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The ultra weak variational formulation (UWVF) approachhasbeenproposed

asan effective methodfor solving Helmholtzproblemswith high wave numbers.

However, for coarsemeshesthe methodcansuffer from instability. In this paper

we considercomputationalaspectsof theultra weakvariationalformulationfor the

inhomogeneousHelmholtzproblem.Weintroduceamethodto improve theUWVF

schemeandcompareiterativesolversfor theresultinglinearsystem.Computations

for the acoustictransmissionproblemin 2D show that the new approachenables

solving Helmholtzproblemson a relatively coarsemeshfor a wide rangeof wave

numbers.

1. INTRODUCTION

TheinhomogeneousHelmholtzequationarisesin many physicalproblems.Themodel-

ing of time-harmonicacousticandelectromagneticfieldsin heterogenousmediaarewidely

known examples.For longwavelengthstheseproblemscanbeapproximatedusinglow or-

derfinite elementor finite differencemethods.As thewavelengthdecreasesthesemethods

becomeincreasinglyexpensivedueto therequirementthattheremustbesufficiently many

pointsperwavelengthto obtaina reliablesolution(tengrid pointsperwavelengthis often

mentionedasaruleof thumb). In addition,numericalpollutiondueto theaccumulationof
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2 HUTTUNEN, MONK, KAIPIO

phaseerrorforcestheuseof evenmoregrid pointsperwavelengthto maintainaccuracy at

a desiredlevel [7]. In many applicationsthis leadsto very largeproblemsandintolerable

computationalcomplexity.

Toavoid theproblemsassociatedwith lowerorderfinite elements,avarietyof techniques

havebeenproposed.Modificationsof thebasicfinite elementmethodincludefor example

higher-ordermethods[8], leastsquaresfinite elements[6, 11, 15], andpartition of unity

methods(PUM) [1]. The PUM makesit possibleto includea priori informationabout

thesolutionin theapproximationsubspace.Comparedto standardfinite elementsthis has

beenshown to giveconsiderablereductionin computationalcomplexity [9].

A commonfeatureof finite elementmethodswith specialshapefunctions,suchasPUM,

is theneedfor numericalquadraturesin the computationof theassociatedintegrals. For

basesthat consistof oscillatory functions this requireshigher order quadratures[9] or

specialintegrationtechniques[12]. In addition,conditioningproblemssometimesrequire

a regularizationtypeapproachto stabilizetheproblem[12].

Anotherapproachis to approximatetheglobalsolutionof theHelmholtzequationby a

family of solutionsof theHelmholtzequationin eachelementandenforcecontinuityasfar

aspossibleacrosselementboundariesvia thenumericalscheme.Oneobviousmethodis to

minimizetheleastsquaresdifferencein thejumpsof thesolutionandit’snormalderivative

acrosselementedgesby minimizing a leastsquaresfunctional,seee.g. [10, 14]. In [10]

themethodwasanalyzedusingplanewaveandBesselfunctionbases.Bothbasesprovided

efficientmeansto obtaingoodaccuracy. However, theplanewavebasiswasrecommended

due to the simplicity of evaluatingintegrals. Conditioningproblemswerenotedas the

numberof basisfunctionsperelementincrease.

Theultraweakvariationalformulation(UWVF) is anotherapproachto usingdiscontin-

uouslocal solutionsof theHelmholtzequationon eachelement.In this approach,which

wasproposedandanalyzedin [3, 4, 5], integrationby partsis usedto derive a variational

formulationthatweaklyenforcesappropriatecontinuityconditionsbetweenelementsvia

impedanceboundaryconditions.Like theleastsquaresmethoda family of local solutions
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COMPUTATIONAL ASPECTSOFTHE UWVF 3

of theHelmholtzequationis usedto constructtheapproximationspace.However, unlike

theleastsquaresmethod,thefinal equationssatisfiedby thediscretesolutionaregivenby

theGalerkinprocedureratherthanthemoreadhoc leastsquaresapproach.However, on

thetheoreticallevel the leastsquaresmethodis betterunderstoodthantheUWVF in that

globalconvergencecanbeproved.

In principle therearemany possiblechoicesfor the local approximationfunctionson

eachelementin theUWVF. However, only planewaveshave beenusedsofar, andbased

on thetheoreticalstudiesin [10], it seemsunlikely thatBesselfunctionbaseswould offer

muchimprovementwhenapproximatingsmoothsolutions.Hence,asdiscussedfurtherin

Section3, weuseplanewavesin this paper.

An advantageof theuseof theplanewavesis thatin mostcasesintegralsoccuringin the

resultingmatrix systemcanbeevaluatedin closedform. As a drawback,ill-conditioning

of theproblemhasbeenreportedwhenfinemeshesor largedimensionalbasesareused[3].

However, it is shown in numericalexamplesthat themethodcanproduceaccurateresults

whentheelementsizeis twice thewavelength.

In this paperwe investigatethe UWVF from the computationalpoint of view. We

show that the conditioningproblemis particularlyseverewhenthe UWVF is appliedto

inhomogeneousproblemsorwhenunstructuredmesheswith varyingelementsizeareused.

Weproposetheuseof abasiswith anon-uniformnumberof basisfunctionsperelementas

afeasiblemethodfor improving theconditioningof theUWVF. Numericalexamplesshow

thattheproperchoiceof basisenablesusto usevery largegeometricelements,sometimes

fivetimesthesizeof thewavelength.In addition,wecomparetheRichardsonandstabilized

Bi-ConjugateGradientiterativemethodsfor solvingtheresultinglinearsystem.

Thepaperis organizedasfollows. In Section2 wegiveashortreview of theultraweak

variationalformulation. In Section3 we summarizethediscreteform of themethod.The

computationalschemefor choosingthe basesandsolving the linear systemis described

in Section4. In Section5 we give numericalexamplesof the methodappliedto a high

frequency acoustictransmissionproblem.
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Now let us describethe problemconsideredin this paper. Let " be a domainin #%$
with thesmoothboundary& andoutwardunit normal ' . The inhomogeneousHelmholtz

problemfor thefield ( is definedas

)+*-,�./ ) (103254 $/ (7698 in " : (1),�./ ; (; '=<=>@? ( 0 6BA , < ./C; (; '=<�>@? ( 0 2ED on &F: (2)

where 4 6 4-GIHKJ : H $MLENPO with Q@R GS4 LET 8 , UWV GS4 LEX 8 , is the wave numberandY A Y1Z . :�A NEO . Theparameters/ 6 / GIH J : H $ L and ? arerealandpositive. Thesource

termon & is denotedby D .
2. THE ULTRA WEAK VARIATION AL FORMULA TION OF THE

HELMHOL TZ EQUATION

In thissectionweoutlinetheUWVF for theinhomogeneousHelmholtzproblem(1)-(2).

Let uspartitionthedomain " into acollectionof disjoint finite elements[M"W\^]`_\ba J . In this

reporteachelement" \ is a triangleexceptnearcurvedinterfacesor boundarieswhere " \
canbecurvilineartriangle. In principleit is possibleto mix trianglesandquadrilateralsin

thesamemesh,but we have not studiedthis ideahere. Let c \ed denotetheedgebetween

element"W\ andelement "�d , and let 'f\ denotethe outward unit normalon ; "W\ . The

exterioredgesaredenotedby & \ , seeFig 1.

Thecoefficients / and 4 areassumedto bepiecewiseconstants,so that / \hg / Y ikj and4 \=g 4 Y ikj . Problem(1) and (2) can now be decomposedinto sub-problemsfor each

element"W\ , lm6 . : *n*o* :ep
q ( \ 2 4 $ \ ( \ 6r8 in " \ (3)(�\s6t(ud on cv\ed (4)./ \ ; ( \; 'f\ 6 < ./ d ; ( d; 'nd on c \ed (5), ./ \ ; (�\; ' \ <�>@? \w(K\M096BA , < ./ \ ; (K\; ' \ <=>x? \`(�\M032ED on &y\ (6)
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COMPUTATIONAL ASPECTSOFTHE UWVF 5

where ( \ 6P( Y i j . The transmissionconditions(4) and(5) on the interface c \ed canbe

written in thecoupledform [2]./ \ ; (�\; 'f\ <�>@? ( \ 6 < ./ d ; (ud; 'nd <=>@? ( d : and
./ \ ; (�\; 'f\ 2 >@? ( \ 6 < ./ d ; (ud; 'nd 2 >@? ( d (7)

where ? is anappropriaterealvaluedparameterthat is definedon theelementboundary; " \ . Since? musthavethesamedimensionsas 4Kz / [2] wehaveused

? 6 .{ , ReG|4 \ L/ \ 2 ReGS4 d L/ d 0 on cv\ed (8)

which is themeanvalueof ReGS4 L z / on theinterface c \}d . On theexteriorboundary& the

choiceof theparameter? dependson theboundarycondition.

Let usnow definea new function~ \s6��1� < ./ \ ;; ' \ <�>@?�� (K\f������� i j : . Z l Z p�� (9)

>From(3), (6), and(7) andintegrationby partsit follows that ~ \ satisfies[3, 4, 5]_�\ba J � � ikj .? ~ \ , < ./ \ ;; ' \7<�>@? 0�� \ < _�\ba J _�dea J ��� j�� .? ~ d ,3./ \ ;; ' \7<�>@? 0�� \2 _�\ba J �^� j A ? ~ \ ,�./ \ ;; 'f\7<�>@? 0���\s6 _�\ba J ��� j .? D ,�./ \ ;; 'f\7<=>x? 0���\ (10)

for all piecewise smoothtest functions � \ that are solutionsof the adjoint Helmholtz

equation q � \ 2 4 $ \ � \ 6r8�: in " \ : (11)

wherethebarsstandfor complex conjugate.

We now rewrite (10) to facilitateour discussionof thediscreteproblem. Let usdefine

anoperator � \h��� $ G ; " \ L�� � $ G ; " \ L (12)

suchthatif ��\ N � $ G ; "W\ L then

� \ G �^\ L�N � $ G ; "W\ L is givenby� \ G � \ L 6 ,�./ \ ;; 'f\ <=>@? 0 � \ on ; " \ (13)
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FIG. 1. A partof themesh.Theinterfacebetweenelements©-ª and ©u« is ¬�ª « . Theoutwardunit normal

on theboundary­�© ª is ® ª . Furthermore,if theelementis on theexterior boundary, thecorrespondingpartof­f©-ª is denotedby ¯�ª .
where� \ N±° J G " \ L satisfies(11)and

, < ./ \ ;; 'f\ <=>x? 0 � \ 6r� \ on ; " \ � (14)

Using

� \ weseethat(10)mayberewrittenastheproblemof finding ~ \ N � $ G ; "W\ L :�lm6. : { :n�o�o�K:}p suchthat

_�\²a J � � i1j .? ~ \ � \ < _�\²a J
\�dea J ��³ j�� .? ~ d

� \ G � \ L 2 _�\²a J � � j A ? ~ \
� \ G � \ L6 _�\²a J �^� j .? D

� \ G �^\ L (15)

for all � \ N � $ G ; " \ L :�l76 . : { :o�o�n�´p . Equation(15) is calledtheultra weakvariational

formulationof theinhomogeneousHelmholtzproblem(1)and(2). Thisformulationmakes

clearthat theunknown functions ~ \ arecomputedon ; " \ usingastestfunctions � \ that

arealsofunctionson ; "W\ . ThustheUWVF generatesadirectapproximationto thefield (
and ; ( z ; 'f\ ontheskeletonof themesh; "W\�:µl¶6 . :n�o�o��:}p . To compute( awayfrom the

skeletoninvolvesa localpost-processingstep.In thediscretecasethiswill bediscussedin

thefollowing section.Notethata knowledgeof

� \�:µlm6 . :n�o�n��:ep is required.
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COMPUTATIONAL ASPECTSOFTHE UWVF 7

3. THE DISCRETE PROBLEM

Following [3, 4], we usea Galerkinapproachto the discretizationof the UWVF (15).

We needto discretizethespaces� $ G ; " \ L :µl·6 . :n�o�n��:ep for functionsappearingin (15).

In principleany choiceof completefamily in � $ G ; "W\ L couldwork (for examplepiecewise

constantfinite elementson ; " \ ). However, to implement(10)wemustbeableto compute
� \ G ��¸\ L for discretefunctions��¸\ . Thiswould bedifficult usinga piecewiseconstantbasis.

With thisin mindCessenatandDespres[3, 4] suggestthefollowingstrategyfor constructing

a discretizationof � $ G ; "W\ L thatmakesthecomputationof

� \ trivial. For each"W\ a finite

family of functions¹ \Mº » :�¼�6 . :o�o�n��:I½ \ is chosenwhich satisfyequation(11)soq ¹ \Mº » 2 4 $ \ ¹ \Mº » 698 on "W\ (16)

and ¹ \Mº » 658 on "�¾y¿" \ . Thenthediscretespaceapproximating� $ G ; " \ L consistsof all

functions��¸\ suchthat

� ¸\ 6ÁÀ j�»@a J � \Mº » , < ./ \ ;; 'f\ <�>@? 0 ¹ \Mº » lm6 . : { :o�o�n��:epÂ: (17)

where [n��\`º »o] À j»@a J arearbitraryconstants.Similarly

~ ¸\ 6ÁÀ j�»@a J ~ \Mº » , < ./ \ ;; 'f\ <=>x? 0 ¹ \Mº » (18)

wheretheexpansioncoefficients [ ~ \Mº »o] À j»@a J aretheunknownfunctionswewishtocompute.

Of course

� \ G ��¸\ L is easyto computesince� \ G � ¸\ L 6 À j� »@a J � \Mº » ,�./ \ ;; '�\ <=>@? 0 ¹ \Mº » (19)

ThediscreteUWVF is thenobtainedby replacing~ \ by ~ ¸\ and ��\ by ��¸\ in (15).

Therearestill a numberof possiblechoicesfor thefunctions ¹�\Mº » . Obviously we want[M¹�\Mº »n]`Ã»@a J to be a completefamily of solutionsin the sensethat any function in � $ G " L
canbeapproximatedto any desiredaccuracy by a functionof theform (17)provided ½K\ is
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��� ������������������������� ��! ���������



8 HUTTUNEN, MONK, KAIPIO

chosenlargeenough.For examplewe couldchoose

¹�\Mº » GÄH L 6ÆÅf»}Ç J G 4 \ Y H·<�H \ Y L�È`ÉÄÊ »}Ç J´ËIÌ : . Z ¼ Z ½1\ (20)

whereH N #%$ , H \ N "W\ , and Åf»}Ç J is theBesselfunctionof first kind andorder ¼ < . . For

theleastsquaresproblemthis basisdid not offer a significantadvantageover thebasiswe

choosenext [10]. In additiontheintegralsin (15)mustbecomputedby quadrature.

Thuswe turn to thechoiceadvocatedby CessenatandDespres[3, 4] of theplanewave

basisgivenby

¹�\Mº »W6ÎÍÏÐ ÏÑ V²Ò�Ó GI> 4 \wÔ�\Mº »
* H L in "W\8 elsewhere

whereÔ�\Mº » is aunit vectorgiving thedirectionof propagationof thewave. Thewaveplane

basisfor theelement" \ canbeconstructedusingangularlyequispaceddirections

Ô^\`º »�6 ,WÕoÖ�×�, {fØv¼ < .½ \ 0Ù: ×´ÚÜÛ�, {fØv¼ < .½ \ 0�0Ý� (21)

Thechoiceof equallyspaceddirectionsis not requiredby theUWVF. It is possiblethat

anotherchoiceof directionsmightreducethenumberof requireddirectionsif someapriori

informationof thesolutionis availablebut this topic is notstudiedhere.Instead,we focus

on allowing thenumberof directions½ \ to vary betweenelements.

In theGalerkinapproachthetestfunction ��\Mº » is chosenfrom thebasisfunctionssothat

successively � \Mº » 6�¹ \Mº » , . Z ¼ Z ½ \ and . Z l Z p . Thenthe discreteform of the

UWVF canbewrittenasthematrix equation[3]

GIÞß<Eà L�á 69â (22)

where á 6 G ~ JeJ :o�n�o�²: ~ J À j : ~ $ J :n�o�n� L�ã . The entriesin the Hermitian block diagonal

matrix Þ are

Þ »eº ä\ 6 � � ikj .? , < ./ \ ; ¹ \Mº ä; 'f\ <=>@? ¹ \Mº ä�0 , < ./ \ ; ¹ \Mº »; 'f\ <=>@? ¹ \`º »}0 (23)

��������� 	�

��� ������������������������� ��! ���������



COMPUTATIONAL ASPECTSOFTHE UWVF 9

wherethesubscriptof Þ refersto theblock andthesuperscriptshows theelementin the

block. Thematrix à is alsosparseandhasablockstructure.Theentriesin à aregivenby

à »}º ä\Mº d 6 � � j@� .? ,=./ d ; ¹ deº ä; 'f\ <�>@? ¹ deº ä�0 ,�./ \ ; ¹ \Mº »; 'f\ <=>x? ¹ \Mº »}02 � � j A ? , < ./ \ ; ¹�\Mº ä; ' \ <=>@? ¹%\`º ä 0 , ./ \ ; ¹�\Mº »; ' \ <�>@? ¹�\Mº » 0 � (24)

Theentriesfor theright handsideof thesystemare

â \Mº » 6 � � j .? D ,�./ \ ; ¹�\Mº »; '�\ <=>@? ¹ \Mº »}0 � (25)

If the edgesof theelementsarestraightthe integralsabove canbe evaluatedin closed

form. For detailswe refer to [3, 4]. On curved elementedgesthe integrals must be

computednumerically. Wenotethatit is vital to usecurvedelementsotherwiselargeerrors

canoccurfrom approximatingcurvedboundariesby multi-wavelengthsizedelements(this

is anotherway in which our implementationdiffers from the original implementationin

[3]).

For numericalstability it is suggested[4] thatequation(22)besolvedin theform

GIå
<=Þ Ç J à L�á 6 Þ Ç J â`� (26)

This preconditionedapproachrequiresinversionof the matrix Þ . Due to the block

diagonalstructureof Þ the inversioncanbe doneelementwise for each Þ \ separately.

Usingknowledgeof theconditioningof theblockswecanimprovestabilityof theresulting

matrix system(26). Thiswill bediscussedin thenext section.

Providedthat 4 \ is real in " \ , thesolutionof theproblem(1)-(2) canbeapproximated

by

( ¸ Y i1j 6 À j� »xa J ~ \Mº »µ¹%\`º »M� (27)
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10 HUTTUNEN, MONK, KAIPIO

This is a direct consequenceof equations(9), (18), (3), and (11), togetherwith the

uniquenessof thesolutionof theHelmholtzequation.Onelementswhere 4 \ is not real,a

furtherlocalproblemmustbesolvedelementby element.

4. COMPUTATION AL PROCEDURE

The solutionof the problemcanbe carriedout in threesteps. First, the matrix Þ is

computed. Although it is possibleto fix the numberof functionsin the basison each

elementbeforehand,weallow changesin thenumberof basisfunctionsperelementduring

the building of the matrix. Hence,we reducethe severity of the stability problemsthat

werereportedin [3]. Whenthematrix Þ is computed,it is Cholesky factorizedfor later

usein solvingthematrix equation(26).

In thesecondstep,afterthenumberof functionsin thebasison eachelementis chosen,

the matrix à canbe computed.In the third step,the matrix system(26) is solved using

anappropriatedirector iterative matrix solver. Thelaststepis themosttime consuming.

Therefore,thechoiceof thesolver is animportantissue.

4.1. Invertibility of the matrix æ
Theblockdiagonalstructureof thematrix Þ allowstheseparatefactorizationtheblocksÞ \ . Theconditioningof thematrix block Þ \ dependson varietyof factors,for example

on theelementsize ç1\ andnumberof bases½K\ in thatelement. It wasshown in [3] that

theconditionnumberof Þ \ for ½ \ Téè is boundedfrom below by à ç Ç $eê ëµì Ê À j²í $ ËÄî $\ whereà is a positive constantandint GIï L refersto the integerpartof ï . Numericalsimulations

show that theconditioningof thematrix block Þ \ alsodependson thewave number 4 \ ,
seeSection5.1.

Obviously, we can control the condition numberof the matrix Þ by controlling the

elementsize ç1\ andthenumberof bases½1\ . Theseparametersshouldbechosenso that

stableinversionfor all blocks Þ \ is possible. Although we could vary the elementsize

during meshgeneration,we focuson controlling the numberof basesfor a fixed mesh.

Thisapproachis justifiedbecausein many applicationsit is desirableto solve theproblem
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COMPUTATIONAL ASPECTSOFTHE UWVF 11

with many wave numbersusing the samemesh. On the otherhand,we know from the

least-squaresmethodthat the easiestway to improve the accuracy is to usemore basis

functionsratherthana finer mesh,provided the solutionto be computedis smooth[10].

Motivatedby thoseconsiderations,we alsoinvestigatewhatsizeelementsareallowedin

theUWVF to obtaina tolerableaccuracy. Themaindifficulty in theuseof largeelements

is theneedfor a high dimensionallocal basiswhich causesill-conditioning of theblocksÞ \ for otherelementsif useduniformly regardlessof elementsize.

4.2. Choosingthe basis

The simplestpossibility is to usea fixed numberbasisfunctions(i.e. a fixed number

of directionsfor the planewaves)in all elements.However, dueto the variability in the

wavenumberandelementsizewithin thecomputationdomain,this mayresultin severely

ill-conditionedblocks leadingto instability of the solution. In this paperwe proposea

schemein which the numberof basesis chosendynamicallyduring computationof the

matrix Þ .

An appropriatecriterionto characterizethestabilityof theinversionis the � J -condition

number

CondGSÞ \ L 6+ð Þ \ ð J ð Þ Ç J\ ð J � (28)

The methodwe use is basedon the sequentialcomputationof the blocks Þ \ and

estimationof the conditionnumber. We startby settingthe highestallowed valueto the

conditionnumberandfixing the initial numberof functionsin thebasison eachelement.

Then, we proceedelementby elementbuilding the block and estimatingthe condition

numberfor the currentbasis. Dependingon the condition number, we can reduceor

increasethe numberof functions in the local basis,recomputethe block and estimate

againthe conditionnumber. Whenthe appropriatenumberof functionsin the basisfor

the elementis found, the Cholesky factorizedblock is saved andthe sameprocedureis

��������� 	�

��� ������������������������� ��! ���������



12 HUTTUNEN, MONK, KAIPIO

repeatedfor the next element.As theoutcomewe get theCholesky factorizedmatrix Þ
andthenumberof basisfunctionsfor eachelement.

Differentcriteriacanbeusedto choosetheadmissiblenumberof bases.For example,

onecanchoosethe highestdimensionalbasisfor which theconditionnumberis below a

predeterminedlimit. Alternatively, an initial guesscanbe a relatively large dimensional

uniform basiswhich is known to generateill-conditionedblocks. The dimensioncanbe

reducedonly for theelementswith theworstconditioning.Computationtime is naturally

dependenton the methodandthe initial guessfor the basis. However, the basisis inde-

pendentof the boundarydataand thereforefor a single frequency andmeshit mustbe

computedonly once.

4.3. Iterati vealgorithms

Thesolutionof problem(26)canbedoneusingavarietyof techniques.Dueto thelarge

sizeof theproblemwith theuseof an iterative solver is preferred.In [3] theRichardson

algorithmwasused.Thealgorithm1. showsapseudocodefor themethod.

ñ òfó�ôKõuöø÷uùKúßû^ü
Set ý X 8þuÿ 6 randG 8u� ��� . < ý L
�âv6 Þ Ç J âá ÿ 6 þuÿ �â
for > 6 . : { :���:o�n�o�á É 6 þ É Ç J �â�2�� G . < þ É Ç J L å 2 þ É Ç JbÞ Ç J à � á É Ç J

if á É accurateenough;quit;þ É 6 randG 8��	�
� . < ý L
��������� 	�
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COMPUTATIONAL ASPECTSOFTHE UWVF 13

end

By rand(ï , â ) we denotea uniformly distributedrandomnumberbetweenï and â . The

behavior of themethodfor theUWVF problemis analyzedin detailedin [3, 4].

In this paperwe comparetheRichardsonschemewith anotheriterative solver, namely

the stabilizedBi-ConjugateGradient(Bi-CGStab)[16]. This variant of the conjugate

gradienthasbeenshown to be an efficient andsmoothlyconvergentmethodfor solving

high dimensionallinear systems,seee.g. [13, 16, 17]. It is applicableto non-Hermitian

matricesasencounteredhere(althoughthereductionof theresidualwill notnecessarilybe

monotone).Thealgorithm2. describesstepsin theBi-CGStabfor thesystem(26).ñ òfó�ôKõuöø÷uùKú��uü
á ÿ is aninitial guess;
 ÿ 6 Þ Ç J â <éGSås<=Þ Ç J à L@á ÿ
�
 ÿ 6�
 ÿ �/ ÿ 6���6�� ÿ 6 . �� ÿ 6E½ ÿ 6r8��
for > 6 . : { :���:o�n�o�/ É 6 G �
 ÿ :�
 É Ç J L � þ 6 G / É z / É Ç J L G � z � É Ç J L �½ É 6�
 É Ç J 2 þ G ½ É Ç J�< � É Ç J � É Ç J L �� É 6 GSåÙ<EÞ Ç J à L ½ É �

�=6 / É z�G �
 ÿ :e� É L �
� 6�
 É Ç J < �-� É �
� 6 GIå
<=Þ Ç J à L � �
� É 6 G � : � L z�G � : � L �á É 6 á É Ç J 2��u½ É 2�� É � �

��������� 	�
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FIG. 2. Thegeometryof themodelproblem.


 É 6 � < � É � �
if á É accurateenough;quit;

end

Fromthecomputationalpoint of view it mustbenotedthattheBi-CGStabrequirestwo

multiplicationsby å
< Þ Ç J à andfour vectorinnerproductson eachiteration. Only one

correspondingmatrix-vectormultiplicationis neededin theRichardsonalgorithm.

5. NUMERICAL EXAMPLES

Asanexampleof theinhomogeneousHelmholtzproblemweconsideracousticscattering

from the obstacle " J with different propertiesthan thosein the surroundingmedium" $ . The concentriccircular domains " J and " $ have radii ï 6���� 8 cm and � 6 . 8
cm, respectively Fig. 2. The aim is to assessthe behavior of the error of the UWVF

approximationratherthantoemulateany particularphysicalproblem.Thesimplegeometry

allowsusto computeanaccurateapproximationfor theproblem(1)and(2)usingtruncated

Fourierseries.

The acousticpressurein " J � " $ is now denotedby ( . Let the speedof soundsbe

� J 6���8�8�8 m/s and � $ 6 . �f8�8 m/s in " J and in " $ , respectively. The corresponding

��������� 	�
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densitiesare / J 6 { 8�8�8 kg/m� and / $ 6 . 8�8�8 kg/m� . The wave numbersare now4KJ 6 {wØ�� z � J and 4 $ 6 {wØ�� z � $ where
�

is the frequency of thesoundfield. Thevalues

for thephysicalparameters� and / aretypical for biologicaltissues.

On theexteriorboundary& we have./ $ ; ( $; ' <�>�4 $ ( $ 6 ./ $ ; (kê ë; ' <�>�4 $ ( ê ë (29)

where( ê ë is theincidentwave. Theboundarycondition(29) is obtainedfrom thegeneral

form (2) by choosingA 6 8 , ? 6 4 $ , andD¶6 ./ $ ; (1ê ë; ' <=>�4 $ ( ê ë on &�� (30)

As theincidentfield weuseapoint source( ê ë 6 >è ° Ê J�Ëÿ G|4 $ Y H·<�H ÿ Y L (31)

locatedat H ÿ which is 1.0 cm outsidethe exterior boundary. ° Ê J´Ëÿ is the zerothorder

Hankel function of the first kind. In many physicalproblemsthe soundsourcecanbe

constructedfrom acombinationof point sources.

The boundarycondition(29) is the lowestorderabsorbingboundaryconditionfor the

scatteredpartof thepressurefield ( . Althoughtherearemoreaccurateabsorbingboundary

conditions,this is chosenbecausewe canderive theexactsolutionfor theproblemwhich

enablescomparisonwith numerical results. Our error analysiscomparesthe UWVF

approximationto theexactseriessolutionof (1)- (2) with theabovechoiceof data.

To increaseaccuracy of the solution we allow curved boundarieson the boundaries" J  " $ and & . The integrals(23)-(25)on thoseboundarieswerecomputedwith the 21

pointGauss-Legendrequadrature.

We usedthreemesheswith ç�!#"�$76 { � . � cm, ç�!#"%$·6 . � { . cm, and ç�!#"%$·6 8�� &(' cm

whereç !#"%$ is themaximumlengthof theelementedgesin themesh.Thecoarsestmeshis

shown in Fig. 3. We considerultrasoundfrequenciesspanningfrom 100kHz to 500kHz.

Then,wavelengths)é6 {fØ zf4 vary between0.6-3.0cm in the domain " J andbetween

0.3-1.5cm in thedomain " $ .
��������� 	�
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FIG. 3. Oneof themeshesusedin thecomputationsconsistingof 334elementsand184vertices.

5.1. Resultsfor a fixed mesh

Westartourstudyof thebehavior of theerror, theconditionnumberandtheperformance

of the iterative solversusingthe coarsestmeshwith ç !#"�$ 6 { � . � cm. Due to the mesh

densityrequirements,this meshis usefulfor thestandardfinite elementswith frequencies

upto7kHz in themodelproblem(assumingthattengridpointsperwavelengthareneeded).

We show that theUWVF is capableof generatingusefulresultsevenwhenthefrequency

is 450kHz which correspondsto aboutsix wavelengthsperelement.However, highwave

numbersrequiretheuseof thenon-uniformbasis.Westartby comparingtheaccuracy and

conditioningof theUWVF with theuniform andnon-uniformbases.

Theanalyticalsolutionandtwo UWVF approximationsof theproblemfor thefrequency

� 6 { �f8 kHz areshown in Fig. 4. TheUWVF approximationsarecomputedin themesh

of Fig. 3.

Theeffectof variability of theelementsizeandthewave numberto theconditioningof

thematrixblocks Þ \ is shown in Fig. 5. Theuniformbasisleadsto severeconditioning

problemsin thedomain " J wherethewave numberis low. Thehighestvaluesarein the

smallestelements. However, for the non-uniformnumberof functionsin the basiswe

cankeepthe conditionnumberslow andstill reachthe sameaccuracy with almostequal

numberof degreesof freedom.Theconditionnumberof theblocks Þ \ in this exampleis

��������� 	�
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FIG. 4. Top: Theanalyticalsolutionof theproblemwith *,+.-0/01 kHz. Middle: TheUWVF approximation

usingtheuniform basiswith 2 ª +3-54 . Bottom: The UWVF approximationusingthe non-uniformbasiswith

2�ª6+�40407%89898�7:-0; . The real partsareshown on the left andon the right arethe imaginaryparts. The UWVF

approximationsarecomputedin themeshwith <>=@?BAC+D-58	4%E cm.
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FIG. 5. Top: Color of anelementrepresentsthebase10 logarithmof theconditionnumberof thematrix

block F ª correspondingto thecaseof theuniform basiswith 2G+H-54 and *,+.-0/01 kHz. Theconditionnumber

canbeseento behigh in thedomainof thelower wavenumberandespeciallyin thesmallelements.To improve

stability of the problemthe conditionnumberof the blocks F ª arelimited below 4%10I . Bottom left: Base10

logarithmsof theconditionnumbersareshown for thenon-uniformbasis.Bottomright: Thehighestnumberof

basesfor eachelement© ª for which theconditionnumberof F ª is below 4%10I . Theconditionnumbersfor the

elementsarenow between4%10J and 4%1 I while thenumberof basisfunctionsperelementvariesfrom 11 to 29.

TABLE 1

The comparisonof uniform and non-uniform basisfor KMLONQPSR kHz.

Numberof Bases Relative Error Max(Cond(F ª )) Numberof Degreesof Freedom

Uniform Basis 21 0.1349 /58 EUT04%15VWV 7014

Non-uniformBasis 11 8%898 29 0.1260 408 1UTX4%1 I 6956
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FIG. 6. Left: The conditionnumberof the matrix block F�ª is shown asa function of the elementsper

wavelengthfor two arbitrarily chosenelements.Right: Theresultsarecomputedfor thecoloredelements.

limited to . 8>Y . Table1 comparesaccuracy andtheconditionnumbersfor theproblemwith

uniformandnon-uniformbasis.

In thispaperwehaveusedthelargestnumberof basisfunctionsperelementthatgivethe

conditionnumberbelow thepredeterminedlimit. The initial guesswastheuniform basis

with five planewaves. Although the blocks Þ \ mustbe computedseveral times,dueto

fasterconvergenceof theiterative algorithms,thetotal computationtime did not increase.

In the simulationsof Fig. 4 the computationtime for the uniform basiswas117s while

theusageof the non-uniformbasisreducedthe time to 89 s. Thecomputationsaredone

usinga PentiumIII PCwith 600MHz processorand1 GB RAM. Thecodeis written in

Fortran90.

Naturally, abetterchoiceof theinitial basiswouldsignificantlyreducethecomputation

timeusedto determinethebases.

We endthis sectionby studyingthedependenceof theconditionnumberof thematrix

block Þ \ on the wave number 4 \ . Using a fixed meshand a fixed numberof basis

functionswe computetheconditionnumberfor thefrequency spanf = 100, �o�n� ,500kHz.

The condition numbersfor two arbitrarily chosenelementsare shown in Fig. 6. The

conditionnumbersaregraphedasafunctionof theratio )1\ z çk\ where)1\ is thewavelength

in the element"W\ and ç1\ is the lengthof the longestedgeof the element. The results

��������� 	�
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FIG. 7. Top: The figure shows the relative discreteZ\[ error for threedifferent frequenciesagainstthe

numberof degreesof freedom. Bottom: Correspondingmaximumconditionnumbersof the blocks F ª . All

resultsarecomputedin thesamemeshwith <(=@?BA]+.-58	4%E cm.

confirmthethattheconditionnumberincreasesasthewavelengthdecreases,aswasalready

notedin previoussimulations.

5.1.1. Theerror andconditioningof Þ \
In this sectionwe investigatetheaccuracy of theUWVF approximationandthecondi-

tioningof thematrixblocksÞ \ . Therelativeerrorsandthelargestconditionnumbersof the

blocks Þ \ for frequencies
� 6 . 8�8 kHz,

� 6 { �f8 kHz,and
� 6 è 8�8 kHz areshown in Fig.

7. Thenumberof grid pointsperwavelengthismeasuredastheminimumratio R ÚÜÛ G )1\ z çk\ L .
The ratioscorrespondingto the above frequenciesare R ÚÜÛ G )k\ z ç1\ L 6P8��_^w8�:�8�� { 'u:�8�� . ' ,
respectively. The resultsindicatethat it is possibleto usefairly coarsemeshes,i.e the

elementsizeis severaltimesthewavelength.
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FIG. 8. Top: The figure shows conditioningof the UWVF matricesin the caseof uniform basis(solid

lines)andnon-uniformbasis(dashedline) plottedagainstthenumberof degreesof freedomfor *,+M4%101 kHz and

< =@?BA +`-58	4%E cm. Bottom: In thefigurearethenumberof matrix-vectormultiplicationsrequiredto reachthe

terminationcriterion.

Notethatin thehighfrequency casethechoiceof auniformbasisresultsin anunaccept-

ableconditionnumberbeforetheerrordecreasesto 49%. However, with thenon-uniform

basiswe areableto obtain1.4 % error for the highestfrequency
� 6 è 8�8 kHz. On the

otherhand,with the lower frequenciesthenon-uniformbasisapproachprovideda means

for preconditioningtheresultingmatrixsystem.This topicwill bestudiedin thefollowing

sectiontogetherwith iterativesolvers.

5.1.2. Preconditioningandperformanceof theiterativesolvers

We have shown that appropriatechoiceof the basiscan improve the stability of the

inversionof theblocks Þ \ . To determinestabilityof thematrixequation(26)oneneedsto

studyconditioningof theoperatoråÝ<�Þ Ç J à . We presentthe � J -conditionnumbersfor

��������� 	�
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differentoperatorsfor thefrequency
� 6 . 8�8 kHz in Fig. 8. Theplotscorrespondto the

� 6 . 8�8 kHz simulationsin Fig. 7.

The resultssuggestthat the maximumconditionnumberof Þ \ characterizesthe con-

ditioning of the operatorå¶<3Þ Ç J à . Also, notethe superiorityof the form å¶<3Þ Ç J à
comparedto thenon-preconditionedequationÞ <Eà .

Theconvergenceof theiterativesolversis studiedby observingthenorms

Residual 6 ð Þ Ç J â <éGSåÙ<EÞ Ç J à L@á ð $ð Þ Ç J âfð $ : (32)

Changein á É 6 ð á É < á É Ç J ð $ð á É ð $ � (33)

Theresidualis computedin theBi-CGStabas ðX
 É ð $ z ð Þ Ç J âfð $ . Theiterationsaretermi-

natedwhentheresidualgetbelow . 8 Çba .
The iterative solversarecomparedby countingthe matrix-vectormultiplications � 6GIå <éÞ Ç J à L H 6 H <3Þ Ç J à H neededto achieve the terminationcriterion. We remind

that in additionto thematrix-vectoroperationsfour vectordot productsareneededin the

Bi-CGStab. However, thecomputationaleffort requiredfor thatisonly afractioncompared

to thematrix-vectoroperation.

The Bi-CGStabconvergesfasterthanthe Richardsonalgorithm,seeFig. 8. The Bi-

CGStabalsoreachedthestoppingcriterionin all caseswhereastheRichardsonstagnated

in thecaseof thelargestdimensionaluniformbasis.

The residualsas the function of iteration numberfor somesimulationsare presented

in Fig. 9. In the sameproblemthe Richardsonalgorithmfailed to reachthe termination

criterion. Table2 summarizesthesimulationsof Fig. 9. In all examplestheconvergence

of theRichardsonalgorithmwassmootherthantheBi-CGStab.

Finally, we show therelativeerrorandvariationin thenumberof basesasa functionof

thenumberof grid point perwavelengthin Fig. 10. Theresultssuggestthatit is possible

to obtainfairly accurateresultson very coarsemeshes.We get resultswith anerrorof 9

% althoughwehaveoversix wavelengthsperelement(at frequenciesupto 450kHz in the

testproblem). For higherfrequenciesill-conditioning spoiledthe resultseven thoughta
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FIG. 9. Convergenceof the iterative solversfor *c+�4%101 kHz and < =@?BA +`-58	4%E cm. Thenormsfor the

Bi-CGStabarein the left columnandfor the Richardsonin the right column. We presentthe residualsfor the

uniform basiswith 2c+d404 (a)-(b)andwith 26+�4%/ (c)-(d). Convergencewith thenon-uniformbasisis shown

whentheconditionnumberof F�ª is limited to 4%10e (e)-(f) and 4%1 V [ (g)-(h).��������� 	�
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FIG. 10. Top: Therelative errorshown asa function of theelementsperwavelength. We useddifferent

criteriafor choosingthebasis,i.e. themaximumconditionnumbersof thematrixblocks F ª werelimited below

4%10I , 4%1 e , and 4%10f . We have usedthe highestnumberof baseswhich gives the conditionnumberbelow the

limits. Bottom: Thefigureshows correspondingmaximumandminimumnumbersof basesin eachsimulation.

Thelargestvariationin basesoccurswhentheelementsizeis largecomparedto thewavelength.Theresultsare

computedin themeshwith <>=@?BAg+H-58	4%E cm andthefrequency spannedfrom 100kHz to 500kHz.
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TABLE 2

A summary of the simulationsof Fig. 9

Uniform Basis Non-uniformBasis

Numberof Bases 11 15 9..19 15..27

Numberof Degreesof Freedom 3674 5010 4859 7128

Max(Cond(F ª )) hi8 hjTX4%1 e -58 EkTX4%1 VWV ;58 ;UT04%1Xl ;58 ;#T04%1 VWV
Cond(F`mon ) ;58 hjTX4%1Xp ;58 EkTX4%15V [ -58 q#T04%1Xp -58 -#T04%15V l
Cond(r#moFGs V n ) -58 ;kTX4%1Xl ;58 ;UT04%1 f -58 /UT04%1Xl 408 t#T04%1 V [

Matrix-VectorMultiplications,Bi-CGStab 388 588 362 706

Matrix-VectorMultiplications,Richardson 604 Stagnation 565 1939

Relative Error qu8 v0EUT04%15s [ -58 1XhUTX4%15s J E58	4%EUTw4%15s J qu8 10/#T04%15s�l

non-uniformbasiswasused.Wepointout thenumberof degreesof freedomneedto reach

aboutonepercenterror for 450 kHz is only 13,200. That is ordersof magnitudelower

thanrequiredin the piecewise linear finite elementapproachfor the sameproblemwith

correspondingaccuracy.

For a fixed meshthe largestvariation in the numberof basisfunctionsper element

occursfor theshortestwavelengths.Ontheotherhand,whenthewavelengthincreasesthe

variationbetweenelementsreducesandit maybereasonableto usea uniformbases.

5.2. The resultsunder meshrefinement

We show the effect of meshrefinementon accuracy, the conditioningof Þ \ , andthe

convergenceof iterationsin Fig. 11. Fromthe resultsit is obvious thatan improvement

in accuracy canbeobtainedwith lesseffort by increasingthedimensionof thebasisrather

thanrefiningmesh.Althoughthenon-uniformbasisdid not improve theaccuracy for the

finer meshesanadvantageis obtainedin betterstability andthereforefasterconvergence

of theiterativesolver.

��������� 	�

��� ������������������������� ��! ���������



26 HUTTUNEN, MONK, KAIPIO

10000 20000 30000 40000 50000 60000 70000 80000
10

−6

10
−4

10
−2

10
0

Number of Degrees of Freedom
R

el
at

iv
e 

E
rr

or

 h
max

 = 2.13 cm
 h

max
 = 1.21 cm  h

max
 = 0.68 cm

Uniform Basis    
Non−uniform Basis

10000 20000 30000 40000 50000 60000 70000 80000
10

0

10
5

10
10

10
15

Number of Degrees of Freedom

M
ax

(C
on

d(
 D

k))

Uniform Basis    
Non−uniform Basis

10000 20000 30000 40000 50000 60000 70000 80000

1000

2000

3000

4000

5000

Number of Degrees of Freedom

M
at

rix
−

V
ec

to
r 

M
ul

tip
lic

at
io

ns Uniform Basis    
Non−uniform Basis

FIG. 11. Top: The figure representsthe relative error againstthe numberof degreesof freedomfor

differentmeshesfor *,+D-0/01 kHz. Middle: Themaximumconditionnumbersof F�ª correspondingto theerrors

above. Bottom: Thenumberof matrix-vectormultiplicationsneededin thestabilizedBi-CG solver to reachthe

terminationcriterion.

We presentthenumberof thematrix-vectoroperationsonly for theBi-CGStabmethod

sincemoreoperationswasneedin Richardson.In addition,theconvergenceof Richardson

methodstagnatedin someof themostill-conditionedcases.
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6. CONCLUSIONS

Wehaveshownthattheuseof non-uniformplanewavebasesin theultraweakvariational

formulationimprovesits applicabilityto inhomogeneousHelmholtzproblemswith varying

elementsize.Themethodproposedin thispaperwasbasedonthepreconditioningof blocks

in theresultingmatrixequation.Thisledto variabledimensionbasesondifferentelements.

Theresultsindicatethatit ispossibleuseverylargeelementscomparedtothewavelength;

in somesimulationsupto six wavelengthsperelementsize.Thismakesit possibleto solve

high wave numberproblemswith coarsemeshesandwith a relatively low computational

effort. We alsoshowed that thebenefitfrom thenon-uniformbasisapproachis themost

significantwhenlargeelementsareused.

In addition,wecomparedtheRichardsonandstabilizedBi-ConjugateGradientmethods

for solvingtheresultinglinearsystem.TheRichardsoniterationconvergedmoresmoothly

but stagnatedin somecases.Lessmatrix-vectormultiplicationswereneededin the Bi-

CGStabto reachthesameterminationcriterion. Usageof non-uniformbasisimprovedthe

convergenceof bothmethods.

In thispaperthenumberof basisfunctionswerechosenby approximatingthecondition

numberof the blocksin the resultingmatrix system. The numberof basisfunctionsper

elementwaschangedif theconditionnumberwasfar from thepredeterminedvalue.This

approachrequiredthematrixblocksto becomputedseveraltimes.An usefulimprovement

would be a methodto estimatethe conditionnumberfor the blocksasa function of the

numberof basesbasedon thematerialparametersandthegeometryof theelements.
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