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Abstract. In this paper, a two-stage control method is proposed to control thermal dose
and temperature in ultrasound surgery. The first part in the proposed scheme consists of
nonlinear model-based feedforward control. The focusing as well as the scanning path of
the foci is chosen by the feedforward controller. The presented feedforward scheme leads
to a large dimensional nonlinear control problem which is solved with gradient based al-
gorithm. The temperature measurements during the ultrasound surgery can be adopted
from the magnetic resonance imaging (MRI). In the second part of the control scheme
these temperature measurements with LQG feedback control and Kalman filter are used
to compensate the modeling errors which may arise in the feedforward part. The LQG
controller and Kalman filter are derived by linearizing the original nonlinear state equa-
tion with respect to the feedforward control trajectories. The presented control scheme is
tested with numerical simulations and feasible solutions can be achieved with both feedback
and feedforward controllers. In addition, simulations indicate that the LQG scheme can
compensate large modeling errors.
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1 INTRODUCTION

As ultrasound propagates in biological tissue, a part of the wave energy is absorbed and
changed into heat. The absorbed energy of the ultrasound can be used as a distributed
heat source in ultrasound surgery. The main idea of the ultrasound surgery is to raise the
temperature or thermal dose in the cancerous tissue to the level that causes necrosis, while
temperature in healthy tissue is kept as low as possible to prevent the undesired damage
[26, 5, 25]. The main advantages of ultrasound surgery are that it is noninvasive and
that there are no side effects as in radiotherapy. However, ultrasound surgery treatment
requires accurate control of the temperature and thermal dose distribution so that the
desired thermal response in tissues can be achieved.

Several control approaches have been proposed to control the thermal dose in ultra-
sound surgery. These approaches include temporal switching between the individual focus
points [7], optimization of the steady-state power deposition [12] and model predictive
control with linearized thermal dose [1]. In addition, MRI-based optimization techniques
have been proposed in [8, 21, 23]. These methods use MRI temperature measurements
for on-line feedback during the treatment. The main limitations of these earlier control
approaches are that they are based on predetermined focus points and scanning path
for the foci. In this case control problem reduces to linear form, but there are several
limitations in such approach. First, hot spots may arise in healthy tissue due the side
lobes of the focused fields, especially if bones coincide with ultrasound field. In addition,
diffusion in the proposed schemes is a drawback, since heat is conducted from focus points
to healthy tissue during treatment. Furthermore, the accumulated thermal dose when the
transducers are turned off is usually neglected. This is an important issue in ultrasound
surgery control since thermal dose distribution changes when tissue cools back to ambient
temperature.

The purpose of this study is to represent an alternative control procedure to ultrasound
surgery treatments. The presented approach consist of two parts. First, model-based
feedforward control is used to optimize the thermal dose distribution in tissue. The
control variables are the real and imaginary parts of the transducer excitations. These
control variables are changed as a function of time to obtain the desired thermal dose
distribution in tissues. A quadratic cost criteria is used to weight the thermal dose
distribution and the time derivative of the transducer excitations to prevent oscillation
of the input trajectories. In addition, the maximum input amplitude is limited with
inequality constraint approximations. The presented feedforward scheme finds the foci
points as well as the scanning path in loose sense, since solution of the feedforward control
problem does not necessarily lead to foci based solution. In addition, the accumulated
thermal dose as the transducers have been switched off is taken into account in control.
The presented feedforward control scheme leads to a large dimension nonlinear control
problem and it is solved with a gradient based algorithm.

In the second part of the overall control scheme, LQG feedback controller is derived
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to compensate the modeling errors which may arise in feedforward part. During the
ultrasound surgery, the temperature measurements can be taken from MRI [10]. This
temperature data can be used as a feedback for controller. In the proposed feedback
scheme the original nonlinear state equation is linearized with respect to the feedforward
trajectories for temperature and control input. The standard LQG control and Kalman
filter are then derived using the linearized equations.

2 MATHEMATICAL MODELS

The time-harmonic ultrasound field can be characterized with Helmholtz equation in
inhomogeneous absorbing media. The Helmholtz equation is

1 2
AV (Vp> + =0, (1)
p p

where p is the space dependent part of the pressure field, p is the density of the medium
and k is the wave number. In absorbing media the wave number can be expressed as
k =27 f/c+ia, where f is the frequency and « is the absorption coefficient [2].

In this study the Helmholtz equation is solved with ultra weak variational formalism
(UWVF) [4]. The main idea in UWVF is that a priori information of the solution can
be included to the approximation subspace. The UWVEF formulation for the Helmholtz
problem and computational aspects are discussed in [9].

The temperature evolution in tissues can be modeled with the Pennes bioheat equation,
which is [20]

or
pC’TE = V'I{VT—U)BCB(T—TA) —|—q, (2)
where T' is temperature, k is the diffusion coefficient, wg is the perfusion, Cg is the heat
capacity of blood, Ty is the arterial blood temperature and ¢ is the heat source. In this
study, the bioheat equation is solved with the semi-discrete finite element method (FEM)
and implicit Euler method for temporal integration. The implicit Euler FE form of the
bioheat equation can be expressed as

Tys1 = AT, + P+ Mp(Bu,)* (3)

where matrices A and P comes from the standard theory of the FEM and matrix Mp is
the modified mass matrix. The matrix B is formed so that the real and imaginary parts
of the time-harmonic ultrasound fields from individual transducer elements are separated.
The control input vector u has the time-varying coefficients for each real and imaginary
part. The details of the FEM formulation for similar control purposes can be found from
(16, 17].

In biological tissues the thermal dose D(T') can be calculated as [22]

0.25 for T'(t) < 43°C

D(T) = /0 Y RI)ETO) h, R(T) :{ 0.50 for T(t) > 43°C @)
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The unit of the thermal dose is equivalent minutes in 43°C. The thermal dose that causes
necrosis in the most of the soft tissues is reported to be between 50 and 240 equivalent
minutes at 43°C [6, 19].

3 FEEDFORWARD CONTROL

The cost function for thermal dose control can be expressed as
) 1 T L st po.
J(T,i) = 5(D(T) = D) W(D(T) = D) + ; /0 T S dt, (5)

where the difference between the thermal dose and the desired thermal dose Dy is weighted
with positive definite matrix W and the time derivative of the control input is weighted
with positive definite matrix S.

In practice, the maximum input amplitude of the transducers is limited. This limitation
can be handled with inequality constraint approximation, which i** component can be
written as

ci(ug) = (6)
2 1/2
K ((uzzt + u?n-i—i,t)l/Q - umax,k) , iAf (uzzt + u?n-i—i,t) > Umax k

0, if (uz’,t + um+z’,t> < Umax,k

where K is weighting scalar and umax k is the maximum amplitude during E™ interval of
the treatment.

Combining the state equation (3), cost function (5) and inequality constraint approxi-
mation for the input amplitude (6) gives the Hamiltonian form, which is

H(T,u,i) = ;(D(T) — Dg)"W(D(T) — Dy) + ;ufsut
+AT (AT, — P — M(Bu,)*) + p"c(uy), (7)

where \ is the Lagrange multiplier for the state equation and p is the Lagrange multiplier
for the input amplitude inequality constraint approximation.

The solution to the feedforward control problem can be computed for example with
the gradient search algorithm which details can be found from [17, 15]. The algorithm
can be divided into following steps: 1) Compute the state equation. 2) Compute the
Lagrange multiplier for the state equation. 3) Compute the Lagrange multiplier for the
control input inequality constraint 4) Compute the stationary condition (i.e. 0H/Ju;). 5)
Compute the update for the control input at iteration round ¢ as u*! = u®+ e(0H/Ou,)",
where € is the step parameter. 6) If the change in the cost function (5) is small enough,
stop iteration, else return to the step 1).
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4 FEEDBACK CONTROL

The modeling errors which may arise in feedforward control affects to the obtained
temperature and thermal dose distribution. The modeling errors are mainly in the acous-
tic parameters of the Helmholtz equation and in the thermal parameters of the bioheat
equation. To compensate these errors during the treatment the MRI based temperature
feedback can be used on-line during the treatment. In this study, LQG feedback controller
and Kalman filter are used for feedback control and state estimation.

The first task in the feedback control is to linearize the nonlinear state equation with
respect to the feedforward temperature and control input trajectories. In addition, the
feedforward control is computed with time discretization of the order of a second. The
MRI imaging sequences are few seconds during ultrasound surgery. To compensate for
this difference, the feedback is computed with different time discretization than the feed-
forward part.

Let the length of the feedforward time discretization be h. In feedback control d steps
of feedforward control are taken at once, giving new step length dh. With these changes,
the linearized multi-step state equation can be written as

where
F = Al
N kd+d
By = h > ATFTIG(ugy), 9)
t=kd+1

and where G(ug,) is the Jacobian of the state equation with respect to the feedforward
input trajectory (uo:), ATjy1 is the linearized temperature and Awy is the feedback
correction to the input. The cost function for the LQG control can be set as

AJ = §’f ((AT)" Q (ATY) + Auf R Auy) - (10)
k=1

where positive definite matrix @) weights the linearized temperature (i.e. difference be-
tween actual temperature and feedforward temperature) and positive definite matrix R
weights the input correction.

The LQG feedback controller and the Kalman filter gains are computed from the
standard optimal control theory [24] by solving the associated Riccati matrices (for details,
see [13, 14]).

In this study, the LQG feedback control and Kalman filter are tested using synthetic
data. In feedforward control the acoustic and thermal parameters are adopted from
the literature and they are known only approximately. In simulations, different thermal
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parameters are used when real system is simulated. In this case the bioheat equation can
be written as

ﬂ-{-l - Arﬂ + Pr + MD,T(BT(UO,t + AUk))2, (11)

where the feedback correction Awuy is held constant over the time interval ¢ € [k, k + 1]
and subscript r denotes associated FE matrices which are constructed by using the real
parameters. In addition, the state estimate is computed with the same discretization
(with step length h) as the state equation with original feedforward control matrices,
since errors are considered as unknown disturbances to the system. During the time
interval t € [k, k + 1], the state estimate is

Tis1 = AT, + P + Mp(B(uos + Auy))?. (12)

The corrections for the state estimate and the input are updated after every step k from
the measurements and the state estimated feedback using

yp = CTp+ v (13)
Tip1 = AT, + P+ Mp(B(uoy + Aug))” + Ly, — CTy) (14)
Aupry = —Kpp1(Terr — Tog1) (15)

where y;. is the measurement, v, is the measurement noise, L is the steady state Kalman
gain and K}, is the time-varying LQG feedback gain. The feedback correction is constant
during time interval ¢ € [k, k + 1] and piece wise constant during the whole treatment.

5 NUMERICAL STUDIES
5.1 Feedforward control simulations

The reviewed control methods were tested with numerical simulations. The model
problem concerns ultrasound surgery of the breast cancer. The computational domain is
shown in Fig. 1. The domain is divided into four subdomains which are water (€2p), skin
(Qn), healthy breast (€yy;) and breast cancer (€qy). The acoustic and thermal parameters
for subdomains are given in Table 2. The heat capacity of blood was set to 3770 J/kgK in
all simulations. The transducer system which was used in simulations was a 20-element
phased array. The computational domain was divided into mesh with 2108 vertex nodes
and 4067 elements. The frequency of the wave fields was set to 500 kHz. The ultrasound
fields were computed with UWVF for each transducer element separately. The solutions
were normed so that the maximum amplitude was 1 MPa for all wave fields.

The feedforward control problem was to achieve the thermal dose of 240 equivalent
minutes at 43°C in cancer area while keep the thermal dose in healthy tissue below 120
equivalent minutes. Treatment time was set to 180 s and time step h was set to 0.5 s in
temporal discretization. Several simulations were accomplished to find suitable weighting
for thermal dose distribution. These simulations resulted in following weighting: weighting
matrix W was set to a diagonal matrix. The weights were set to 500 for the nodes in the

6
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Domain | @ (Nep/m) | ¢ (m/s) | p (kg/m?s) | K (W/mK) | Cr (J/keK) | wp (kg/m?s)
Q 0 1500 1000 0.60 4190 0
Qi 12 1610 1200 0.50 3770 1
Qur 5 1485 1020 0.50 3550 0.7
Qry 5 1547 1050 0.65 3770 2.3

Table 1: The acoustic and thermal parameters for the feedforward control simulation.
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Figure 1: Left: The computing domain with 20 ultrasound transducers located in the left (numbered
1,...,20).
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Figure 2: Thermal dose contours for the region of interest from the feedforward control. The anatomical
boundaries are presented with the dashed lines.

skin (1), 2500 for the nodes in the breast (€y;) and 2000 for the nodes in the cancer
region (Qry). The nodes in the water (€;) were weighted with zero.

The input inequality constraint approximation was tested by setting the maximum
amplitude Umax1=0.8 MPa fort = [0, ..., 50] s and tyax 2=0.02 MPa for t = [50, . .., 180] s.
These criteria mean that when the transducers are on, the amplitude is limited by umax 1,
and when the transducers are effectively turned off, the amplitude is limited by %max 2. In
inequality constraint the weighting of K = 50000 was used to constraint the maximum
input amplitude. Another design criteria for input was that the input trajectories was
desired to be non-oscillating functions of time. This criterion was satisfies by setting
weighting matrix S= diag(10000). The iteration step parameter ¢ was chosen so that the
point wise correction to the input was less than 0.01 MPa. The solution to the feedforward
control problem was found with algorithm described in Section 3. The algorithm took
1240 iteration rounds with presented parameters to satisfy the stopping criterion, which
was that the relative change in cost function was less than 1075,

The resulting thermal dose contours for the region of the interest is shown in Fig. 2.
This figure indicates that the major part of the dose is in the cancerous area, while healthy
regions does not get much undesired thermal dose. The thermal dose of 240 equivalent
minutes is found in 74.5% of the cancer area, while thermal dose in other regions is
reasonable low. The thermal dose of 120 equivalent minutes can be found only from 2.4%
of the healthy breast while dose in skin is much lower than 120 equivalent minutes. These
results indicate that the design criteria is approximately valid in all subdomains.

Examples of the phase and amplitude trajectories are shown in Fig 3. The amplitude
was limited effectively to 0.8 MPa with inequality constraint approximation during the
first part of the treatment and to 0.02 MPa during the second part, i.e. when tissue
cools. The cooling time is very important in this simulation, since 75% of the thermal
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Figure 3: The phases and the amplitudes of the transducer signals from the feedforward control simulation.
The figures are for the transducer 3 (left) and 15 (right).

dose was accumulated during the cooling. Finally, there is no violent oscillation in phase
and amplitude trajectories so the non-oscillatory penalty is also satisfied.

5.2 Feedback control simulations

The feedback controller and filter were numerically tested using synthetic data. The
MRI data acquisition time in ultrasound surgery of the breast are reported to be between
2.3 and 7.2 seconds [11, 3], so the time lag between the temperature measurements was
chosen to be 4 s to simulate the MRI imaging sequences. The temperature measurement
at each node in the mesh was taken as the mean value of the computed temperature
over each 4 seconds interval. The multi-step implicit Euler was adopted by setting d=8
corresponding to a lag of dh=4 s. The LQG feedback controller was derived by choosing
the temperature trajectory weighting matrix to @ = W /1000 and the weighting for the
input correction Auy was R =diag(1000). In simulations Gaussian noise with standard
deviation of £1°C was added to the temperature measurements.

In following, results from the two worst case simulations are presented. These simula-
tions are chosen to simulate the real systems whose acoustic and thermal parameters are
not known exactly. In simulation A, the absorption in tissues is dramatically higher than
in feedforward control. In simulation B, the absorption is dramatically lower than in feed-
forward control. Furthermore, other acoustic and thermal parameters are also changed in
these simulations.

The acoustic and thermal parameters for feedback simulation A are given in Table
2. The wave fields were solved with UWVF using these parameters. The thermal dose
contours with and without feedback are shown in Fig. 4. The higher thermal dose contours
without feedback covers large area of the healthy breast, while LQG feedback decreases
undesired thermal dose effectively.

The temperature trajectories from simulation A are shown in Fig. 7, which indicates
that feedback controller effectively decreases the maximum temperature in both healthy
and cancerous tissue.

The acoustic and thermal parameters for feedback simulation B are given in Table 3.
In this case absorption was set dramatically lower than what was used in feedforward
control. In addition, errors are not homogeneously distributed in tissue, for example
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Domain | @ (Nep/m) | ¢ (m/s) | p (kg/m?s) | k (W/mK) | Cr (J/kgK) | wp (kg/m?s)
Qn 14 1700 1100 0.60 3650 0.8
O 7 1500 980 0.70 3600 0.6
Qry 8 1400 1000 0.70 3700 2.0
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Table 2: The acoustic and thermal parameters for the feedback control simulation A.
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Figure 4: Thermal dose contours from the feedback simulation A. Left: Thermal dose contours with
feedback. Right: Thermal dose contours without feedback.
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Figure 5: Results from the feedback simulation A. Left: The maximum temperature in the cancer (Qpy).
Right: The maximum temperature in the healthy breast (Qypr).
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Domain | @ (Nep/m) | ¢ (m/s) | p (kg/m?s) | k (W/mK) | Cr (J/kgK) | wp (kg/m3s)
Qnr 10 1400 1200 0.70 3570 1.2
Qur 4 1300 1100 0.60 3750 0.8
Oy 3 1680 1100 0.50 3670 1.7

Table 3: The acoustic and thermal parameters for the feedback control simulation B.
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Figure 6: Thermal dose contours from feedback simulation B. Left: Thermal dose contours with LQG
feedback. Right: Thermal dose contours without feedback

absorption in breast is set higher than the absorption in cancer. This makes task harder
for the feedback controller.

The resulting thermal dose contours with and without feedback are shown in Fig. 6.
This figure indicates that the thermal dose contours are dramatically improved with feed-
back. Even the parameter errors are not homogeneously distributed, a feasible solution
could be achieved with feedback.

The temperature trajectories from feedback simulation B are shown in Fig. 7. The
feedback controller increases the temperature in all subdomains. However, the maximum
temperature in healthy breast causes limitations to temperature increase in cancer.

6 CONCLUSIONS AND DISCUSSION

In this paper a two-stage control method was proposed to control the thermal dose in
ultrasound exposures. The presented scheme was numerically tested in 2D simulations.

The results from the simulations show that the feedforward control method is capable
for heating large cancer volumes at reasonable treatment time. The thermal dose can be
controlled in cancerous tissue as well as in healthy tissue. In addition, the transducer

11
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Figure 7: Results from the feedback simulation B. Left: The maximum temperature in the cancer (Qrv).
Right: The maximum temperature in the healthy breast (Qr).

limitations can be included to control problem. As compared to earlier model-based
optimization studies, the proposed feedforward scheme has several advantages. First,
the method does not need prefocused ultrasound fields or predetermined scanning path.
Furthermore, focusing is usually made under approximation of homogeneous medium, and
this can lead to errors if actual field is applied in inhomogeneous media. The proposed
control method takes into account the tissue inhomogeneities when solution is computed.
Second, diffusion during the treatment is rather advantage than a drawback. Third,
Thermal dose accumulation after the transducers have been switched off can be taken
into account.

The results from the feedback simulations indicate that the presented scheme is robust.
The feedback controller can compensate large modeling errors which are inhomogeneously
distributed in tissue. Although the LQG/LQR procedure has been already proposed for
temperature control in ultrasound therapy [8, 18, 27], there is a great difference be-
tween earlier studies and proposed method. The proposed feedback controller cannot
only change the applied power of the ultrasound transducers but also the phase. This is a
clear advantage as compared to earlier work, especially when parameter errors in tissues
are not homogeneously distributed. In these cases phase correction is necessity to obtain
the desired thermal response in tissues.

The future work would be verifying the feedback scheme in 3D. Another topic is veri-
fying the control methods in practice.
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