementedgesthe integrals must be
computechumerically We notethatit is vital to usecurvedelementotherwisdargeerrors
canoccurfrom approximatingcurvedboundarie®y multi-wavelengthsizedelementgthis
is anotherway in which our implementatiordiffers from the original implementatiorin

[3D).

For numericalstability it is suggested4] thatequation(22) besolvedin theform
(I-D'C)X =D 'b. (26)

This preconditionedapproachrequiresinversion of the matrix D. Due to the block
diagonalstructureof D theinversioncanbe doneelementwise for eachD;, separately
Usingknowledgeof theconditioningof theblockswe canimprove stability of theresulting
matrix system(26). Thiswill bediscussedn the next section.

Providedthatky, is realin €y, the solutionof the problem(1)-(2) canbe approximated

by

Pk
ule, = ZXk,Mk,e- (27)
=1
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This is a direct consequencef equations(9), (18), (3), and (11), togetherwith the
uniquenessf the solutionof the Helmholtzequation.On elementsvherexy, is notreal,a

furtherlocal problemmustbe solved elementoy element.

4. COMPUTATIONAL PROCEDURE

The solution of the problemcan be carriedout in threesteps. First, the matrix D is
computed. Although it is possibleto fix the numberof functionsin the basison each
elemenbeforehandwe allow changesn the numberof basisfunctionsperelemenduring
the building of the matrix. Hence,we reducethe severity of the stability problemsthat
werereportedin [3]. Whenthe matrix D is computed,t is Choleslky factorizedfor later
usein solvingthe matrix equation(26).

In the secondstep,afterthe numberof functionsin the basison eachelementis chosen,
the matrix C canbe computed. In the third step,the matrix system(26) is solved using
anappropriatalirector iterative matrix solver. Thelaststepis the mosttime consuming.

Thereforethechoiceof the solveris animportantissue.

4.1. Invertibility of the matrix D
Theblockdiagonalstructureof thematrix D allowstheseparatéactorizatiortheblocks
Dy.. Theconditioningof the matrix block D;, depend®on variety of factors,for example
on the elementsize h;, andnumberof baseg, in thatelement. It wasshawn in [3] that

2int(pr /2)+2 where

the conditionnumberof Dy, for p, > 4 is boundedrom belav by Ch,,
C is a positive constantandint(a) refersto the integer partof a. Numericalsimulations
shaw thatthe conditioningof the matrix block D, alsodependsn the wave numberky,
seeSection5.1.

Olviously, we can control the condition numberof the matrix D by controlling the
elementsize by andthe numberof baseg,. Theseparametershouldbe chosensothat
stableinversionfor all blocks Dy, is possible. Although we could vary the elementsize

during meshgenerationwe focus on controlling the numberof basedor a fixed mesh.

This approachs justifiedbecausén mary applicationst is desirableto solve the problem
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with mary wave numbersusing the samemesh. On the otherhand,we know from the
least-squaremethodthat the easiestway to improve the accurag is to usemore basis
functionsratherthana finer mesh,providedthe solutionto be computedis smooth[10].
Motivatedby thoseconsiderationswe alsoinvestigatewhat sizeelementsareallowed in
the UWVF to obtainatolerableaccuray. The maindifficulty in theuseof large elements
is the needfor a high dimensionalocal basiswhich causesll-conditioning of the blocks

Dy, for otherelementsf useduniformly regardlesf elementsize.

4.2. Choosingthe basis

The simplestpossibility is to usea fixed numberbasisfunctions(i.e. a fixed number
of directionsfor the planewaves)in all elements.However, dueto the variability in the
wave numberandelementsizewithin the computatiordomain,this mayresultin severely
ill-conditioned blocks leadingto instability of the solution. In this paperwe proposea
schemein which the numberof basess chosendynamicallyduring computationof the
matrix D.

An appropriatecriterionto characterizehe stability of theinversionis the L -condition

number

Cond D) = [ Dl 15 [Ix- (28)

The methodwe useis basedon the sequentialcomputationof the blocks Dy, and
estimationof the conditionnumber We startby settingthe highestallowed valueto the
conditionnumberandfixing theinitial numberof functionsin the basison eachelement.
Then, we proceedelementby elementbuilding the block and estimatingthe condition
numberfor the currentbasis. Dependingon the condition number we can reduceor
increasethe numberof functionsin the local basis,recomputethe block and estimate
againthe conditionnumber Whenthe appropriatenumberof functionsin the basisfor

the elementis found, the Cholesly factorizedblock is sased and the sameprocedures
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repeatedor the next element. As the outcomewe getthe Cholesly factorizedmatrix D
andthe numberof basisfunctionsfor eachelement.

Differentcriteriacanbe usedto choosethe admissiblenumberof bases.For example,
one canchoosethe highestdimensionabasisfor which the conditionnumberis below a
predeterminedimit. Alternatively, aninitial guesscanbe a relatively large dimensional
uniform basiswhich is known to generatéll-conditionedblocks. The dimensioncanbe
reducedonly for the elementswith the worstconditioning. Computatiortime is naturally
dependenbn the methodandthe initial guessfor the basis. However, the basisis inde-
pendentof the boundarydataand thereforefor a single frequeng and meshit mustbe

computecbnly once.

4.3. lterati ve algorithms
Thesolutionof problem(26) canbe doneusingavariety of techniquesDueto thelarge
sizeof the problemwith the useof aniterative solver is preferred.n [3] the Richardson

algorithmwasused.Thealgorithm1. shovs a pseudacodefor themethod.

ALGORITHM 1.
Sete > 0

Bo =rand0.5;1 —€)

b=D"1p
Xo = Bob
fori=1,2,3,...

Xi = Bicib+ [(1 = Bict)I + Bi—1 D™ C1 X1
if X; accurateenoughquit;

Bi = rand0.5;1 — ¢)
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end

By rand@,b) we denotea uniformly distributedrandomnumberbetweena andb. The
behavior of the methodfor the UWVF problemis analyzedn detailedin [3, 4].

In this paperwe comparethe Richardsorschemewith anotheriterative solver, namely
the stabilized Bi-ConjugateGradient(Bi-CGStab)[16]. This variant of the conjugate
gradienthasbeenshown to be an efficient and smoothly convergentmethodfor solving
high dimensionalinear systemsseee.g. [13, 16, 17]. It is applicableto non-Hermitian
matricesasencounterethere(althoughthereductionof theresiduawill notnecessarilype
monotone).Thealgorithm?2. describestepsin the Bi-CGStabfor the system(26).

ALGORITHM 2.

X is aninitial guessyo = Db — (I — D~1C)Xo

fori=1,2,3,...
pi = (fo,ri—1); B = (pi/ pi—1)(e/wi—1);
Pi =ri—1 + B(Pi—1 — wi—1v-1);
vi = (I - D~'C)p;;
a = pi/(fo,vi);
s =ri1 — av;
t=(I—D"C)s;
wi = (t,5)/(t,1);

X =X 1+ ap; +w;s;
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FIG. 2. Thegeometryof themodelproblem.

r; = 8 — wit;
if X; accurateenoughquit;

end

Fromthe computationapoint of view it mustbe notedthatthe Bi-CGStabrequirestwo
multiplicationsby I — D=1C andfour vectorinner productson eachiteration. Only one

correspondingnatrix-vectormultiplicationis neededn the Richardsoralgorithm.

5. NUMERICAL EXAMPLES

As anexampleof theinhomogeneoullelmholtzproblemwe considelacousticscattering
from the obstaclef?; with different propertiesthan thosein the surroundingmedium
Q5. The concentriccircular domains2; andQ, have radiia = 5.0 cmand R = 10
cm, respectiely Fig. 2. The aim is to assesshe behaior of the error of the UWVF
approximatiorratherthanto enulateary particuar physicalproblem. Thesimplegeometry
allowsusto computeanaccuratepproximatiorfor theproblem(1) and(2) usingtruncated
Fourierseries.

The acousticpressuran Q; U Q- is now denotedby u. Let the speedof soundsbe

¢1 = 3000 m/sandcy = 1500 m/sin Q; andin €5, respectiely. The corresponding
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densitiesare p; = 2000 kg/m® and p, = 1000 kg/m®. The wave numbersare now
k1 = 2w f/c; andky = 27 f /cp, wheref is thefrequeng of the soundfield. Thevalues
for the physicalparameters andp aretypical for biologicaltissues.

Ontheexterior boundant” we have

— ik (29)

whereu™ is theincidentwave. Theboundarycondition(29) is obtainedirom the general

form (2) by choosing® = 0, ¢ = k2, and

g=— —ikou™ onT. (30)

As theincidentfield we usea point source

: )
uit = ZH(SI) (Ka|z — o)) (31)

locatedat oy which is 1.0 cm outsidethe exterior boundary Hél) is the zerothorder
Hanlkel function of the first kind. In mary physicalproblemsthe soundsourcecanbe
constructedrom a combinationof pointsources.

The boundarycondition(29) is the lowestorderabsorbingooundaryconditionfor the
scatteregbartof thepressurdield u. Althoughtherearemoreaccurateabsorbingpoundary
conditions thisis choserbecauseve canderive the exactsolutionfor the problemwhich
enablescomparisonwith numericalresults. Our error analysiscomparesthe UWVF
approximatiorto the exactseriessolutionof (1)- (2) with the above choiceof data.

To increaseaccurayg of the solution we allow curved boundarieson the boundaries
Q1 N Qs andT. Theintegrals(23)-(25)on thoseboundariesvere computedwith the 21
point Gauss-Lgendrequadrature.

We usedthreemesheswith Apax = 2.13 ¢M, Apax = 1.21 cm, andhpax = 0.68 cm
wherehnmax iIs themaximumlengthof theelemenedgesn themesh.Thecoarsesieshis
shavn in Fig. 3. We considerultrasoundrequenciespanningrom 100kHz to 500kHz.
Then, wavelengthsA = 27 /k vary between0.6-3.0cm in the domainQ); andbetween

0.3-1.5cmin thedomain(s,.
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FIG. 3. Oneof themesheaisedin thecomputationzonsistingof 334 elementsaand184 vertices.

5.1. Resultsfor afixed mesh

We startour studyof thebehavior of theerror, theconditionnumberandtheperformance
of the iterative solversusingthe coarsesmeshwith A, = 2.13 cm. Dueto the mesh
densityrequirementsthis meshis usefulfor the standardinite elementswith frequencies
upto 7 kHz in themodelproblem(assuminghattengrid pointsperwavelengthareneeded).
We show thatthe UWVF is capableof generatingusefulresultsevenwhenthe frequeny
is 450kHz which correspondso aboutsix wavelengthgperelement.However, highwave
numbergequiretheuseof thenon-uniformbasis.We startby comparingheaccurag and
conditioningof the UWVF with the uniform andnon-uniformbases.

Theanalyticalsolutionandtwo UWVF approximation®f theproblemfor thefrequeny
f =250 kHz areshowvn in Fig. 4. The UWVF approximationarecomputedn the mesh
of Fig. 3.

Theeffect of variability of the elementsizeandthe wave numberto the conditioningof
thematrixblocksDy, isshovnin Fig. 5. Theuniformbasisleadsto severeconditioning
problemsin the domain(); wherethe wave numberis low. The highestvaluesarein the
smallestelements. However, for the non-uniformnumberof functionsin the basiswe
cankeepthe conditionnumberdow andstill reachthe sameaccurag with almostequal

numberof degreesof freedom. The conditionnumberof the blocks Dy, in this exampleis
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FIG. 4. Top: Theanalyticalsolutionof theproblemwith f = 250 kHz. Middle: TheUWVF approximation
usingthe uniform basiswith p;, = 21. Bottom: The UWVF approximationusingthe non-uniformbasiswith
pr = 11,...,29. Therealpartsareshavn on the left and on the right arethe imaginaryparts. The UWVF

approximationsrecomputedn the meshwith hmax = 2.13 cm.
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FIG. 5. Top: Color of anelementrepresentshe basel0 logarithmof the conditionnumberof the matrix

<]

-10

block Dy, correspondingo the caseof the uniform basiswith p = 21 and f = 250 kHz. Theconditionnumber
canbeseeno behighin thedomainof thelower wave numberandespeciallyin the smallelements.To improve
stability of the problemthe conditionnumberof the blocks Dy, arelimited belov 10%. Bottom left: Base10
logarithmsof the conditionnumbersareshawn for the non-uniformbasis.Bottomright: The highestnumberof
basedor eachelementQ;, for which the conditionnumberof Dy, is belav 10%. The conditionnumbersor the

elementsarenow betweenl 03 and10* while the numberof basisfunctionsperelementvariesfrom 11 to 29.

TABLE 1

The comparisonof uniform and non-uniform basisfor f = 250 kHz.

Numberof Bases Relatve Error Max(Cond(@g)) Numberof Degreesof Freedom

Uniform Basis 21 0.1349 5.3-101! 7014

Non-uniformBasis 11... 29 0.1260 1.0 - 104 6956
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FIG. 6. Left: Theconditionnumberof the matrix block Dy, is shavn asa function of the elementsper

wavelengthfor two arbitrarily choserelementsRight: Theresultsarecomputedor the coloredelements.

limited to 10*. Table1 comparesiccurag andthe conditionnumbergor the problemwith
uniform andnon-uniformbasis.

In this papemwe have usedthelargestnumberof basisfunctionsperelementhatgive the
conditionnumberbelow the predeterminedimit. The initial guessvasthe uniform basis
with five planewaves. Although the blocks D), mustbe computedseveral times,dueto
fastercorvergenceof theiterative algorithms thetotal computatiortime did notincrease.
In the simulationsof Fig. 4 the computationtime for the uniform basiswas117 s while
the usageof the non-uniformbasisreducedhetime to 89 s. The computationsairedone
usinga Pentiumlll PCwith 600 MHz processoand1 GB RAM. The codeis written in
Fortran90.

Naturally, a betterchoiceof theinitial basiswould significantlyreducethe computation
time usedto determinghebases.

We endthis sectionby studyingthe dependencef the conditionnumberof the matrix
block D; on the wave numberky. Using a fixed meshand a fixed numberof basis
functionswe computethe conditionnumberfor thefrequeng spanf = 100,... ,500kHz.
The condition numbersfor two arbitrarily chosenelementsare shovn in Fig. 6. The
conditionnumbersaregraphechsafunctionof theratio A, / by, where);, is thewavelength

in the elementQ;, and h;, is the length of the longestedgeof the element. The results
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FIG. 7.  Top: The figure shaws the relative discreteLs error for threedifferentfrequenciesagainstthe

numberof degreesof freedom. Bottom: Correspondingnaximumcondition numbersof the blocks Dy. All

resultsarecomputedn thesamemeshwith Amax = 2.13 cm.

confirmthethattheconditionnumberlincreaseasthewavelengthdecreasesswasalready

notedin previoussimulations.

5.1.1. Theerror andconditioningof Dy,

In this sectionwe investigatethe accuray of the UWVF approximatiorandthe condi-
tioningof thematrixblocksDy,. Therelative errorsandthelargestconditionnumbersf the
blocksDy, for frequencieg = 100 kHz, f = 250 kHz,andf = 400 kHz areshovnin Fig.
7. Thenumberof grid pointsperwavelergthis measuredastheminimumratio min( Ay / hy).
The ratios correspondindo the above frequenciesaremin(\ /h) = 0.70, 0.28, 0.18,
respectiely. The resultsindicatethatit is possibleto usefairly coarsemeshesj.e the

elementsizeis severaltimesthewavelength.
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FIG. 8.  Top: The figure shavs conditioningof the UWVF matricesin the caseof uniform basis(solid

lines)andnon-uniformbasis(dashedine) plottedagainsthenumberof degreesof freedomfor f = 100kHz and

hmax = 2.13 cm. Bottom: In the figure arethe numberof matrix-vectormultiplicationsrequiredto reachthe

terminationcriterion.

Notethatin thehighfrequeny casethe choiceof auniformbasisresultsin anunaccept-

ableconditionnumberbeforethe errordecrease® 49 %. However, with thenon-uniform

basiswe areableto obtain 1.4 % error for the highestfrequeng f = 400 kHz. Onthe

otherhand,with the lower frequencieghe non-uniformbasisapproachprovideda means

for preconditioningheresultingmatrix system.This topicwill bestudiedin thefollowing

sectiontogethemvith iterative solvers.

5.1.2. Preconditioningand performanceof theiterative solvers

We have shavn that appropriatechoice of the basiscanimprove the stability of the

inversionof theblocksDy. To determinestability of thematrix equation(26) oneneedso

study conditioningof the operator] — D~1C. We presenthe L;-conditionnumbersfor
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differentoperatordor the frequeny f = 100 kHz in Fig. 8. The plotscorrespondo the
f = 100 kHz simulationsin Fig. 7.

The resultssuggesthat the maximumconditionnumberof D, characterizeshe con-
ditioning of the operatorl — D~1C. Also, notethe superiorityof the form I — D—1C
comparedo the non-preconditioneegquationD — C.

The convergenceof theiterative solversis studiedby observinghe norms

ID~'b— (I - D'C)X]||2
|1 D=1b]|2 ’
1Xs = Xiall2
Xl -

Residual =

(32)

Changen X; = (33)

Theresidualis computedn the Bi-CGStabas||r;||2/||D~'b||2. Theiterationsaretermi-
natedwhentheresidualgetbelon 106,

The iterative solversare comparedby countingthe matrix-vector multiplicationsy =
(I - D71C)z = = — D~1Cx neededo achieve the terminationcriterion. We remind
thatin additionto the matrix-vectoroperationdour vectordot productsareneededn the
Bi-CGStab However, thecomputationaéffort requiredfor thatis only afractioncompared
to the matrix-vectoroperation.

The Bi-CGStabcorvergesfasterthan the Richardsoralgorithm, seeFig. 8. The Bi-
CGStabalsoreachedhe stoppingcriterionin all casesvhereaghe Richardsorstagnated
in the caseof thelargestdimensionaluniform basis.

The residualsas the function of iteration numberfor somesimulationsare presented
in Fig. 9. In the sameproblemthe Richardsoralgorithmfailed to reachthe termination
criterion. Table2 summarizeshe simulationsof Fig. 9. In all examplesthe corvergence
of the Richardsoralgorithmwassmoothethanthe Bi-CGStab

Finally, we shav therelative errorandvariationin the numberof basesasa function of
the numberof grid point perwavelengthin Fig. 10. Theresultssuggesthatit is possible
to obtainfairly accurateresultson very coarsemeshes.We getresultswith anerror of 9
% althoughwe have over six wavelengthgperelementatfrequenciesipto 450kHz in the

testproblem). For higherfrequenciesll-conditioning spoiledthe resultseven thoughta
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FIG. 9. Corvemgenceof theiteratve solversfor f = 100 kHz andhmax = 2.13 cm. The normsfor the
Bi-CGStabarein the left columnandfor the Richardsorin the right column. We presenthe residualsfor the

uniform basiswith p = 11 (a)-(b)andwith p = 15 (c)-(d). Corvergencewith the non-uniformbasisis shavn

whenthe conditionnumberof Dy, is limited to 108 (e)-(f) and10!2 (g)-(h).
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FIG. 10. Top: Therelatve error shavn asa function of the elementger wavelength. We useddifferent

criteriafor choosinghebasis,.e. the maximumconditionnumbersof the matrix blocks D;, werelimited belov
104, 10%, and 108. We have usedthe highestnumberof baseswhich gives the condition numberbelov the
limits. Bottom: Thefigure shavs correspondingnaximumandminimum numbersof basesn eachsimulation.
Thelargestvariationin base®ccurswhenthe elementizeis large comparedo the wavelength. Theresultsare

computedn themeshwith hmax = 2.13 cmandthefrequeng spannedrom 100kHz to 500kHz.
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TABLE 2

A summary of the simulations of Fig. 9

Uniform Basis Non-uniformBasis
Numberof Bases 11 15 9..19 15..27
Numberof Degreesof Freedom 3674 5010 4859 7128
Max(Cond(@y)) 7.7-108 2.3-10'1 9.9-10° 9.9-10"
Cond® — C) 9.7-107 9.3.10'? 2.4-107 2.2.1015
Cond( — D~10) 2.9.10° 9.9.108 2.5.10° 1.8 - 1012
Matrix-VectorMultiplications, Bi-CGStab 388 588 362 706
Matrix-VectorMultiplications, Richardson 604 Stagnation 565 1939
Relative Error 4.63-1072  2.07-107% 3.13.107% 4.05-107°

non-uniformbasiswasused.We pointoutthenumberof degreesof freedomneedto reach
aboutone percenterror for 450 kHz is only 13,200. Thatis ordersof magnitudelower
thanrequiredin the piecevise linear finite elementapproachfor the sameproblemwith
correspondingiccurag.

For a fixed meshthe largestvariation in the numberof basisfunctions per element
occursfor the shortestvavelengths.On the otherhand whenthewavelengthincreaseshe

variationbetweerelementseducesandit maybereasonabléo usea uniform bases.

5.2. Theresultsunder meshrefinement
We shaw the effect of meshrefinementon accurag, the conditioningof Dy, andthe
convergenceof iterationsin Fig. 11. Fromtheresultsit is obviousthat animprovement
in accuray canbeobtainedwith lesseffort by increasinghe dimensionof the basisrather
thanrefining mesh. Although the non-uniformbasisdid notimprove the accurag for the
finer meshesan advantages obtainedin betterstability andthereforefastercorvergence

of theiterative solver.
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FIG. 11. Top: The figure representghe relative error againstthe numberof degreesof freedomfor
differentmeshegor f = 250 kHz. Middle: Themaximumconditionnumbersf D, correspondingo theerrors

above. Bottom: The numberof matrix-vector multiplicationsneededn the stabilizedBi-CG solver to reachthe

terminationcriterion.

We presenthe numberof the matrix-vectoroperationsonly for the Bi-CGStabmethod
sincemoreoperationsvasneedin Richardsonln addition,theconvergenceof Richardson

methodstagnatedn someof the mostill-conditionedcases.
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6. CONCLUSIONS

We have shavn thattheuseof non-uniformplanewave basesn theultraweakvariational
formulationimprovesits applicabilityto inhomogeneoullelmholtzproblemswith varying
elemensize. Themethodproposedn thispapemwasbasednthepreconditioningf blocks
in theresultingmatrixequation.Thisledto variabledimensiorbase®ndifferentelements.

Theresultandicatethatit is possiblauseverylargeelementgomparedo thewavelengh;
in somesimulationsupto six wavelengthgerelemensize. Thismakesit possibleto solve
high wave numberproblemswith coarsemeshesandwith a relatively low computational
effort. We alsoshaowved thatthe benefitfrom the non-uniformbasisapproachs the most
significantwhenlarge elementsareused.

In addition,we comparedheRichardsorandstabilizedBi-ConjugateGradientmethods
for solvingtheresultinglinearsystem.The Richardsonterationcornvergedmoresmoothly
but stagnatedn somecases. Lessmatrix-vector multiplicationswere neededn the Bi-
CGStalto reachthe sameterminationcriterion. Usageof non-uniformbasisimprovedthe
convergenceof bothmethods.

In this paperthe numberof basisfunctionswerechoserby approximatinghe condition
numberof the blocksin the resultingmatrix system. The numberof basisfunctionsper
elementwaschangedf the conditionnumbemwasfar from the predeterminedalue. This
approactrequiredthe matrix blocksto becomputedseveraltimes. An usefulimprovement
would be a methodto estimatethe conditionnumberfor the blocksasa function of the

numberof basedasednthe materialparameterandthe geometryof the elements.
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