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Abstract. In this paper a model based optimization method is derived to control
the thermal dose in biological tissues for ultrasound surgery. The optimization method
uses the bioheat equation as a system model and quadratic cost criteria for the desired
thermal dose. Time-harmonic quasi-stationary ultrasound fields are used as the heat
source. In this method the optimal phase and the amplitude trajectories are found
directly by minimizing the associated cost function. The approach allows also for
maximum input amplitude constraints. The method is based on the Hamiltonian form
of the system and results in a large dimensional nonlinear optimization problem which
is solved with a gradient type iterative scheme. The performance of the optimization
method is tested with 2D simulations and it is shown that the approach is able to yield
a feasible nominal solution. This nominal evolution would then eventually be sought
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1. Introduction

In ultrasound surgery the cancerous tissue is destroyed by raising the thermal dose to
a level that causes necrosis (Duck et al 1998, Daum and Hynynen 1998, Wan et al
1996). The control problem in ultrasound surgery is to achieve the optimal thermal
dose distribution in the tissue. The main point is to raise the thermal dose in tumor
region to cause necrosis while in the healthy region the thermal dose is kept as low as
possible.

The controllers that are derived for ultrasound hyperthermia and ultrasound
surgery usually control the temperature rather than the thermal dose. The approaches
used for temperature control include PID (proportional-integral-derivative) type
controllers (VanBaren and Ebbini 1995, Johnson et al 1990, Lin et al 1990), fuzzy logic
(Chen et al 1999) and inverse dynamics approach (Mattingly et al 2000). The thermal
dose is controlled by the temporal switching (Daum and Hynynen, 1998) or power
adjusted focus scans (Wan et al 1996). These controllers use the pre-focused ultrasound
fields with pre-determined scanning paths. With the associated approximations the
resulting controllers are linear and the control variable is the power applied to the
transducers. The performance of these controllers is limited due to the approximations
that are made when the controller is derived.

In this paper we propose an optimization method for the feedforward control of
the thermal dose in ultrasound surgery. The optimization framework is similar to
the optimal feedforward control theory (Stengel 1994, Levine 1991). This approach is
model-based optimization which in not based on feedback during the sonication. With
this method the scanning paths and focus points are determined by the optimization
algorithm. The optimization method proposed here is based on a feedforward
temperature controller which has been discussed in (Malinen et al 2002).

In this method the time-harmonic solution of the inhomogeneous Helmholtz
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equation is computed by the ultra weak variational formulation (UWVF) for each
transducer individually. As compared to the other full-wave methods, UWVF reduces
the computational dimensions of the problem significantly (Huttunen et al 2002). These
pre-computed ultrasound fields are used as a heat source in the Pennes’ bioheat equation.
The bioheat equation is solved by semi-discrete scheme of the finite element method
and it is used as the system equation in optimization framework. The quadratic
cost function weights the desired thermal dose and the smoothness of the transducer
excitations as a function of time. In this approach, the optimization is accomplished
with respect to the real and the imaginary parts of the transducer excitations. The
optimization method adjusts the real and imaginary part of each transducer individually
to obtain the desired thermal dose in tissues. There are some practical limitations
to the transducer excitations. First, the maximum input amplitude is limited. This
limitation is solved by posing inequality constraints to the input amplitude. Second,
the smoothness of the input trajectories is obtained by weighting the time derivative of
the transducer excitations. The equations for optimization method are derived by using
the Hamiltonian approach with Lagrange multipliers (Stengel 1994, Levine 1991). The
optimal phase and amplitude trajectories are found by minimizing the cost function.
This approach results in a large dimension nonlinear optimization problem which is

solved by a gradient based algorithm.

2. Physical theory and computational methods

2.1. Helmholtz Problem and UWVF approximation

The space dependent part p of the time-harmonic pressure field P(z,t) = p(z)e *! in

heterogenous medium can be modeled using the inhomogeneous Helmholtz equation

1 2
V- (—Vp) +5 =0 (1)
p p
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In dissipative medium the wave number is of the form k = 27 f/c + ic where f is the
frequency of the wave field, c is the speed of sound and « is the absorption coefficient
(Bhatia, 1967). The density is denoted by p.

The problem at hand is to solve the pressure field radiated by the phased array
consisting of m separate elements, see Fig.l. Let us denote the surface of the k't
element of the array by I';. When the k'™ element of the array is oscillating with the
uniform normal velocity amplitude v,, while the rest of the elements are passive, the

field is obtained as the solution of the problem

1 K2 .
Vol=-Vp)+—pr=0 inQ (2)
p p
% =i2nfpv, on Ty (3)
apk .
8—1/:0 onl';, j#k (4)
0
9Pk _ ikpr, =0 on Ty, (5)
ov

where v is outward unit normal of the boundary. The boundary condition for the passive
elements (4) corresponds to the perfectly rigid surface. The computation domain €2 is
bounded by the boundary of the exterior domain I',ps which do not coincide with any

of the elements I'y. On [y, we use a zeroth order absorbing boundary condition (5).

2.1.1. The ultra weak variational formulation. The standard tools for solving problems
like (2)-(5) have been the finite difference and finite element methods. To obtain
tolerable accuracy these methods require at least ten discretization points or elements
per wavelength which with high wave numbers causes intolerable computational burden.
Other approaches include for example methods of ray acoustics (Botros et al 1997,
Botros et al 1998), pseudospectral methods (Wojcik et al 1997) and k-space methods
(Mast et al 2001).

The ultra weak variational formulation (UWVF) (Cessenat and Despres 1998) was

proposed as an alternative method to reduce computational complexity related to high
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frequency Helmholtz problems. The method is briefly outlined in this section. For more
detailed derivation we refer to (Cessenat and Despres 1998, Huttunen et al 2002).

For the UWVF, we partition the computation domain {2 with K disjoint triangular
finite elements €2, Fig.2. Let v; denote the outward unit normal for j* element. The
boundary between elements 2; and €2, is denoted by ;.. If the element €); is on the
boundary of the domain €2, the coinciding boundary is denoted by 0€2; N 92 =I';. The
parameters p and k are approximated with piecewise constant functions. We can now

decompose the Helmholtz problem (2)-(5) for all 1 < j < K as

Ap;+Kkip; =0 in Q; (6)

1 8pj . 1 a

- R PP d for all ¢ 7

pj Ov; b pe Ovg ope on Zye and for a g
1 ap] . 1 apj .

(pj o, ij> 7'( 0 OV ij> +g only (8)

where p; = plo,, 7 € C, |7| < 1, and the coupling parameter ¢ > 0, 0 € R. The
boundary conditions for the problem can be adjusted with the parameter 7 and the
source term g. The boundary conditions on the array surface (3) and (4) are obtained
when 7 = 1 and g = 47 fpv, or g = 0, respectively. The absorbing boundary condition
(5) is satisfied when 7 =0 and g = 0.

The coupled boundary condition (7) enforces the continuity of the pressure and the
normal particle velocity across the interface ¥j;. As the coupling parameter o we have

used the mean value of Re(k)/c over the boundary (Benamou and Despres 1997)

> E(Re(mj) N Re(ky)
2\ p; pe

The next step is to define the function f, f|an, = f; on the element boundaries as

) on Xjp. (9)

follows

1 0 . 1 1 0 .
Z/aszj pja—yj—w)%‘— : Z/Eﬂ ;ﬁ(p_ja—yj_w)qj
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+ Z/ fk ———w qy Z/ ” ay] ia)qj (11)

for all test functions ¢; which are the solutions of the adjoint Helmholtz equation

Ag; +k5q; =0 in Q;, (12)

where the overbar denotes complex conjugation. The Equation (11) is called the ultra

weak variational formulation of the Helmholtz problem.

2.1.2. Discrete UWVF. The major advantage of the UWVF is that it incorporates
a priori information of the solution to the approximation subspace. Since the test
function ¢; must be a solution of the adjoint Helmholtz problem it is natural to use a
Galerkin type approach to discretize the UWVF. This means that the function (10) is
approximated in the test function subspace. The most obvious choice is to use plane

wave basis with compact support

Zfan( - 50— i) (13)

where

exp(ik;d;, - ) in Q;
Pjn = (14)
0 elsewhere.

For simplicity, a set of equally distributed plane waves dj,, is usually chosen

-1 -1
djn, = (Cos (277an ),sin (271-an )>, for all j and n.

Note that the functions ¢;, are also solutions of the adjoint Helmholtz problem and the
Galerkin scheme is obtained by choosing g; <= ¢, n=1,..., Nj.
By substituting (13) and (14) into the ultra weak variational form (11) the problem

can be written in the form of the matrix equation (Cessenat and Despres 1998)
(I - D7'C)X = D™ . (15)

where the unknowns X = (fi1,..., finy,---, fKng)? are to be determined. Due to the

compactly supported basis functions matrices D and C are sparse and exhibit sparse
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block structure. For example, D is a Hermitian block diagonal matrix consisting of the
K blocks D; € CNi*Ni_ The number of basis functions in each element can be chosen
using the knowledge of the condition number of the corresponding matrix block D
(Huttunen et al 2002).

From the equations (10) and (13) it follows that we can approximate the pressure

field with
N;

P = ijnan on 09);. (16)

n=1

Although this representation for p® is exact only on the skeleton of the mesh 0§};, j =

1,..., K it is approximately valid also within the elements.

2.2. The bioheat equation and the thermal dose

In biological tissue the temperature evolution is usually approximated with the bioheat

equation (Pennes 1948)

or

o = =V -kVT — wpCs(T — Tx) + Q, (17)

pCr—-

where T is temperature, C't is the heat capacity of tissue, wg is the perfusion due to
blood flow, Cg is the heat capacity of the blood, T} is the arterial blood temperature
and () is the heat source term. The heat source term for the time-harmonic acoustic
pressure can be written as (Pierce 1991)

alpl2
pc

Q= (18)

With m transducers, the total field p can be expressed with the terms of the sum over

the individual pressure fields py

p= Zpk ka )Ci(r)e=™", (19)

where v, € C is the variable that determines the phase and amplitude of the transducer

and C}, is the time-harmonic solution of the inhomogeneous Helmholtz equation with
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unit amplitude incoming wave. The heat source term in Eq. (18) can be written with

Eq. (19) as
2

Q(r,t) = (20)

o 2 0‘(7")
sne) P e

> () Ci(r)

In this study the bioheat equation is discretized by using the semi-discrete scheme. The
spatial variable is approximated with Galerkin scheme and the temporal integration is
accomplished by the Implicit Euler method (Johnson 1987). This standard approach
can be used with the bioheat equation while the only exception is the heat source term,
see (Malinen et al 2002).

In FE approximation of the heat source term, the parameters a(r), p(r) and ¢(r)
are approximated to be constant in each element. This approximation is valid since
we are considering meshes that are conformal with the organ boundaries. In this
study we also approximated «(r), p(r) and ¢(r) to be constant in time. There are
reports that have shown the temperature and the thermal dose depenpendence of these
parameters (Gertner et al 1997), (Damianou et al 1997). However, we used commonly
made approximation to keep these parameters as constant in time and neglected the
effect of the temperature rise to these parameters. We approximate the intensity |p|?
in the same basis as the temperature. With these approximations the discretized heat

source term @Qp ; in the j* node can be written as
2

/Q %wmm dr (21)

N

Qo,(t) =)

p=1

m

> iy (t)Ci(ry)

k=1

where ¢, and (; are the basis functions. The modified mass matrix M € R¥*N for the

heat source term is

— a,(,r)
M-,:/igo r)p;(r)dr. 22
0= | ey e e (22)
We define the feedforward control variables uy = Revy and ugymm =Imuvg, k=1,....,m

and the resulting feedforward control variable v € R?™. The unit amplitude waves for
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each transducer are arranged as Cy = (Ci(r1), ..., Ci(ry))* and C = (Ch,...,Cn) €

RN*™  With these changes the heat source term can be written in the form

— 2 2
Qo(t) = MILI)(Bu(t)) = My (Bu(t)) ", (23)
where I € RV*Y is the identity matrix, (-)> denotes a vector with elementwise squares
and
ReC —ImC
B = R R . (24)
ImC ReC

The semi-discrete FEM approximation for the bioheat equation can then be written as
. — 2
MT = (G — w,CyI)T + wyCyMT4 + M) (Bu(t)) , (25)

where 7' = dT/dt, M and G are the conventional inhomogeneous mass and stiffness
matrices, respectively. After left multiplying with the inverse of the mass matrix Eq.

(25) is of the form
. 2
T = AT + P + Mp (Bu(t)) . (26)

In the bioheat equation we used the Dirichlet boundary condition. In the Dirichlet
condition the temperature was set to 37°C in the boundary of the computation domain.

The thermal dose in biological tissues is defined as (Sapareto and Dewey 1984),

ty 0.25 for T'(t) < 43°C
D(T,t) = / RU-T®) gt R= (27)
0

0.50  for T(t) > 43°C

where ?; is the final time where dose is integrated. The unit of the thermal dose is
equivalent minutes at 43°C. The level of the thermal dose that causes necrosis in most
of the soft tissues is from 50 to 240 equivalent minutes at 43°C (Damianou and Hynynen

1994), (McDannold 2002).
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3. Optimization method

We define the quadratic cost function for the system as

iv + % /Otf isk (att) " at. (28)

where D(T,t) is the thermal dose and Dy is the desired thermal dose. The time

J(T, ;1) = %HD(T, t) — Dy

derivative of the input is denoted by %. The thermal dose distribution error is penalized
with a W-norm and s, are the scalars which weight the time derivative of the input.
The Hamiltonian of the system equation (26) and the cost function (28) is of the form

(Stengel 1994, Levine 1996)

H(T,u,a:t) = % (HD(T, t) — Dy

jv+ S s (u(t))2>
+ AT (AT(t) — P — M(Bu(t))?) + " c(u(t)), (29)

where \(t) € RY and pu(t) € R™ are the Lagrange multipliers for the system equation
and the inequality constraint respectively. The inequality constraint c(u(t)) € R™ limits
the maximum applied amplitude from the ultrasound transducers. The i component

of the inequality constraint is

2 . 1/2
K ((}(0) + w0 = ) 5 3 (W30 + 0 () 2 v
(u(®) = )
0, if (u2(t) +u2,:(t) " < Umaxk
where K is the weighting scalar, Umay x is the maximum amplitude during the &*™ time
interval in sonication and ¢z =1,..., m.

The equations for optimization method are derived via the temporal discretization
of the Hamiltonian form in Eq. (29). Let the time step for temporal discretization
be At. We discretize the time interval t = 0,...,ts, thus N, = t;/At + 1. In the
following the temporally discretized variables are denoted by subscript £, so that we

have u; = u(tr/At), 7 € [0,t5],t € [0,..., N;]. The temporally discretized Hamiltonian

is of the form

H(Ty,ut) = = ((D — Dg)"™W(D — Dg) + (us — ue—1)"S(us — us—1))

(NN
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+ X (AT, + P+ Mp(Buy)?) + pe(uy) (31)

where S = diag(s;, ..., Sa,) and W is the positive definite weighting matrix. The time
derivative of the Lagrange multiplier A\(¢) for the system equation is characterized by

the co-state equation (Stengel 1994). In this case we have for the co-state equation

o\ OH
% =T = W(D — Dy) ® In(R)R™T) 4 AT ), | (32)

where ® denotes the elementwise product. The stationary condition that characterizes

the local minimum can be written as

OH

Ha = Ouy S(ur — 1) + F(ug) " A+ cu, (ur) "y = 0 (33)
¢
Flu) =2Mp (B ® (Bug, .. ., But)) e RIVx2m
0
Cu, (uz) = g(;jjt) =D e R™?™  where
¢
((U’zz,t + U’?n—ki,t)l/Q — Umaxy,)
Di,i = 2Kui,t (’U,2 + ’U,2 . )1/2 3 = 17 . )m
2,t m+1,t
u?, +ut )Y? — Umax
Di,m—f-i — 2Kum+i,t (( i,t m+z,t) a k) ’ i = 1’ cm

(uzz,t + u?n—i—z',t) 12

where 5 = 1,...,2m and At ? is absorbed into matrix S. The Lagrange multiplier
for the inequality constraint can be solved from Eq. (33). After rearranging terms we

obtain

i = — (Cuy (ue)") " (F(ur) "N + S(uy —ug 1)) (34)
where T denotes the pseudoinverse. The stationary condition can be solved by
substituting Eq. (34) into Eq. (33).

The time evolution for the bioheat equation and the co-state equation is computed
by the implicit Euler iteration. The implicit Euler forms of the equations (26) and (32)
are

Tyo1 = (I — AtA) T, + At(I — AtA) Y (P — Mp(Bu,)?) (35)

N1 = (I — AtAT) I\ + At(T — AtAT) Y (W(D — D,)

® In(R)R¥-T) (36)
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The stationary condition is solved by using a Levenberg-Marquardt type stabilized

search
Ha, = (P Pu) +9T) (S = 1) + () e+ F() 20 ) (37)

where v is the stabilization parameter. In the optimization algorithm iteration inputs

are computed as
ugeﬂ) = ug) + e(E)Hfﬁ) (38)

where ¢ is the iteration number and € is the corresponding iteration step parameter.
In thermal dose optimization the magnitude of the gradient Hqsf) varies significantly
during the iteration. The iteration step parameter at iteration ¢ is chosen so that the
pointwise correction to the new input value uﬁ”l) from Hq(ﬁ) is less than 0.1.

The optimization algorithm iteration consists of the following six steps: 1. The
system equation is solved from Eq. (35). 2. The Lagrange multiplier for the system
equation is solved from Eq. (21). 3. The Lagrange multiplier for inequality constraint is
solved from Eq. (34). 5. The stationary condition is solved from Eq. (37). 6. The new
value of the input is computed from Eq. (38). This procedure is repeated until relative

error in the values of the cost function in Eq. (28) between two successive iterations is

below a predetermined value.

4. Simulations

4.1. Pressure field computation

The simulations were accomplished in 2D domain which is shown in Fig. 1. The domain
is adopted from the sagittal CT image including the part of the liver. The domain
consists of the eight subdomains which are denoted by €, ..., Qym. The subdomains
are chosen so that ; is the water layer between the transducer array and the skin ().

The subdomain €y is the fat layer and Qpy represents the muscle with two ribs (Qy
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Figure 1. The computing domain with 20 ultrasound transducers in the left side
(numbered 1,...,20.) The acoustic parameters for subdomains are given in Table 1

and the thermal parameters are given in Table 2.

and Qyq) included. The subdomain Qyq; is the liver and Qv is the cancerous tissue
in the liver. The acoustic parameters for the subdomains are given in Table 1. The
computing domain was divided into a mesh with 2010 elements and 1050 vertex nodes.
The meshing was chosen to be conformal to the anatomical organ boundaries. In this
case the mesh was finer where sharp boundaries existed between the organs.

In the simulation 20, ultrasound transducers were located in the sector of a circle
with radius of 8 cm in the left side of the domain (see Fig. 1). The geometrical focus
of the transducers was aimed at the middle of the cancer. The pressure field of each
transducer was computed by solving the Helmholtz equation with UWVF'. The frequency
of the ultrasound fields were set to 500 kHz.

The accuracy of the UWVF approximation was verified by comparing the solution
in the homogeneous (muscle) tissue with the numerical approximation of the Rayleigh

integral. Comparison for the transducer number 10 is shown in Fig. 3. The difference of
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Figure 2. The computing mesh with 1050 nodes and 2010 elements.

Table 1. The acoustic parameters for simulations

Subdomain a (Nep/m) ¢ (m/s) p (kg/m?)

Qr (water) 0* 1524* 9932
Qpr (skin) 12b 1610>  1200°
Qu (fat) 4d 1478% 9502
Qry (muscle) 5P 1547* 10502
Qv (rib) 46° 3540*  1990°
Qyr (rib) 46> 3540* 1990
Qyrr (liver) 2.3b 1590¢  1060°
Qvin (cancer) 494 1590¢  1060°

& (Mast et al 1999)
b (Duck 1998)
¢ (Gautherie 1990)

4 (Goss et al 1980)

14
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Figure 3. The comparison of UWVF-approximation and solution of the Rayleigh
integral along the central axis of the transducer 10 in the homogeneous medium. The

other transducers were not active.

the solutions in the central axis was 2% and in the whole domain 7%. The difference of
the approximations did not decrease with the increase of the number of basis functions.
This indicates that the difference was due to the modeling error related to the zeroth
order absorbing boundary condition (5). However, there are no limitations in UWVF
to use the higher order absorbing boundary condition to obtain the better accuracy.
Figure 3 indicates that the meshing near the transducer element is dense enough. The
transducers used in this study are relatively small and they oscillate with constant
amplitude. In this case there are no sharp pressure gradients in the near field.

The number of basis functions was chosen by limiting the condition number of the
matrix blocks D; below 108, see (Huttunen et al 2002). This resulted in 12-25 basis
functions per element in the homogeneous test problem and 7-25 basis functions per
element in the inhomogeneous problems in the mesh shown in Fig 2. The solution of
the inhomogeneous problem for the element 10 is shown in Fig. 4.

Due to strong acoustical mismatch between the ribs and soft tissues, shadow regions
are seen behind the ribs. The fields in the ribs were also modeled with the Helmholtz
equation which ignores the possible generation of shear waves in bone. However, this a

commonly made simplification , see e.g. (Mast et al 1999).
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Figure 4. The normed UWVf-approximation of the field for the transducer 10.

4.2. The thermal dose optimization

The thermal parameters of the subdomains are given in Table 2. The heat capacity of
the blood was set to 3770 J/KgK in the simulation. The bioheat equation was computed
by the semi-discrete FEM with implicit Euler iteration. The time interval ¢ = [0, 240]
s was discretized with At = 0.15 s. The computation of the bioheat equation was
accomplished in the same mesh as the Helmholtz equation.

The optimization problem was to obtain the thermal dose of 300 equivalent minutes
in the cancer region while keeping the dose in other subdomains as low as possible. So
the target dose distribution Dy was set to 300 equivalent minutes in cancer region and
in other subdomains to zero. The desired thermal dose was chosen to be somewhat
larger than the level that causes the necrosis in tissue (240 equivalent minutes at 43°C).
With this high desired thermal dose we attempt to ensure the necrosis of the cancerous

tissue.
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Table 2. The thermal parameters for simulations

Subdomain k (W/mK) Ct (J/kgK) wg (kg/m?®s)

O (water) 0.632 4178 0®
Qrr (skin) 0.50? 37702 12
Qmr (fat) 0.21P 3500P 0.5P
Qry (muscle)  0.64P 3500P 2.3b
Qy (rib) 0.44 1000° 0.5°
Qv (xib) 0.44P 1000° 0.5P
Qvr (liver) 0.64P 3500° 16°
Qv (cancer) 0.57¢ 3960¢ 4¢

& (Mahoney et al 2001)
b (Lang et al 1999)

¢ (Liang et al 2001)

These criteria result in an intrinsically difficult optimization problem, since there
are highly absorbing layers between the target and the transducers. The absorption
and the scattering in the skin (Qq), muscle (1) and ribs (v and Qyq) is high and we
desire to keep the thermal dose in these regions as low as possible. The other problem
in the dose optimization is the large extent of the cancer.

The second design criteria concerned the control input. To test the inequality
constraint, the maximum amplitude was set t0 Umax,1= 0.9 MPa for ¢ € [0,45] s and
Umax2= 0.02 MPa for ¢t € [45,240] s. Thus the constraint %max1 corresponds to the
sonication time (i.e. when the transducers are on) and um.xo sets the transducers
effectively off after sonication. The maximum amplitude of the transducers depends
on the sonication system. Of course, the use of the Helmholtz model in this paper is
tantamount to assuming that nonlinear effects do not take place. The umax2 cannot
be set to zero for numerical reasons. During the iteration, the Lagrange multiplier for

the system equation is computed backwards in time. If the input is set to zero in the
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later part, the optimization algorithm will fail to find the local minimum. However,
the constraint umax2= 0.02 MPa results in a very small absorption, which means that
transducers are effectively off during the later part of the sonication. The transient
time after transducers are turned off has to be taken into account in the optimization,
since a significant share of the thermal dose is accumulated during the time when the
tissue cools back to the ambient temperature. The smoothing of the control variable
trajectories as a function of time was done by setting the weighting scalar K = 5000 for
the time derivative of the input.

The weights were adjusted so that the healthy region does not get too much thermal
dose. The thermal dose in the healthy region was aimed to be less than 60 equivalent
minutes to prevent the necrosis of the tissue. Several simulations were accomplished
to find out a feasible range of weights for different tissues. The simulations resulted in
the following weighting. The weighting matrix W for the thermal dose distribution was
set to a diagonal matrix. The weight of 1200 was chosen for the nodes in €y, ..., Qyr.
These regions are most likely to suffer from undesired thermal dose in this case. The
nodes in subdomains (£2;) and Qyy; were weighted by zero. In simulation we assumed
rather high perfusion in the liver. The simulations showed that with this high perfusion
the thermal dose in liver does not reach a dangerous levels without weighting. However,
if the perfusion in liver is smaller, the weighting in liver region can be increased to
prevent the undesired necrosis. In the cancer domain (Qyyrr) the nodes were weighted
with 2000 to obtain the desired thermal dose.

The Levenberg-Marquardt parameter was chosen to v = 5000, which corresponds
to the standard choice v = 0.05||F (ugo))TF (u,EO))H. The iteration step parameter varied
from €® = 0.1,...,107° during the iteration. The step parameter was adjusted

)

according to the maximum value of the Hl(f . The reason for the wide range of €®

is that at the beginning of the iteration the value of the Hz(f) is of the order 10~* but
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Figure 5. The mesh where results was verified. This mesh consists of 1203 nodes and

2309 elements.

later when the thermal dose distribution is formed the value of Hq(f) is of the order 10%.
The non-uniqueness of the phase was solved by setting the phase of the first (number
1) transducer to zero. The initial guess for the iteration was ugg) = 0.01 for all 7 and ¢.
The stopping criterion for the iteration was
JO _ je=1)
g

<1075, (39)
where J® is the cost at iteration ¢. Using these parameters, the algorithm took 2109
iterations to satisfy the stopping criterion. Several simulations were accomplished with
different weightings for the thermal dose distribution. The algorithm took typically
500-2500 iterations to satisfy the stopping criterion in simulations.

The verification of the results in the same mesh in which the optimization is
computed is sometimes called “the inverse crime”. To avoid this inverse crime we verify

the results in the mesh that is shown in Fig. 5. This mesh consists of 2309 elements

and 1203 nodes. The cross-checking did not have a significant effect to the results which
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Figure 6. The target thermal dose distribution (left) and the controlled thermal dose
distribution at the final time ¢;=240 s (right). The desired thermal dose in target was

300 equivalent minutes at 43°C.

indicates that the computing mesh was dense enough.

The target and the optimized thermal dose distribution at the final time ¢y = 240 s
are shown in Fig. 6. The thermal dose of 240 equivalent minutes or greater is achieved
in 56 % of the cancer area. Fig. 6 shows that the thermal dose in healthy subdomains
is quite low. The maximum and the average thermal doses in subdomains are given
in Table 3. These results show that the thermal dose in tumor region is the order of
hundreds of equivalent minutes in 43°C and in healthy region the thermal dose is the
order of tens equivalent minutes in 43°C or even less. The design criteria for healthy
tissue is valid in all subdomains except muscle where thermal dose is 62.7 equivalent
minutes. This indicates that the healthy tissue is saved while half of the cancer area is
in necrosis. Fig. 7 shows the contours of the thermal dose distribution. The greatest
part of the thermal dose is in the target region and there are only small dose peaks in
the skin and muscle.

In design criteria, we desired to keep the thermal dose in healthy subdomains low.

The results show that this aim was successful. The whole cancer can be destroyed by
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Table 3. The controlled maximum thermal dose (Dmax) and average thermal dose

(Daye) in subdomains. Units are equivalent minutes at 43°C.

Subdomain Diax  Dave
QH (skin) 53.4 3.1
QIII (fat) 31.2 7.3

Qry (muscle)  62.7 4.7
Qv (rib) 0.3  0.05
Qvr (rib) 1.2 0.07
Quir (liver) 598 1.0

QVIII (cancer) 404.2 191.2

multiple sonications or decreasing the weight in healthy subdomains. When larger hot
spots are allowed in healthy subdomains or the treatment time is longer the cancer can
be completely destroyed.

The maximum temperatures in subdomains was achieved at ¢ = 45 s which is the
time when the transducers are turned off. Figure 8 shows the temperature contours
at t = 45 s, and this indicates that the temperatures over 50°C are only in the small
parts of the healthy subdomains. This results in rapid cooling of these “hot spots”
and the thermal dose does not reach dangerous level. In the major part of the healthy
subdomains the temperature is reasonably low. In the simulations we took into account
the cooling period of 195 s. The maximum temperature in healthy tissues was in fat
41.1°C and the maximum temperature in cancer region was 39.9°C at ¢y = 240 s. The
cooling period is adequate and the thermal dose does not build up significantly in any
subdomain after the final time.

Figure 9 shows the transducer excitations for transducers 2, 8, 10 and 18. The
transducers where chosen to give the information from transducer array overall. For

example, there is a rib between transducers 2 and 18 and the tumor area. Figure 9
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Figure 7. Thermal dose contours at the final time ¢; = 240 s sonication. The contour
lines represent the thermal doses of 40, 60, 120 and 240 equivalent minutes at 43°C.
The anatomical structures are presented with the dashed line. The main part of the

absorbed dose is in the cancer region.

shows that the amplitude from these transducers are smaller than for transducers 8 and
10. In the optimization criteria we also set limitations to the transducer excitations.
First, the maximum amplitude during the early part of the sonication (¢t = 0,...,45
s) was 0.9 MPa and in later part (¢ = 45,...,240 s) 0.02 MPa. Figure 9 shows that
this constraint is satisfied. The actual maximum amplitude of all the sources was 0.903
MPa and after the effective cut-off 0.0211 MPa which was due to employing penalties
instead of exact inequality constraints. Second, there was a cost assigned for the time
derivatives of the input trajectories. This criteria is also valid as shown Fig. 9. There
are no oscillation in input trajectories. However, if the input trajectories are desired to
be smoother, this can be done by increasing the weight to the time derivatives of the

input.
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Figure 8. Temperature contours at ¢ = 45 s. The contour lines are 40, 45, 50 and
55°C. Anatomical structures are presented with the dashed line. There are several hot

spots in the healthy subdomains.
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Figure 9. The amplitudes (dashed) and the phases (solid) for transducers 2 (top left),

10 (top right) 14 (lower left) and 18 (lower right).
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5. Conclusions

An optimization method for the thermal dose optimization in ultrasound surgery
has been proposed in this paper. The optimization method is not based on pre-
focused ultrasound fields or pre-determined scanning path. The optimal thermal dose
distribution is found directly by determining the phases and the amplitudes of the
transducers as functions of time. The advantage of this type of optimization is that the
accumulated thermal dose after the transducers are turned off can be taken into account.
Also, by direct adjusting of the phases and amplitudes the thermal dose accumulation
in healthy regions can be minimized. With pre-focused ultrasound fields the side lobes
can cause the undesired thermal dose peaks in healthy regions.

The optimization method was tested with a 2D simulation. The result from the
simulation shows that the proposed method is capable of controlling the thermal dose
in strongly absorbing and scattering media in which the distribution of inhomogeneities
is nontrivial. With the proposed optimization structure it is straightforward to choose
the balance between the extent of destroyed cancerous and healthy tissue regions.

In the simulation we used the temperature independent acoustic and thermal
parameters. Some of these parameters, for example the absorption coefficient can
change during the heating (Damianou et al 1997, Gertner et al 1997). However the
changes in absorption coefficient is reported to be relatively small below 55°C. In
this study the maximum temperature in subdomains was 55.9°C so the approximation
of the temperature independent absorption is valid. With higher temperatures, the
temperature dependent absorption can be included to the optimization framework, since
the solution is obtained from the iterative algorithm. The incorporation of temperature
dependent coefficients is straightforward and the only effect is the slowing down of the
algorithm since some matrices become state dependent.

Another approximation in the simulation was that there are no large blood vessel
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included. The large blood vessels can have a significant effect to the resulting thermal
dose distribution in tissues (Kolios et al 1996). The computational domain can be
adopted from the CT or MRI image where detailed anatomical structure like large blood
vessels can be identified. The perfusion in blood vessels can be then set to correspond to
the volume of the vessel. Asin the temperature dependent absorption case, temperature
dependent perfusion can be included to the FE model in a straightforward manner.

The simulation was accomplished in 2D. In practice the control of the thermal dose
has to be done in 3D. There are no intrinsic limitations to use the proposed method
in the 3D control of the thermal dose. It is well known that 2D boundary control is
physically and mathematically more difficult than in 3D. Only the computational issues
are somewhat more difficult in 3D, in this case mainly due to the number of unknowns
in the solution of the Helmholtz problem.

The proposed approach belongs to the model based optimization class. There are
two sources of errors in the model. First, the crude approximations that are inherent
in the Pennes bioheat model and second, the approximative distribution of density,
sound speed and absorption coefficients that affect the computed pressure fields. These
errors can be estimated to be so significant that any model based type approach can
not be considered as a solution to the overall control approach. On the other hand,
the use of a feedback controller only may not be an optimal solution either. This
is due to the fact that feedback controllers can not take into account the dose that
accumulated after the turn-off of the ultrasound sources. Thus it can be conjectured
that a feasible overall approach is to first compute a model based optimization which
is based on approximative models to yield a nominal input trajectories which takes
into account the latent accumulation of thermal dose. In the second phase a feedback
controller is constructed which uses MRI based temperature estimates (Kuroda et al

1996, McDannold et al 1998) and adjusts the precomputed trajectories in real time to



Thermal dose optimization method for ultrasound surgery 26
compensate for the suboptimal optimization. The proposed model is thus aimed to solve

the first phase of the overall optimization scheme.
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