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Abstract

The absorbed energy of ultrasound and microwaves is changed into heat
in a dissipative medium. This wave field induced heating has numerous appli-
cations in industry and medicine. In these applications the ability to control
the resulting heat distribution is essential. In this paper we design a con-
troller for quadratic cost criteria in the ultrasound induced heating problem
in inhomogeneous media. In this approach the time-harmonic pressure fields
are computed from individual wave sources by solving the Helmholtz equa-
tion with the ultra weak variational formulation. The equations that define
the controller are derived from the Hamiltonian form of the system, which
results in a large dimension nonlinear control problem. As an example we
study a numerical simulation that resembles an ultrasound therapy problem
in 2D. The simulation shows that feasible solutions can be obtained with this

approach.

Key words: Ultrasound, Heating, Nonlinear control, Ultra weak variational for-

mulation.

1 Introduction

When ultrasound, laser or microwaves are absorbed in a dissipative medium, the
absorbed energy is turned into heat. This wave field induced heating has numerous
applications in medicine and industry. These applications result in control prob-
lems of how the desired temperature distribution or absorbed thermal dose can be
achieved.

The industrial applications of the wave field induced heating are often related

to material science and sonochemistry. In material science plastics and metals can



be welded together by using the absorbed heat of the ultrasound or microwave field
(Mason 2000), (Ku et al. 2001), (Zohm et al. 2000). In sonochemistry, the heating
effect of the ultrasound is used as a catalyst to chemical reactions (Mason 2000).
The temperature distribution optimization in wave field induced heating problems
in medical applications is usually done by optimizing the specific absorption rate
(SAR) (Bardati et al. 1995), (Kohler et al. 2000). Steady-state optimization
methods have also been used in this type of problems (Nikita et al. 1993), (Lin
et al. 1992).

The medical applications include hyperthermia treatment and ultrasound surgery.
In hyperthermia treatment the effect of the radiotherapy is improved by heating the
cancerous tissue to 43-45 °C for over 30 minutes (Lagendijk 2000), (Diederich and
Hynynen 1999), (ter Haar 1999). In ultrasound surgery the cancerous tissue can
be destroyed by rising the temperature to cytotoxic level (Chapeleon et al. 1999),
(Visioli et al. 1999). The desired temperature in tumor can be up to 70 °C (Crum
and Hynynen 1996). Although lower temperatures could also be used, the use of
high temperatures can reduce the treatment time significantly (Hynynen 1996).
Focused ultrasound and microwaves are used to induce a distributed heat source in
these treatments.

The PID type controllers with pre-focused ultrasound fields are used to control
the temperature trajectories (VanBaren and Ebbini 1995), (Johnson et al. 1990),
Lin et al. 1990), (Doss 1985) as well as the inverse dynamics approach (Mattingly
et al. 2000) and fuzzy logic controllers (Chen et al. 1999). In these controllers
the main point is to obtain the desired temperature distribution with pre-focused
ultrasound fields. The scanning path of the focus is pre-calculated in these con-

trollers and they alter only the applied power i.e. the amplitude, not the phase of



the ultrasound waves. These approximations result in linear controller structures,
which is implementationally convenient but is usually clearly inferior in performance
when compared to more rigidly derived controllers. Steady-state optimization has
been used also used to determine the optimal driving parameters for electromagnetic
phased array system in (Kowalski and Jin 2000). In the study made in (Kowalski
and Jin 2000) the phase and amplitude of the transducers were computed directly
from the nonlinear optimization problem.

In this paper we propose an approach in which the ultrasound field is controlled
by adjusting the amplitudes and the phases of each transducer individually. The
absorbed energy of the ultrasound waves results in a distributed quadratic source
term in the heat equation. The controller proposed here is of the feedforward (FF)
type and it is not based on feedback during the sonication. Furthermore, this control
method is not based on pre-computed focused fields. The main difference in this
paper and (Kowalski and Jin 2000) is that our controller optimizes the transient
trajectory while (Kowalski and Jin 2000) discusses only the maintaining of the
steady state. This is a major difference when certain end applications such as
ultrasound surgery are considered in which the main contribution of the thermal
dose is due to the transient. Furthermore, the proposed method takes into account
also the transducer limitations.

As the first step, the time-harmonic solution of the generally inhomogeneous
Helmholtz problem is solved for each source individually. The solutions are com-
puted with the recently proposed full wave method, the ultra weak variational for-
mulation (UWVF). Standard finite element methods can usually not be used to
compute the wave field at ultrasonic frequencies due to required high element-per-

wavelength ratio.



The resulting control problem is nonlinear and is — in spite of the use of the
UWVF - still large dimensional. However, the overall dimension of the problem is
only a fraction of what it would be with standard FE methods.

The performance criterion of the approach is basically a quadratic cost that is
related to the temperature distribution and control variable evolution smoothness.
However, there are two complications. First, in practical applications the powers of
the individual transducers are limited. Second, the mapping from relevant control
variables to the temperature evolution is nonlinear. Thus the problem is turned into
the minimization of a more general nonlinear cost function with nonlinear inequality
constraints.

The rest of the paper is organized as follows. In Section II we review the ultra
weak variational formulation for the Helmholtz problem and the FEM solution of
the bioheat equation. In Section III we formulate the control problem and derive
the solution. In Section IV we present a nontrivial simulation. In the simulation we
consider an example that resembles ultrasound therapy problem in which the aim
is to heat biological tissue. The simulation is carried out in 2D and does therefore
not correspond to a realistic ultrasound therapy situation. We point out that the
contribution of the paper is not ultrasound therapy but rather a new distributed
parameter control approach for the heating of inhomogeneous material with ultra-
sound. Section V is dedicated to the results from the simulations and Section VI is
the discussion of the features of the method. Section VII is dedicated to conclusions

and extensions of the proposed approach.



2 Physical models and computational approxima-

tions

2.1 Helmholtz problem

Linear acoustic wave propagation and scattering in quiescent heterogeneous media
is characterized by the wave equation
2
v. (%vp) _%%szo (1)
where P is acoustic pressure, p is density and c is the speed of sound. In the
time-harmonic case we have P(r,t) = p(r)e™!, where r = r(z,y) is the spatial

variable, and the space dependent part of the pressure field is the solution of the

inhomogeneous Helmholtz equation
1 2
v (5vp) + Zp=0, )
P P

with wave number k. In dissipative media the wave number is of the form x =
2nf/c + i where f is the frequency of the wave field and « is the absorption
coefficient (Bhatia 1967).

Together with suitable boundary conditions the Helmholtz problem (2) can be
solved using a variety of techniques. The standard tools have been the finite dif-
ference methods (FD) and the finite element methods (FEM) (Ihlenburg 1998). A
common feature of these methods is the requirement of certain number of discretiza-
tion points or elements per wavelength — usually 10 to 15. For high wave numbers
this requirement results in very large problems with often intolerable computational
burden. To avoid this problem ray approximations have been used to compute pres-

sure fields with ultrasound frequencies, see e.g. (Fan and Hynynen 1992), (Kiihnicke



1996), (Botros et al. 1997) and (Botros et al. 1998). However, this approach be-
comes increasingly complicated in complex geometries including multiple material
interfaces and in practice impossible in the case of spatially continuously varying
material parameters.

An alternative approach is to use novel full wave methods which allow the in-
corporation of a priori information of the solutions to the approximation subspaces.
These methods include the partition of unity methods (PUM) (Babuska and Me-
lenk 1997), the least squares methods (Monk and Wang 1999), and the ultra weak
variational formulation (UWVF) (Cessenat and Despres 1998). Compared with
the standard finite elements these methods can reduce the computational burden
significantly. In this paper we use the UWVF to solve the acoustic wave field. The
method is outlined in the Appendix. The advantage of the UWVF is — in addition
to the reduced number of unknowns — that it is possible to adjust the distribution

of unknowns

2.2 Bioheat equation

In biological tissues the temperature evolution is usually approximated with the

so-called bioheat equation (Pennes 1948)

oT
pCr g =V kYT —wpCn(T — Ta) +Q, (3)

where T is the temperature, p is the density of the medium, Cr is the heat capacity of
tissue, wpg is the perfusion due to blood flow, C§ is the heat capacity of blood and T,
is the arterial blood temperature and () is the distributed heat source. Furthermore,

the heat source term for the time-harmonic acoustic pressure is (Pierce 1991)

_ alp)?
Q= o (4)



In this paper we use the Helmholtz equation for the wave field computing and
thus neglect the nonlinear effects in wave propagation. This is a commonly made
simplification, since the nonlinear effects are very small with pressure amplitudes
that are considered here. When nonlinear effects are neglected the total field is
the sum over the individual fields. With m separate transducers the total field is
p = Pk In many applications it is natural to consider cases in which several
transducers are used. For example in the medical applications the number of the
transducers varies from 16 to 512 (Daum and Hynynen 1999), (Clement et al.
2000).

In the time-harmonic case the temporal and spatial dependence of the wave fields

pr can be separated and we can write

pr. = () C(r)e* (5)
where 1 (t) € C determine the amplitude and phase of the transducer source so
that Cj(r) are the time-harmonic solutions of the Helmholtz problems with single
point sources of unit source strengths. The main difference between the common
steady state focusing (Ebbini and Cain 1989), (Botros et al. 1997) and the control

method presented here is that the control variable 4 (t) is also the function of time.

The total heat source can be written as

ﬂ 2 _ ﬂ - i ~ r
p(r)e(r) = p(r)c(r) ; k(t)Cr(r)

The bioheat equation is discretized according to the usual semidiscrete scheme

2

Q(r,t) = (6)

in which the spatial variable is handled with the Galerkin scheme and the result-
ing system of ordinary differential equations with appropriate (implicit) schemes
such as backward Euler or Runge-Kutta (Johnson 1987). We employ the implicit
Euler scheme in this paper. The only term that requires some explanation is the

discretization of (), which can be found in Appendix B.
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We define the control variables uy = Reuy, £ =1,...,m and ugyp, = Imug, k =
1,...,mand the corresponding vector u € R2™. Define also Cy, = (Ci(r1), . .., Cr(ry))"

and C = (Cy,...,Cn) € R¥*™_ We can then write the source term in the form
Qu(t) = M[L,1)(Bu(t))* = Mp(Bu(t))” (7)

where I € RV*¥ is the identity matrix, M is a modified mass matrix (for details,

see Appendix B), (-)? refers here to element wise squares and

ReC —ImC
B = R . (8)
ImC ReC

The major difference between the proposed control method and earlier work on the
temperature control of the ultrasound induced heating lies in Eq.(7). In the pro-
posed approach we are bound to solve the optimal phase and amplitude trajectories
directly rather than use the pre-focused ultrasound fields with pre-determined scan-
ning paths. If ultrasound fields are pre-focused Eq.(7) reduces to the linear form,
and the only control variable is the applied power to the transducers. However, this
is not necessarily the optimal way to control the temperature distribution. Also, by
separating the real and imaginary parts in Eq.(7) we can reduce the computational
task of the proposed method. However, it is clear that the space of feasible solutions
for the problem specified above contains also solutions that are of the type of scan-
ning foci. The semidiscrete FEM approximation for the bioheat equation is then of
the form

MT = (G — wgCsI)T + wCsMTy + My (Bu(t))” (9)

where M is the (ordinary) mass matrix, G is the stiffness matrix and 7' = dT'/dt.

In the following this is considered in the form
T = AT + P + Mp(Bu(t))” (10)

9



where we have made the obvious assignments. In the sequel we drop the time

variable whenever there is no possibility of misunderstanding.

3 The implementation of the control method

3.1 The continuous time controller equations

Define the quadratic cost function

Jwrin=; [ {IIT(t) - L0l + 3o () } @,

where Ty = Ty4(r,t) is the desired temperature distribution and s; are weights for

the time derivative of the input thus enforcing smoothness of the control variables.
Further, ||T'(t) — Ta()||2 = [, 9(r) (T (r,t) — Ta(r, t))2 dr.
In practice the maximum power or pressure amplitude is constrained so that the

relevant control problem is of the form
m&n J(u, T;t) subject to uj + up,,, < (¢ forallk=1,...,m (12)

where we can take ( = 1 with an appropriate change of variables. This is a quadratic
problem with quadratic inequality constraints. Due to the nonlinear constraints and
the nonlinearity of the mapping u +— 71" we have to resort to numerical minimization
methods. Furthermore, we approximate the inequality constraint by introducing
an additional nonlinear penalty so that the we can define the cost function that is

adopted in this paper as

Ju,T) = J(u,T) + xr(u) (13)
where R € R and
1 ty 2m .
Xr(u) = 5/0 ;R exp (2R|uy]) dt (14)
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With all other factors fixed, the parameter R is relatively easy to adjust so that the
constraint (12) is fulfilled with adequate accuracy.

Denote duy(t)/dt = ug(t). The Hamiltonian of the control problem is now (Sten-
gel 1994)

2m 2m
o 1 . _
H(u, i, T,T) = §{||T—Td||;‘;+zskui+ZR lexp(2R|uk|)} (15)

k=1 k=1
AT (AT + P + Mp(Bu)? = 1T)

where A = A(t) € RV |t € [0,1;], is the Lagrange undetermined coefficient.

3.2 Solution of the optimal control with direct temporal

discretization

The straightforward approach for the solution of the optimal control problem is
to write down the Euler-Lagrange equations for the Hamiltonian, which results in
a coupled system of (systems of) nonlinear differential equations. However, this
approach leads to a very large dimensional nonlinear boundary value problem. The
straightforward realization of the numerical solution for this system is notoriously
problematic due to the instability of the subsystem describing the evolution of the
Lagrange multiplier.

In this paper we solve the problem by directly discretizing the control and state
variables as well as the Lagrange multiplier with respect to time and using a steepest
descent type algorithm for computing the control variable. In the minimization pro-
cedure we employ a three-step approach, which involves the discretized derivatives
of the complete Hamiltonian.

This three-step approach is an iterative nonlinear adaptation of the correspond-

ing approach for linear systems and quadratic cost functions (Burl 1999), (Stengel
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1994). In this approach with each iteration the state variable is first solved from
the bioheat equation. Then the Lagrange multiplier can be calculated from the
time-reversed co-state equation and finally the optimal control is solved from the
stationary condition.

Let the temporal discretization constant for v be At and Ny = t;/At + 1. In
the sequel we denote the temporally discretized variables as u; = u(t7/At) € R*™,
T € [0,t5], t € [0,...,Nr|, with other variables denoted correspondingly. The
discretized Hamiltonian is then of the form

2m 2m
23 s s — ) SR exp <2|R\uk,t>)

k=1 k=1

. 1
H(UtaTt:Tt) = 2 (”Tt_Td,t
AT (ATt + P+ Mp(Buy)? — Tt) , (16)

where At has been absorbed in s;. We have for the co-state (Stengel 1994)

o\ OH

——— = =9(T, - T, AT 1
5t~ o, (T: — Tap) + A" N (17)
and for the stationary condition
OH
—— = H,, = L(ug) + N F(uy) (18)
8ut
L(uy) = sign (u) © exp(2R|ug|) + S (ug — us_1) (19)
F(u;) = 2Mp (B ® (Bu,...,Bu)) (20)
where S = diag(s1,. .., S2m), and © denotes the element wise product of two ma-

trices or vectors.
The time evolution for the bioheat and co-state equations is approximated with
the implicit (backward) Euler approach so that we can write
Tiy1 = (I —AtA) T + At(I — AtA) ! (P — Mp(Bu)?) (21)
N1 o= (I —AtAT) I\ 4+ AHT — AtAT) "9 (T, — Tyy) (22)

12



The stationary condition is pursued by the Levenberg-Marquardt type stabilized

iteration with the search direction
Hy, = (F(ue)"F(up) + uI) ™ (L(ue) + F(ug) ") (23)

where y is the stabilization parameter. In the iteration, the next control variable is

computed as

utD — 0 _ O

ug ?

(24)

where € is the iteration step parameter and £ is the iteration round.

4 Simulations

4.1 Verification of the accuracy of the UWVF solver

The simulations were carried out in a 2D domain. The computational domain for
simulations is shown in Figure 1. The domain consists of the three subdomains €,
Qp and Qpp with different physical parameters. The physical parameters are given
in Table 1. There were 40 point sources located in a circle with radius of 4 cm
around the computing domain. Between the point sources and subdomain {2; are
assumed to be media with the same acoustic parameters as in ;. in The geometry
was chosen in order to assess the spatial accuracy of the controller. The domain was
divided into 840 triangular elements and 445 vertex nodes. The maximum spacing
between the nodes in this mesh was 4 mm. The ultrasound fields with frequency
of 500 kHz were computed with the UWVF for each point source separately. In
this example we consider a system and a specific application in which the maximum
pressure amplitude is constrained to less than 1 MPa.

To stabilize the UWVE problem we chose the number of bases in the element €;

so that the L;-condition number of the corresponding matrix block D was below a

13



predetermined value. We used the highest number of bases which gives the condition
number below 10%. See (Huttunen et al. 2002) for details of the adaptive scheme
for the UWVF.

The accuracy of the UWVF solution was verified by setting the acoustic param-
eters of the domain €y equal to the outermost domain Q; so that ¢ = 1500 m/s,
p = 1000 kg/m? and @ = 0 Nep/m. The material parameters in the domain Qy
were the same than in Table 1. In this geometry the problem (26)-(28) reduces to a
simple transmission problem through a circle for which a very accurate approxima-
tion can be computed with truncated Fourier series (Morse and Ingard 1968). This
approximation was compared to the UWVF approximation.

The UWVF approximation was computed in the mesh of Figure 2. The num-
ber of bases N; varied between 11 and 23. The relative discrete Lo error of the
UWVF solution for the transmission problem through the circle was 6.8 % which is
a tolerable accuracy for test purposes.

Figure 2 represents the mesh and the normed intensity of the UWVF solution of
the Helmholtz equation from point source 16. The maximum of the pressure field
was 1 MPa for all wave fields. The scattering due to the strong acoustic mismatch
between different material in the domains € and g is clearly seen in Figure 2.
With the correct material parameters, the matrices C' and B are constructed from

these pre-computed fields.

4.2 The optimal control problem

The thermal properties of the subdomains were set to be equal. The thermal pa-
rameters used in simulations are given in Table II and they are similar to those in

biological tissues (Skinner et al. 1998),Lin et al. 1990), (VanBaren and Ebbini

14
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Figure 1: The computing domain. There are 40 point sources located around the

computing domain (numbered 1,...,40). Acoustic parameters are given in Table 1.

1995). The bioheat equation was computed by the semi-discrete FEM and the im-
plicit Euler iteration.The time interval ¢ = [0,10] s was discretized with At =0.1 s.
The computing of the bioheat equation was accomplished in the same mesh as in
which the Helmholtz equation. This can be done if the mesh is adequately dense
also for the heat equation in which case we avoid interpolation between the two
meshes. In any case the interpolation would be straightforward.

The optimal control u; was computed with the algorithm given in Section 3. The
target heat distribution was of the form of the letter “I” in the middle of {2;y;. The
desired temperature in the target region was 45°C while the desired temperature in
other parts of the computing domain was 37°C. The design criteria for the heating
problem was to minimize heating in the strongly absorbing medium €);; as much as

possible, while greater temperatures were allowed in the ;. These requirements
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Figure 2: Left: The computing mesh that consists of the 840 elements and 445 nodes.
Right: The normed |p| distribution from the UWVF solution of the Helmholtz

equation from point source 16.

Table 1: The Acoustic Parameters in Different Media for the Control Simulations.

Parameter i Qn Qm
Speed of the sound ¢ (m/s) 1500 2500 2000
Deusity p (kg/m?) 1000 2000 1500

Absorption coefficient o (Nep/m) 0 4 2

Table 2: The Thermal Parameters for Control Simulations.

Heat capacity of the tissue Cy (J/kgK) 3700
Thermal conductivity of the tissue k; (W/mK) 0.6

Perfusion by the blood flow w;, (kg/m3s) 1
Heat capacity of the blood Cy (J/kgK) 3800
Arterial blood temperature T, (°C) 37

16



to the heat distribution result in a difficult control problem, since {2;; has twice
greater absorption coefficient than the target domain and the spatial dimensions of
the target are small. This type of control problems can be found for example in
ultrasound surgery and hyperthermia treatment in which undesired heating must
be minimized in a healthy tissue. In addition, in the case of ultrasound surgery
of brain tumors, the subdomain which is to be heated, is located inside the skull,
which absorbs ultrasound more than the brain tissue.

The weighting matrix ¢ for the temperature distribution was set to be diagonal
with direct weighting for the temperature errors in each node point. The selection of
weights for nodes depends on the relative costs based on medical consideration, for
example the harm done by overheating nearby healthy tissue relative to not killing
the tumor completely. Even then, as in all this type of controllers the weights have
to be adjusted to the current problem more or less manually since there is no known
systematic procedure (Burl 1999), (Stengel 1994). In this example we chose (based
on nonmedical ad hoc considerations) for the nodes in €y , Qjy; and the target “T”
the weights 480, 300 and 400, respectively.

The design criteria for the input was to keep the maximum pressure below 1
MPa and to smooth the input trajectories. The weight for the controls was R = 8
and for the time derivative s, = 100 for all k.

The Levenberg-Marquardt stabilization parameter was set to u = 5000. This
choice corresponded to u = 0.05||F (ugo))TF (u§°))||2 which is often used in the
Levenberg-Marquardt iteration. The iteration step parameter was chosen as € =
0.009. This ¢ was chosen to ensure the convergence. A more efficient approach
would be to use line search and thus an iteration dependent step parameter. The

inherent non-uniqueness of the phase was solved by setting the phase of the first
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source to zero. The initial guess for the iteration was u,(ft = 0.01 for all £ and ¢. As

the iteration stopping criterion we used

JO _ =1 s

where J© is the cost at iteration £. With these parameters the controller iteration
took 400-1000 rounds to satisfy the stopping criterion.

The spatial discretization has a great effect in this type of the controllers because
the weighting of the temperature distribution is proportional to the discretization.
If the computing mesh is too sparse, the results may not correspond to the actual
physical problem Also, in order to avoid this so-called inverse crime we verify the
computed results in another mesh than the one in which the control was carried out.
This mesh is shown in Figure 3 and it consists of 1212 elements and 639 nodes. In
this mesh, the maximum spacing between the nodes was 3 mm.

In this case the change to a more dense mesh did not have a significant effect
i.e the temperature distribution did not change in this substitution. This indicates
that the mesh was dense enough.

However, this discrepancy was clearly significant for meshes with less that 70% of
the elements used here. Thus caution has to be exercised and multiple cross-checking

should be carried out.

5 Results

The target and the controlled temperature distribution at the final time ¢y = 10
s are shown in Figure 4. The desired temperature in the target is obtained fairly
well. The controlled temperature distribution can be analyzed with several quality

parameters which are discussed in (Kohler et al. 2000). We denote by Ty the
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Figure 3: The mesh in which results were verified. The mesh consists of 1212

elements and 639 nodes.

temperature which is achieved in least 90 % of the target region. Furthermore,
T, denotes the average temperature in the subdomains and the target, Ti,.x is the
maximum temperature reached in the subdomains and D, is the percentage of the
target in which the therapeutically relevant temperature 42 °C is reached. These
criteria for the simulation are given in Table 3.

The average temperature in the target is lower than the desired temperature
(= 45°C). The therapeutically relevant temperature Dy is achieved almost every-
where in the target region. The other topic in desired temperature distribution was
to minimize the heating in €2;;. As one can see from Table 3, the aim is reasonably
well achieved. The average temperature in 1y is quite low and even the maximum
temperature is lower than 42°C. The domain outside the target region, {2, was
heated much more than ;. In addition to direct heating by adsorption, thermal
diffusion transfers heat from the target into this region. However, the average tem-
perature in this region is low, so that the major part of the Qp; did not warm

considerably.
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Table 3: Quality criteria for the simulation.

Domain Tpax(°C) Tave(°C) Das(%) Tgo(°C)

Target 46.70 43.41 91.18 42.03
Qi 41.63 38.54 - -
Qi 43.87 39.22 - -

Figure 5 shows the maximum temperatures in absorbing subdomains and the
nodes where the highest temperatures was. From Figure 5 can be seen that the
maximum temperature was in the middle of the target when the minimum temper-
ature in target was in the left side of the vertical part. The maximum temperature
in subdomain €251 increases during the sonication. This is due to the diffusion.

The other design criteria concerned the control parameters. The corresponding
phases and amplitudes for the sources 6, 16, 26 and 36 are shown in Figure 6. As
one can see, the constraint of the amplitude p < 1 MPa is almost satisfied. The
maximum amplitude of the sources was 1.04 MPa. The other cost to the sources
was the weighting of the time derivative of the control variable . This smoothes
the phase and the amplitude of the input as a function of time. There are no abrupt
changes in the phases and amplitudes, which shows that this criterion is also well
satisfied.

The temperature evolution and the square root of the induced heat during the
sonication are shown in Figures 7 and 8. During the last 3 s of sonication, there are
no major changes in temperature distribution and the absorbed heat rate almost
vanishes. This indicates also that controller would be able to maintain the obtained
state also for longer time intervals.

Figures 7 and 8 show what is the advantage of the transient control as compared

20



Figure 4: Left: The target temperature distribution with form of the letter T. The
desired temperature in target is 45°C. Right: The controlled temperature distribu-

tion at the final time ¢; =10 s.

to the steady-state optimization. From the square root of the induced heat one can
see that the whole target area is not heated at once. By changing the phase as a
function of time controller forms the optimal heat distribution in target area while

minimizing the undesired heating in other subdomains.

6 Discussion

The controller iteration took typically 400-1000 iteration rounds. The line search
might lower the computation time during the iteration. Another topic concerning
the specification of the controller is to readjust weighting for the temperature dis-
tribution. As in all this type of control problems there are no general approaches to
choose the weights. The weights for the temperature could, however, easily made
adaptive (state dependent) so as to better approximate the physically more rele-

vant inequality constraints for the temperature errors instead of the quadratic cost.

21



47 T T T

oooooooooooooooOOOOooooooo

° 0000000004
0.02 -

44t 4

000090
ooooooooooooooooooo

—~ 000
o 00000

0 00

=

y (m)

@¥xx x
xéé XXXXxxxxxxXXXXX***t****%*******
3 i
o ***********
*
x 60 *

X x
XXXXXXXX
X x

3917 * ]
-0.02-

38 * b

h L f L L
-0.01 0 0.01 0.02 0.03 1 2 3 4

002 5
X (m) t(s)

L
-0.03

Figure 5: Left: the nodes in subdomains where the maximum temperatures was.
There are also nodes for the maximum temperature (o) and the minimum tempera-
ture (*) for the target region. Right: The maximum temperatures in )y (diamond),

Qi (x) and the maximum (o) and the minimum (*) temperatures in the target

These adaptive weights are easy to include to the controller and they are usually
obtained directly from the physical restrictions of the problem.

In many applications the material parameters are temperature dependent. These
parameters can be easily taken into account with this control method. During the
iteration, the FEM matrices are changed depending on the current temperature.

In the simulation example we used simple point sources for the ultrasound waves.
More general transducer models are straightforward to implement in the UWVF and

will affect only the fields.

22



— phase
— - amplitude

N
~ ~

- =~

-2 — phase
— — amplitude
-25 -1
0 2 4 6 8 10 0 2 4 6 8 10
t(s) (s)

1

\/\
NECAE S

-2 ] p— phase N
— - amplitude — - amplitude S
-2.5 0 =
0 2 4 6 8 10 0 2 4 6 8 10
t(s) t(s)

Figure 6: The phases and the amplitudes for point sources 6 (top left), 16 (top
right), 26 (lower left) and 36 (lower right).

7 Conclusions

The controller which is proposed in this paper can be applied to ultrasound or
microwave induced heating. In microwave induced heating the electrical field is
computed from the Maxwell equations. The control algorithm is then applied to
the problem in a similar way. The controller proposed here is an approximation
for the optimal controller concerning quadratic costs with inequality constraints for
the control variables. The simulation indicates that this method is able to produce
accurate heat distributions in inhomogeneous media. The results from simulations
was verified in different mesh to assess the robustness of the controller.

The simulation showed that this type of the controller can be applied also to
hyperthermia treatment type problems. Another interesting applications might be

sonochemical processing (Mason 2000). However, the main motivation of this paper
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is the extension and modification of the proposed approach to ultrasound surgery
(Duck et al. 1998), (Crum and Hynynen 1996). In ultrasound surgery the desired
temperature is typically higher and the undesired heating must be minimized more
accurately. In ultrasound surgery the main aim is to raise the thermal dose to the
level that causes the necrosis of tissue (Daum and Hynynen 1999). The proposed
controller can also be modified for thermal dose control. With direct control of ther-
mal dose the peak temperatures can be decreased and the treatment time shortened
(Daum and Hynynen 1999). The methods for thermal dose optimization in tissues
include temporal switching (Daum and Hynynen 1999) and power adjusted focus
scans (Wan et al. 1996).

When the proposed control method is used to thermal dose control the cost
function is changed to weight the desired thermal dose distribution. The solution
is found by similar gradient search. We have already implemented the modification
for direct control of thermal dose (Malinen et al. 2003). The main advantage of
using the proposed control method for thermal dose control is that the undesired
thermal dose in healthy tissue can be directly minimized.

In most practical applications the control has to be done in three spatial di-
mensions, which makes the problem dimensions much larger and computing time
consuming. On the other hand, the problem is physically and mathematically eas-
ier in 3D, which is the case for both boundary measurement and boundary control
problems.

The advantage of using this type of a controller in the wave field induced heating
problems is that this method does not need pre-focused wave fields. The main
drawback of using the pre-focused ultrasound fields is that the ultrasound fields

usually exhibit side lobes. These side lobes may cause undesired heating in the
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healthy region. With the proposed control method the temperature distribution can
be optimized in the target as well as in the healthy region. Yet another advantage
is that the transducer limitations can be taken into account.

By introducing inequality constraints for state and control input the undesired
heating in healthy tissue and maximum applied power for the transducers could
be limited more accurately. Yet another further topic is to construct the feedback
controller which uses the temperature measurements as a feedback to compensate
the modeling errors in feedforward control. This can be done by linearizing the
nonlinear state equation respect the feedforward trajectories for control input and
temperature. Of course, the verification of the method in real 3D domains and with
physical sonication. We are currently using a Linux cluster of 12 computers and
parallelized implementation of the algorithms for the computation of UWVF and

the controller in the corresponding 3D control problems with realistic geometries.
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A The Ultra weak variational formulation

A.1 The ultra weak variational formulation of the Helmholtz
equation

Let us partition the domain of interest 2 with disjoint finite elements €2; and let v;

denote the outward unit normal for j’th element. In addition, the boundary between
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elements (2; and (2, is denoted by X,. If the element €2; is on the boundary of the
domain (2, the coinciding boundary is denoted by 0€2; N 0Q2 =T';.
If the material parameters p and ¢ are approximated with piecewise constant

functions we can decompose the Helmholtz problem for all 1 < j < K as

Ap; + kip; =0 in Q; (26)
1 apj . 1 8])@ .
-0 = TF >0 and for all ¢ 27
pj Ov; 1o pe Ovg b Of Sgeaneiona (21)
10p; . ) ( 10p; . )
___Zo'p- =T ————Za'p' +g OnF' 28
(Pj Iv; ! p;j Ov; ! ! .

where p; = plo;, 7 € C, |7| < 1, and the coupling parameter 0 > 0, 0 € R
The source term is denoted by ¢g. The boundary condition for the problem can be
adjusted with the parameter 7.

The boundary condition (27) is a coupled form of the transmission conditions
which characterize the continuity of the pressure and the normal particle velocity
across the interface ¥;, (Benamou and Despres 1997). The coupling parameter o
can be computed as the mean value of Re(k)/c over the boundary

_ 1(Re(x;) | Re(re) on 5.
U_2< 0 + P ) E]g. (29)

We decompose the total wave p into two parts p = p® + p'"® where p° is the scattered
wave and p™° is the incident wave. In this study the incident field is a point source
of the form

P = LH (sl = ma), (30)

where 7y is the location of the point source. The Sommerfeld boundary condition

for the scattered part of the wave is obtained by choosing 7 = 0,

< 1 apinc
, and g=|[—
pj Ovj

_ Re(x))
Pj

o - iapinc) on I';. (31)
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Define the function f, flaq, = f; on the element boundaries as follows

, 1<j<K (32)

It is shown in (Cessenat 1996,C) that f; satisfies the ultra weak variational formu-

lation, (UWVF)

K 1 10 |

S [ (-t i)

= Joo; 0 p; Ov;

—ff:/ VSR
— e ¢ pj(?yj q]

K
1 1 0 .
-3 [ a2 -io)s (33)
= r; g p; OVj
for all test functions g; which are the solutions of the adjoint Helmholtz equation
Ag;+k3g; =0 inQj, (34)

where the overbar denotes complex conjugation.

A.2 Discretization of UWVF

A Galerkin type approach can be applied to discretize the UWVF. In this approach
the function (32) is approximated by a plane wave basis with compact support

(Cessenat and Despres 1998)

Ni 10
fc'l: f’n(__—_io')(p'n (35)
’ ; AN ’
where
exp(ik;d;, - ) in
P = p( j g ) j (36)
0 elsewhere.
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For simplicity, a set of equally distributed plane waves d;,, is usually chosen

n—1 . n—1 .
djn = (cos (2% Y >,sm <27r N, >>, for all 7 and n.

The functions ¢, are also solutions of the adjoint Helmholtz problem and the

Galerkin scheme is obtained by choosing ¢; <— ¢jn, n=1,..., N;.
Substituting (35) and (36) to the equation (33) the problem can be written in

the form of the matrix equation (Cessenat 1996), (Cessenat and Despres 1998)
(I-D~'C)X = Db (37)

where the unknowns X = (fi1,..., finy,---, fKkNg)? are to be determined. The
matrices D and C' are sparse and exhibit block structure. For example, D is a
Hermitian block diagonal matrix consisting of the K blocks D, € CYi*Ni_ To avoid
the conditioning problems reported in (Cessenat and Despres 1998) we allow the
number of bases N; to vary between the elements as in (Huttunen et al. 2002).
(From the equations (32) and (35) it follows that we can approximate the pres-

sure field with
N;
pa = Z fjnan on 8QJ (38)
n=1

If Kk € R the equations (26) and (34) are equal and the approximation (38) is
also valid within the element €2;. For k € R — such as the case at hand - this
is only an approximation. However, if the UWVF mesh and the heat equation
meshes are appropriately adapted, we only need the UWVF solutions on the element

boundaries.
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B Heat source term in the FE bioheat equation

Since tissue boundaries are usually well defined, it is natural to consider meshes
that are conformal with these boundaries, that is, the element boundaries coincide
with the organ boundaries. In such a case it is also feasible to approximate «/(r),
p(r) and ¢(r) in the corresponding piecewise constant basis, that is, these material
parameters are constants within each element. Furthermore, we approximate the
Ip|? distribution in the corresponding piecewise linear basis, that is, in the same

basis as the temperature
2

op(r) - (39)

N

pl> =>"

p=1

> i (£)Ci(rp)

k=1

Denote the FE source term vector by Qp(t) € RY. We have for the j*" node
a(r) N m

QD,' 1 = / —_—Y ’U,k Ck T’

0= e 2| 2 O

= > () Cilry)

k=1

2

p(r)ep;(r) dr (40)

/Q %wmm dr (41)

so that the associated modified mass matrix M € RV ig specified by the elements

~‘ = 701(7') T i\T)ar
o = [, el o6i0) - )
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Figure 7: The temperature evolution in the sonication. The left hand row shows
the temperature distribution and the right hand row shows the square root of the

induced heat, that is, v/ Mp(Bu)?.
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