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ABSTRACT

Linear time-harmonic wave fields in fluids and solids can be characterized by the
Helmholtz and Navier equations. Due to the oscillatory nature of the solution, the
numerical approximation of wave equations is difficult. To approximate Helmholtz
or Navier problems with a tolerable accuracy, a relatively dense spatial discretiza-
tion must be used. For standard numerical techniques, such as low order finite
difference (FD) and finite element (FE) methods, ten points per wavelength is
considered as a rule of thumb. Particularly, at ultrasound frequencies in which the
wavelength is short, the requirement of a dense mesh can lead to problems with
unbearable computational complexity. Fortunately, the computational burden can
be reduced by including a priori information of the solution to the approximate
subspace of the numerical method. A promising technique for this is the ultra
weak variational formulation (UWVF).

In this thesis, the UWVF method is applied to the modeling of ultrasound
fields in an inhomogeneous medium. More precisely, the main focus is to develop
the UWVF method feasible for the modeling of wave fields in biomedical ultrason-
ics. The method is examined for two- and three-dimensional Helmholtz problems;
and two-dimensional Navier problems. Furthermore, the perfectly matched layer
(PML) is used to truncate the computational domain in the three-dimensional
Helmholtz problems.

Two practical examples using the Helmholtz model are investigated. In the first
case, anomalies due to the needle and membrane hydrophones to continuous wave
ultrasound field are simulated. The results indicate that especially in the case of
membrane hydrophones, notable standing waves are generated between the mem-
brane and the transducer. Standing waves also contribute a periodic anomaly
to the simulated measurement of the hydrophone. In the second example, trans-
mitted ultrasound fields through layered plastic plates are simulated for different
incident angles of the sound beam. These results are compared with experimental
measurements. Simulated fields have a reasonable agreement with experiments at
low angles of incidence but the Helmholtz model becomes insufficient for simulat-
ing ultrasound fields in plates at large angles of incidence.
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Nomenclature1

a Unit direction vector
Bilinear equation a(p, v), 3.2.2

A Amplitude of a complex valued field, 8.3
Ak Complex weight coefficient, 3.3

PML matrix, 3.1.3
b Unit direction vector

Right hand side of the UWVF equation, 4.1.1
c Speed of sound, 2.3
cP , cS Speed of P- and S-waves, 2.2
cR Speed of Rayleigh wave, 2.6
C UWVF matrix, 4.1.1
d Unit direction vector (dx, dy, dz)

Spatial dimension, 2.5
Distance, 7.3

dx, dy, dz Derivatives of complex stretched variables, 3.1.3
D UWVF matrix, 4.1.1
Dk Block of D corresponding to the kth element, 4.1.1
Dξξ FD difference operator, 3.2.1
DF Diameter of the PVDF film, 7.2
DN Diameter of the needle hydrophone, 7.2
E Young’s modulus, 2.2
E′ Real part of E, 2.2
E′′ Imaginary part of E, 2.2
f Frequency, 2.2
fs Source term, 3.1.3
F Body force, 2.1
Fn Arbitrary function, 3.3
Fk UWVF operator on ∂Kk, 4.1
g Boundary source, 3.2.2
h FD grid size, 3.2.1

FE element diameter, 3.2.2
hav
k Average radius of the element Kk, 6.3.3
H System matrix for the discrete Rayleigh integral, 8.1
i Imaginary unit

√
−1

I Unit vector/matrix/tensor
= Imaginary part
j Integer
J Integer
k Integer
Kk kth finite element, 4.1

1The number following a line shows the section in which the symbol is first used.



` Integer
L Length of the computational domain, 7.2

Right hand side of the bilinear equation, 3.2.2
L2 Space of square integrable functions
Lj Plane wave basis of the FEM, 3.3
mj Dirichlet to Neumann kernel, 3.1
M Dirichlet to Neumann operator, 3.1

Number of vertices of a FE mesh, 3.2.2
Integer

Mk Number of entries in D and C corresponding to the element Kk, 6.2
MN Approximate Dirichlet to Neumann operator, 3.1.1
n Normal vector, 2.4

Integer
N Number of finite elements, 3.2.2

Integer
Nk Number of scalar basis in the kth element, 4.1.1
NP
k , N

S
k Number of P- and S-wave basis functions in the kth element, 4.2.1

p Time-harmonic acoustic pressure, 2.3
P Pressure, 2.3
Q Boundary parameter, 3.2.2
r Spatial variable r = (x, y, z)

Residual vector, 5.1.3
r′ Spatial variable after deformation, 2.2

Complex stretched spatial variable, 3.1.3
R Radial term of polar coordinates (R, θ, φ), 2.5

Radius of the computational domain, 7.2
RS Radius of the transducer, 7.2
< Real part
s Entropy, 2.3

Tangential vector
S Surface of the transducer, 6.3.3
t Time
tR Relaxation time, 2.3
T Traction operator, 2.4
> Transpose
u Time-harmonic displacement (ux, uy, uz), 2.2
uP , uS Time-harmonic P- and S-wave displacements, 2.2
U Displacement, 2.2
v Test function, 3.2.2
vn Normal particle velocity, 6.3.3
vP , vS P- and S-wave basis functions, 4.2.1
V Particle velocity, 2.1
yk UWVF impedance functional on ∂Kk, 4.1
X Vector X = (χ1,1, ..., χk,1, ..., χK,NK )>, 4.1.1



α Acoustic absorption coefficient, 2.3
αP , αS Acoustic absorption coefficient for P- and S-wave, 2.3

Decay factors of the Rayleigh wave, 2.6
β Vector β = (β1, .., βj , ..., βN )>

βj FEM coefficient associated with jth node, 3.2.2
Sequence of random numbers, 5.1.3

γ Regularization parameter, 8.1
Γ Exterior boundary of the computational domain, 3.1
δ Acoustic density, 2.1
δω Time-harmonic acoustic density, 2.3
ε Strain tensor, 2.2

Small number, 5.1.3
η PML parameter η = dxdydz, 3.1.3
θ Angle, 3.1.1

Parameter κh, 3.2.2
λ Wavelength
Λ First Lamé coefficient, 2.2
µ Second Lamé coefficient, 2.2
µf Viscosity, 2.3
ν Poisson ratio, 2.2
κ Wave number, 2.3
κP , κS P- and S- wave numbers, 2.2
κR Rayleigh wave number, 2.6
ρ Mass density, 2.1
σ Coupling parameter for impedance boundary condition, 3.2.2

Standard deviation, 8.3
σ0, σ0,ξ PML decay parameters, 3.1.3
σx, σy, σz PML decay functions, 3.1.3
Σk,j Interface between jth and kth finite element or subdomain, 2.4, 4.1
τ Stress tensor, 2.1
φ Angle in polar coordinates (R, θ, φ)

Basis function, 4.1.3
Phase of a complex valued wave field

Φ Fundamental solution of the Helmholtz equation, 3.2.3
ϕ FEM/UWVF basis function, 3.2.2
χ Unknown function in the UWVF, 4.1
ω Angular frequency, 2.2
Ω Domain, 2.2
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Chapter I

Introduction

Among the fields of computational physics, the modeling of mechanical wave prob-
lems is especially challenging. This is due to the oscillatory nature of solutions
of the partial differential equations (PDE) which characterize the behavior of the
wave fields. Only few wave problems have analytical solutions, and the perfor-
mance of standard numerical methods for PDEs is related to the wavelength of
sound field. In particular at high frequencies, the requirement of a certain number
of discretization points per wavelength often leads to an unbearable computational
burden. Consequently, instead of using full-wave methods, ray-tracing type tech-
niques have been used in many applications. However, these techniques are not
always sufficient to capture the complex phenomena related to wave fields in a
general geometry and medium.

The need for accurate methods for modeling mechanical wave fields at high
wave numbers in complex geometries is evident. Obvious applications for such
a method are, for example, non-destructive testing, exploration seismology and
medical ultrasonics. The main focus of this thesis is in computational methods
that are feasible for the modeling of wave fields in biomedical ultrasonics. In
particular, renewed interest in utilizing focused ultrasound fields for therapeutic
purposes has caused a growing need to model accurately wave fields in biological
tissues.

The idea of using focused ultrasound fields to destroy deep-seated tissue was
first introduced in the 1940’s [142]. In this method, the focused ultrasound beam is
aimed to target tissue in which the absorption of the sound causes local tempera-
ture elevation destroying the tissue. Due to the short wavelength of the ultrasound
(typically 0.5-5 mm), the lesion size is relatively small and the treatment can be
targeted in a small region without harming the surrounding tissue. Since the
1950’s, focused ultrasound surgery (FUS) has been studied as a promising means
for brain surgery [12, 67, 139]. However, due to the large discrepancy between
the acoustical properties of cranium and soft tissues [66], the method required
removal a portion of the skull to create a window for the sound beam. In addition,
the early systems for ultrasound surgery lacked a practical device to monitor the

13



14 1. Introduction

temperature of tissue during the treatment. Consequently, FUS did not become a
clinical standard.

The development of magnetic resonance imaging (MRI) techniques for tem-
perature monitoring of tissue [41] has caused a renaissance of FUS, see reviews
[110, 187, 188]. Now FUS treatment of brain can be monitored almost in real time
using MRI [194]. Furthermore, experimental and numerical studies have shown
the feasibility of FUS of brain through intact skull [111, 185, 186]. Due to the
strong scattering of the sound from the interfaces of skull and soft tissue; and
high absorption of the sound in the skull, the delivery of sufficient energy into the
focus requires the use of a large hemispherical phased array [39, 40]. However, the
variation in the thickness and acoustical properties of the skull necessitates the
use of numerical techniques to predict the distortion of the wave field at differ-
ent locations of the skull. To date, this has been done either using acoustic ray
methods [160, 185] or the finite difference time domain (FDTD) method for the
linear acoustic wave equation [7, 159]. A more accurate model should also take
into account the elastic properties of the skull [96].

The need for accurate methods to simulate wave fields in complex biological
media is not only limited to FUS of brain. Similar techniques must be used when
the sound beam propagates through tissues with varying acoustical properties, for
example, through the rib cage in the simulation of liver surgery [24, 25].

Although ray-based methods can approximate ultrasonic waves in relatively
simple geometries and in homogeneous media, the use of full-wave methods (such
as difference methods) is necessary to obtain tolerable accuracy in more complex
problems. The linearized approximation to the equations of acoustic wave propa-
gation in a fluid have been found appropriate for modeling therapeutic ultrasound
fields [109]. Furthermore, typical sonication times in the FUS are relatively long
and hence, in many cases, the sound fields in acoustic and elastic media can be
assumed to satisfy the continuous (i.e time-harmonic) Helmholtz and Navier equa-
tions.

Finite difference methods for these equations suffer from the requirement of a
dense spatial discretization and are therefore computationally rather demanding
at ultrasound frequencies. Other candidates for the full-wave methods are finite
element methods (FEM) and more recent improved finite element type methods.
The flexible spatial discretization of finite element-based methods allows compu-
tations in very complex geometries.

The development of FEM for acoustic problems began in the 1970’s. The
method for unbounded Helmholtz problems was analyzed more detailed in the
1980’s [9, 78]. However, standard low order finite element methods require almost
as dense spatial discretization as the standard finite difference method and are
therefore too costly for most ultrasound simulations. The performance of FEM
can be improved by using higher order elements [115] or spectral elements [151].

Another factor affecting the accuracy of domain-based full-wave methods is
the truncation of the physically unbounded problem into a problem on a bounded
domain. Namely, the boundary condition on the auxiliary exterior boundary of
the bounded domain should allow waves to propagate outward without numerical
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reflections back into the domain.

While the standard FEM uses polynomial basis functions to approximate the
wave field, a notable reduction in computational burden is possible by using basis
functions which better imitate the oscillatory behavior of the wave field. This kind
of approach was proposed for the infinite element method and the wave envelope
method in [3, 6, 21]. In these methods, conventional polynomial finite elements are
used in a relatively small domain which encloses the inhomogeneities (or sound
sources). Whereas the wave field in the exterior region is approximated using
wave-like functions which extend (and decay) from the boundary to infinity.

Since the invention of infinite elements, the incorporation of a priori informa-
tion into the approximating subspace of the numerical method has been considered
as one of the most promising approaches for reducing the complexity of wave sim-
ulations. The intensive study of methods of this type has produced variety of
new and interesting methods. The extension of the finite element method, called
the partition of unity finite element method [10], has been used for the Helmholtz
problem by using plane wave basis functions [134, 135, 150, 157]. Plane waves have
been utilized for the discretization of the integral equation form of the Helmholtz
problem in the micro-local discretization [54, 53] and boundary element method
[32, 162]. A similar method has been developed for the integral equation repre-
sentation of the Navier problem in [161, 163]. Finite element meshes and plane
wave basis functions are also used in least-squares methods [152, 184], the discon-
tinuous Galerkin method [64] and the ultra weak variational formulation (UWVF)
[29, 30, 31].

The UWVF method has several features which make it an attractive candidate
for large-scale wave simulations. First, the new variational formulation reduces the
problem to element faces only. This reduces the dimension of the resulting integrals
for the system matrix by one. Second, the system matrices can be computed with
closed form integrals which speeds up the computations. And third, the structure
of the system matrix allows to predict the conditioning of the problem at the same
time as building the matrices. Of course, there are drawbacks in the UWVF. For
example, the basis functions must be chosen carefully to avoid ill-conditioning.
Furthermore, implementation of the method for problems in which the material
properties vary within an element is difficult. However, material properties can
vary between elements.

Aims and contents of this thesis

In this thesis the ultra weak variational formulation (UWVF) developed in [29,
30, 56] is implemented for the Helmholtz and Navier problems in inhomogeneous
media. The derivation of the UWVF in this thesis is similar as in the original works
of Cessenat and Després. However, the main focus is on the developing the UWVF
feasible for practical acoustic simulations. Particularly, the stability of the method
is improved and the perfectly matched layer (PML) is used with the UWVF to
reduce spurious numerical reflections associated to truncation of the unbounded
Helmholtz problems. A particular emphasis has been on the development of the
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UWVF method for the modeling of ultrasound fields in biological tissues.
Some of the material of this thesis has been published previously in [105, 107,

108] or is in peer-review [106]. Furthermore, the acoustic UWVF method has
been used as a part of treatment optimization simulations for ultrasound therapy
in [143, 144, 145, 146].

The thesis is organized as follows. Chapter 2 outlines the physical background
of mechanical waves. Starting from linearized conservation laws, the chapter re-
views the basic theory of acoustic and elastic wave propagation.

Chapter 3 is dedicated to numerical methods for wave problems. The discussion
begins with a review of methods for the truncation of unbounded wave problems.
The main emphasis is on methods which are used later in this thesis, especially
on the perfectly matched layer. The standard numerical tools for Helmholtz and
Navier problems are outlined next. These include the finite difference, finite ele-
ment and boundary element methods. Chapter 3 is concluded by a brief review
on improved computational methods for the wave problems and a summary on
alternative methods to truncate the unbounded problems.

The ultra weak variational formulation is discussed in Chapter 4. Following
the ideas of [29], the UWVF for Helmholtz problem in inhomogeneous media is
derived and discretized. Then the modifications in the UWVF arising from the
use of the PML are introduced. Finally, the UWVF is extended to elastic wave
problems characterized by the Navier equation.

In Chapter 5 a stabilization method for the UWVF via a suitable choice of
basis functions is proposed. This scheme is studied for the 2D Helmholtz and
Navier problems. In both cases, the UWVF method is analyzed for simple test
problems for which closed form solutions can be derived. Computational studies
for 3D Helmholtz-UWVF using the PML are presented in Chapter 6. Due to the
larger size of the 3D problems, a parallelized UWVF scheme is introduced.

Finally, two practical applications for the Helmholtz-UWVF method in ultra-
sonics modeling are introduced in Chapters 7 and 8. In Chapter 7 the UWVF
scheme is used to model anomalies in ultrasound fields caused by devices used
for measuring the fields. Simulations for needle and membrane hydrophones are
done in the frequency range 0.5-2.0 MHz. In Chapter 8, UWVF simulations are
compared with experimental measurements in the case of transmission of ultra-
sound waves through layered plastic plates. Similar problems to this are of great
importance in the modeling of ultrasound surgery of brain. The results of this
thesis are concluded in Chapter 9.



Chapter II

Acoustic field equations

In the literature on mechanical wave propagation, two wave types are distinguished
depending on the properties of the underlying propagation medium. Traditionally,
waves in fluids are called acoustic waves whereas waves in solids are termed elastic
waves. Since the distinction between fluids and solids is based on idealizations
and is not sharp for real physical materials, the categorization between acoustic
and elastic waves is also artificial. For example, the modeling of acoustic waves
includes the assumption that fluids can not bear shear forces. However, this is
not true in the case of viscous fluids in which the behavior of the wave field has
characteristics typical of fields in solids. Therefore, formulas derived for ideal fluids
omit phenomena that are essential for the modeling of real physical fluids. Despite
their limitations, the equations for ideal fluids can be used to model many real
fluids if the approximations buried in the equations are recognized and empirical
information is included in the model.

The separation into elastic and acoustic waves, however, gives a good starting
point for a general discussion of mechanical waves. Hence, this approach has been
adopted in the following review of mechanical wave phenomena. This chapter is
aimed at giving a short introduction to the physical theory of elastic and acoustic
wave propagation. Theories related to these wide topics are discussed to an extent
that is sufficient for undertanding the rest of this thesis. For a more detailed
analyses on elasticity and elastic waves, see for example [1, 8, 79, 137]. The theory
of fluid dynamics and acoustics is discussed in [13, 65, 153, 166].

This chapter begins with an introduction to conservation laws and their linear
approximation. This is needed in the derivation of the linear wave equation. The
wave equation for ideal elastic material is derived next, followed by the formulation
of the acoustic wave equation. Since the numerical methods studied in this thesis
are developed for time-harmonic wave fields, the main focus is on time-harmonic
forms of the wave equations. Furthermore, elastic and acoustic wave equations are
compared briefly. The chapter is concluded by a discussion of acoustic and elastic
boundary conditions; and elastic surface waves.

17



18 2. Acoustic field equations

2.1 Linearized conservation laws

The linear wave equations for elastic and fluid media can be derived starting from
two conservation laws. First, the so-called equation of continuity states that the
time-rate of mass moving into a volume through its surface must be equal to the
mass increase of the volume. Since this integral law must hold for an arbitrary
volume it can be written in the differential form as

∂ρ

∂t
+∇ · (ρV ) = 0, (2.1)

where ρ is the mass density and V is the particle velocity.
Second, conservation of momentum is a direct consequence from Newton’s

second law. The acceleration of an arbitrary volume can be expressed as the
material derivative ∂V

∂t + (V ·∇)V which must be equal to the forces acting on the
volume. There gradient of the vector V = (Vx, Vy, Vz)

> is defined in component
form as ∇V = ( ∂

∂x ,
∂
∂y ,

∂
∂z )>(Vx, Vy, Vz) where transpose is denoted by >.

Moreover, the forces can be divided into body forces and surface tractions.
This yields

ρ

(
∂V

∂t
+ (V · ∇)V

)
= ρF +∇ · τ, (2.2)

where τ is the stress tensor and F is the body force. The divergence is applied
separately to each column of the stress tensor τ . Hence the divergence of the
tensor is a vector [164].

Assuming that changes from the steady state values V0 = 0 and ρ are relatively
small, it is possible to write linear approximations for the particle velocity and
density as V0 + V (r, t), ρ + δ(r, t), respectively. Here r = (x, y, z) is the spatial
variable and t is time. Then, in the absence of body forces F , the linearized
conservation laws reduce to

∂δ

∂t
= −ρ∇ · V, (2.3)

ρ
∂V

∂t
= ∇ · τ. (2.4)

2.2 Elastic wave equation

Consider an ideal elastic body which undergoes deformation so that the position
vector r is after deformation given by r′. The displacement vector is then defined
to be U = r′ − r. If the deformation is small, the linearized strain tensor is given
by [137]

ε =
1

2

[
(∇U) + (∇U)>

]
. (2.5)

In addition to appropriate conservation laws, for the derivation of the wave
equation, a relation between deformation and stresses is needed. The constitutive
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equation defines the strain of the medium under specified forces. Since the strain
ε and the stress τ are second order tensors, the coupling tensor consists of 81
constants. For an isotropic media, however, the relation between the stress and
strain can be postulated as Hooke’s law which has only two independent coefficients
Λ and µ. The law is typically written in the form

τ = Λtr(ε)I + 2µε, (2.6)

where tr(ε) = ∇ · U is the trace of the tensor ε and I is the unit tensor. The
parameters Λ and µ are known as the Lamé coefficients and for an isotropic elastic
medium, they can be expressed by means of the Poisson ratio ν and Young’s
modulus E as follows

µ =
E

2(1 + ν)
, Λ =

Eν

(1 + ν)(1− 2ν)
. (2.7)

Using the definition of strain (2.5), Hooke’s law can be rewritten as

τ = Λ(∇ · U)I + µ
[
(∇U) + (∇U)>

]
. (2.8)

Assuming that the material parameters are spatially varying so that Λ = Λ(r)
and µ = µ(r), a general linear elastic wave equation is obtained by substituting
Hooke’s law (2.8) to the linear conservation of momentum equation (2.4) (see e.g.
[147]). Instead, if it is assumed that the elastic material occupies a domain Ω in
which the Lamé coefficients Λ and µ are constants, the differentiation in ∇· τ does
not affect them. In such a case the substitution gives [79]

ρ
∂2U

∂t2
= µ∆U + (Λ + µ)∇(∇ · U) in Ω. (2.9)

The time-harmonic form of the Navier equation (2.9) for the spatial part of
the displacement vector U(r, t) = u(r)e−iωt is

µ∆u+ (Λ + µ)∇(∇ · u) + ω2ρu = 0 in Ω, (2.10)

where ω = 2πf is the angular frequency of the field and f is the frequency. Ob-
viously, the displacement U(r, t) in this case is complex valued and the observed
physical wave at time t is the real part of U , i.e. <(u(r)e−iωt).

In order to model dissipation in the elastic medium one can allow E to be
complex valued and in particular E = E ′ − iE′′, (E′, E′′ ≥ 0) where E′ is
the standard Young’s modulus and E ′′ is often called the loss modulus. It is
assumed that for a constant Young’s modulus E ′, the loss modulus is a non-
negative constant.

In an unbounded homogeneous medium, the solution of the elastic wave equa-
tion (2.10) can be decomposed into two orthogonal components. Namely, rewrite
the displacement field as a sum u = uP + uS which satisfy ∇ × uP = 0 and
∇ · uS = 0. Then one can easily show that uP and uS are both solutions of the
Helmholtz equations

∆uP + κ2
PuP = 0 and ∆uS + κ2

SuS = 0, in Ω. (2.11)
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The waves uP and uS are called P-wave (or dilatational wave) and S- wave (or
shear wave). They have with different wave numbers kP = ω/cP and kS = ω/cS
with different wave speeds

cP =

√
Λ + 2µ

ρ
and cS =

√
µ

ρ
. (2.12)

2.3 Acoustic wave equation

For a viscous fluid the stress tensor can be written as [13]

τ = −PI + 2µf

{
1

2
[(∇V ) + (∇V )>]− 1

3
(∇ · V )I

}
, (2.13)

where P is the acoustic pressure and µf is the viscosity.
Substitution of (2.13) to the momentum equation (2.4) gives

ρ
∂V

∂t
= −∇P + µf

[
∆V +

1

3
∇(∇ · V )

]
. (2.14)

Assuming first an ideal inviscid fluid µf = 0 (the effect of the viscosity will be
discussed later), the equation (2.14) reduces to

∂V

∂t
= −1

ρ
∇P. (2.15)

To be able to use the continuity equation (2.1), a relation between the acoustic
pressure P and density δ must be defined. For the linear adiabatic case, the state
equation

P = P (δ, s), (2.16)

where s is entropy, can be obtained as the first term of the Taylor series expansion
of (2.16) around the equilibrium state (ρ, s0) as [85]

P ≈
(
∂P

∂ρ

)

s

δ = c2δ, (2.17)

where c is the speed of sound. With relation (2.17), the linearized continuity
equation (2.3) can be reformulated as

∂P

∂t
= −ρc2∇ · V. (2.18)

Now by taking the divergence of (2.15) and by differentiating (2.18) with re-
spect to time t one obtains

∇ · ∂V
∂t

= −∇ ·
(

1

ρ
∇P

)
and

1

ρc2
∂2P

∂t2
= −∇ · ∂V

∂t
.
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Therefore, linear acoustic wave propagation and scattering in an ideal quiescent
heterogeneous medium is characterized by the wave equation

∇ ·
(

1

ρ
∇P

)
− 1

ρc2
∂2P

∂t2
= 0. (2.19)

The restriction to ideal fluids resulted in the wave equation (2.19) for the acous-
tic pressure. By taking into account the viscosity µf , there is a straightforward
analogy between the elastic and acoustic wave equations. In particular, as in the
case of elastic solids, the wave equation for displacement includes two orthogonal
components which propagate with different wave speeds. For most fluids, the S-
wave component uS has negligible effect and the wave field can be modeled using a
pressure wave equation with certain additions. These modifications are discussed
next.

Consider a time-harmonic wave field for which the acoustic particle velocity V ,
pressure P and density fluctuation δ can be written as

V (r, t) = −iωu(r)e−iωt, (2.20)

P (r, t) = p(r)e−iωt, (2.21)

δ(r, t) = δω(r)e−iωt. (2.22)

Moreover, assume that the material parameters c, ρ and µf are constants. With
these assumptions the linearized continuity (2.3) and momentum (2.14) are

p = −ρc2∇ · u, (2.23)

ρω2u = ∇p+ iωµf

[
∆u+

1

3
∇(∇ · u)

]
. (2.24)

By taking the gradient of the first, substituting ∇p = −ρc2∇(∇·u) into the second
gives

−iωµf∆u+

(
ρc2 − 1

3
iωµf

)
∇(∇ · u) + ρω2u = 0. (2.25)

This equation is identical with (2.10) if one chooses the Lamé coefficients as

µ = −iωµf and Λ = ρc2 +
2

3
iωµf . (2.26)

Analogously with the elastic medium, the displacement field in a homogeneous
viscous fluid can be decomposed into P- and S-waves u = uP +uS which satisfy the
Helmholtz equations (2.11). Obviously, the substitution of (2.26) to (2.12) leads
to complex valued wave speeds and hence complex wave numbers in the Helmholtz
equations (2.11). However, it is possible to assume that the wave speeds cP and
cS are real and the wave numbers for P- and S-waves are written in the complex
form as

κP =
ω

cP
+ iαP and κS =

ω

cS
+ iαS ,
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where αP and αS are the real valued absorption coefficients. Via the substitutions
uP = aeiκP d·r and uP = beiκSd·r where |a| = |b| = |d| = 1 and a · b = 0 one clearly
sees that P- and S-waves decay by factors e−αP d·r and e−αSd·r, respectively.

Using this representation, the wave speeds and absorption coefficients for the
viscous fluid are

cP = c
√

2


 1 + (ωtR)

2

√
1 + (ωtR)

2
+ 1




1/2

,

αP =
ω

c

1√
2




√
1 + (ωtR)

2 − 1

1 + (ωtR)
2




1/2

,

cS = αS =

√
ωρ

2µf
,

where

tR =
4

3

µf
ρc2

.

Note that in this form, the P-wave phase speed cP varies with the frequency
and the wave is dispersive. However, if ωtR << 1, the wave speed cP can be
approximated as cP ≈ c.

Shear waves in fluids are called viscous waves. In fluids with low viscosity,
viscous waves are damped in a short distance and have therefore a negligible effect
on the acoustic wave field. By ignoring S-waves the resulting field u = uP is
irrotational (i.e. ∇× u = 0).

The viscous effects are not adequate to characterize the absorption of sound
in real physical materials. The so-called classical absorption model takes into
account also the effect of heat conduction [22]. However, the complete model
should include, for example, various molecular level relaxation mechanisms and
the scattering of sound from the internal structures of the material. Consequently,
the absorption coefficient for most materials at ultrasound frequencies must be
defined by experimental measurements.

Next turn back to equation (2.25) and assume that u = uP from which it
follows that ∇×u = 0. Using the vector identity ∆u = −∇(∇·u)+∇×∇×u and
the time-harmonic continuity equation (2.23), the equation for the P-waves in a
homogeneous medium reduces to the Helmholtz equation for the acoustic pressure

∆p+ κ2p = 0, (2.27)

where κ = κP .
Accordingly, the wave equation for spatially varying density ρ = ρ(r) and speed

of sound c = c(r) can be formulated in the time-harmonic case as

∇ ·
(

1

ρ
∇p
)

+
κ2

ρ
p = 0, (2.28)

where κ = ω/c(r) + iα(r).
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2.4 Transmission conditions

Many relevant wave problems deal with waves propagating in domains consisting
of piecewise homogeneous materials. In such a case, the wave equations (2.10)
or (2.27) (depending on whether the material is elastic or fluid) can be used in
each homogeneous subdomain. However, at the material interfaces, a suitable
transmission conditions must be defined.

Suppose now that the region of interest Ω consist of two subdomains Ω1 and
Ω2 occupied by two different elastic materials. The Lamé coefficients for Ω1 and
Ω2 are (Λ1, µ1) and (Λ2, µ2), respectively. Furthermore, assume that the elastic
wave fields in both domains satisfy the time-harmonic Navier equation (2.10).

To couple the two wave fields across the common edge Σ1,2 = Ω1∩Ω2, physically
appropriate transmission conditions must be defined on Σ1,2. Such conditions can
be developed by considering an infinitesimal volume of the body Ω1 that is located
near the interface Σ1,2. The oscillation of this body causes a force on the adjacent
particles in the domain Ω2. Let the interface Σ1,2 have a normal n1 pointing
outward from Ω1. The force that exerts from the body in Ω1 and that acts on the
interface can be written using the traction operator T (n1) as [8]

τ · n1 = T (n1)(u1) = 2µ1
∂u1

∂n1
+ Λ1n1∇ · u1 + µ1n1 ×∇× u1, (2.29)

where u1 = u|Ω1
. The operator T maps local displacements to local tractions on

the boundary Σ1,2.
A similar traction operator (2.29) can be defined on the same part of the

interface for forces from Ω2. Hence, on the interface Σ1,2, the continuity of the
displacement and the stress leads to transmission conditions

u1 = u2

T (n1)(u1) = −T (n2)(u2)

}
on Σ1,2, (2.30)

where n2 = −n1, T is given by (2.29) and the Lamé coefficients in Ω` are used to
evaluate T (n`)(u`), ` = 1, 2.

Similarly, consider that the domains Ω1 and Ω2 are occupied by different but
homogeneous acoustic fluids. Hence the wave fields p1 = p|Ω1

and p2 = p|Ω2
sat-

isfy the Helmholtz equation (2.27) with the wave numbers κ1 and κ2, respectively.
Again, the stress and displacement are assumed to be continuous across the inter-
face Σ1,2. It is assumed next that in the case of the acoustic fluid, the effect of
viscosity is negligible. Then, the continuity of stress follows from the continuity
of the acoustic pressure. Moreover, since the inviscid acoustic fluid is incapable of
bearing shear forces, the continuity of displacement follows if the normal particle
displacements u · n = 1

ρ∇p · n, see Eq. (2.15), are equal on both sides of the
interface. Therefore, the transmission conditions for the acoustic material are

p1 = p2

1

ρ1

∂p1

∂n1
= − 1

ρ2

∂p2

∂n2



 on Σ1,2. (2.31)
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Although not further analyzed in this thesis, coupled fluid-solid boundary con-
ditions are formulated next. Assume that the field in the domain Ω1 is character-
ized by the elastic wave equation (2.10) and the field in the domain Ω2 satisfies the
Helmholtz equation (2.27). Analogously with previous formulations, the transmis-
sion conditions on the fluid-solid interface Σ1,2 can be written as

T (n1)(u1) · n1 = −p2

ω2u1 · n1 = − 1

ρ2

∂p2

∂n2



 on Σ1,2. (2.32)

Special case: scattering problems

A formulation of the transmission problem (whether elastic, acoustic or coupled)
using the transmission conditions (2.30)-(2.32) includes the assumption that the
fields in both subdomains are of practical interest and they interact with each
other. However, in some applications the field in one subdomain does not alter the
field in the other subdomain. Such a case occurs, for example, when the material
in one subdomain is acoustically impenetrable. Obviously this must change the
boundary conditions.

Two types of impenetrable boundary conditions can be distinguished. Assume
first that the domain Ω2 is vacuum and therefore has no resistance to pressure or
traction from domain Ω1. This results in the free-surface (or cavity or sound-soft)
boundary condition on Σ1,2 which for elastic and acoustic fields in Ω1 are

T (n1)(u1) = 0 and p1 = 0,

respectively. Alternatively, if the material in the domain Ω2 is perfectly rigid, the
particles on Σ1,2 in acoustic case have vanishing normal velocity component. In
terms of pressure this can be written as

∂p1

∂n1
= 0.

For the elastic problem, the rigid boundary condition means vanishing displace-
ment so that

u1 = 0 on Σ1,2.

A useful consequence of the impenetrable boundary conditions is that by de-
composing the fields p1 and u1 into the incident (pin

1 , u
in
1 ) and scattered parts

(psc
1 , u

sc
1 ) as p1 = pin

1 + psc
1 and u1 = uin

1 + usc
1 , the problems can be formulated

for the scattered parts of the fields only. For example, in the case of the classical
acoustic scattering problem from a perfectly rigid obstacle, the vanishing normal
derivative of the total pressure p1 follows if

∂psc
1

∂n1
= −∂p

in
1

∂n1
.
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Since the known incident field pin
1 can be assumed to satisfy the Helmholtz equation

(2.27), one needs to solve the scattered part of the field psc
1 only. Similar formula-

tion can be used to define scattering problems for elastic waves from impenetrable
obstacles.

2.5 Sommerfeld radiation condition

To guarantee a unique solution for wave problems on unbounded domains, it is
necessary to define a condition that characterizes the behavior of the fields at
infinity. Hence, consider a wave source at the origin and let R be the radial
distance from origin to the observation point. The wave field is said to be outgoing
if it propagates in the direction of the increasing distance R. In the case of the
Helmholtz problem, the outgoing wave field satisfies the Sommerfeld radiation
condition

lim
R→∞

R(d−1)/2

(
∂p

∂R
− iκp

)
= 0, (2.33)

where d is the dimension of the problem [166].
Recalling that the elastic wave field in an infinite homogeneous medium consists

of two orthogonal components u = uP +uS, the radiation condition can be defined
independently for both terms as [1]

lim
R→∞

R(d−1)/2

(
∂uP
∂R
− iκPuP

)
= 0 and

lim
R→∞

R(d−1)/2

(
∂uS
∂R
− iκSuS

)
= 0. (2.34)

2.6 Surface and edge waves

The boundary conditions discussed in Section 2.4 give rise to additional wave
forms beyond those observed in an infinite elastic (or viscous) medium. While in
an unbounded homogeneous medium the P- and S-waves propagate independently,
they interact on material interfaces. Consequently, near material boundaries, edge
or surface waves can be generated. These waves travel along the boundary but
decay rapidly into the medium as the distance from the interface increases. The
simplest example of such waves are Rayleigh surface waves which can be generated
on the free surface (i.e. where T (n)(u) = 0) whereas edge waves on the interface
of two elastic material are called the Stoneley waves. In addition to surface and
edge waves, the P- and S-waves can couple in waveguides. Those waves are called
Lamb waves. Coupled waves in plates (i.e. waveguides) on an elastic half space
are named Love waves. Since the Rayleigh waves are used as a test problem later
in this thesis, they are discussed next.

Suppose that an elastic medium occupies a 2D semi-infinite domain y > 0.
The free-surface boundary condition T (n)(u) = 0 on the boundary y = 0 allows
the formation of Rayleigh waves which are assumed to propagate in the direction
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of the positive x-axis. A detailed treatment of Rayleigh waves can be found, for
example, in [1, 79, 137]. Only an outline is given here.

The speed of the Rayleigh wave cR can be obtained as a solution of the equation

(
cR
cS

)6

− 8

(
cR
cS

)4

+ 8

[
3− 2

(
cS
cP

)2
](

cR
cS

)2

− 16

[
1−

(
cS
cP

)2
]

= 0. (2.35)

The exact solution of (2.35) is quite complicated, therefore an approximate value
is commonly used. For example [8, 79] give an approximation to the wave speed
as

cR ≈
0.87 + 1.12ν

1 + ν
cS ,

where ν is the Poisson ratio. The accuracy of this approximation is better than
0.5 % [8].

Let κR = ω/cR denote the Rayleigh wave number computed using the above
approximate wave speed. Then the x- and y-components of the displacement field
u = (ux, uy)

> can be written as

ux = αS

{
e−αSy − 2κ2

R

κ2
R + α2

S

e−αP y
}
eiκRx,

uy = iκR

{
e−αSy − 2αPαS

κ2
R + α2

S

e−αP y
}
eiκRx, (2.36)

where

αP =

√
κ2
R −

(
ω

cP

)2

and αS =

√
κ2
R −

(
ω

cS

)2

.

The Rayleigh wave (2.36) satisfies the time-harmonic Navier equation (2.10) and
the displacement amplitude of the wave decays when the distance from the free-
surface increases. Particularly, equation (2.36) shows clearly that the wave field
decays exponentially in the y-direction but propagates non-dissipatively with the
wave speed cR in the x-direction. Furthermore, the trajectories of the particle
motion in the field are ellipses whose major axes are normal to the surface.



Chapter III

Numerical approximation of wave problems

In this chapter, a review of numerical methods for the acoustic and elastic wave
problems is given. Since the aim of this thesis is to study feasible methods for the
modeling of therapeutic ultrasound fields, the review is not limited to numerical
methods for the time-harmonic problems (2.28) and (2.10) only. Instead, other
computational tools for wave fields are discussed briefly provided that they have
been widely used for medical ultrasonics. Such tools are, for example, time-domain
and ray methods. In addition to computational methods, the truncation of the
unbounded acoustic problems is vital for the numerical approximation of the wave
fields. Feasible methods for this will be also reviewed.

Numerical approximation of wave problems in heterogeneous media and in
general geometries is difficult. Analytical solutions can be derived for the sim-
plest wave problems only and the computational complexity of numerical methods
increases rapidly with the wave number. Some classical methods for wave propaga-
tion problems are reviewed in [120]. In standard numerical tools, such as the finite
difference (FD) and low order finite element (FE) methods, a rule of thumb is that
approximately ten discretization points per wavelength are needed to obtain a tol-
erable accuracy [113]. This leads rapidly to extremely large computational tasks.
Furthermore, at high wave numbers these methods suffer from numerical pollution
[11, 71] which causes the accuracy of methods to decrease with the wave number
even if the mesh density with respect to the wavelength remains unchanged.

Especially in the problems of medical ultrasonics in which the wavelength of
the sound field is very short (typically 0.5-5 mm in ultrasound therapy), wave fields
must be evaluated in domains whose dimensions can be hundreds of wavelengths.
Previously the major interest in the development of computational methods for
ultrasonics has been devoted to the ultrasound imaging which is mainly based on
short sound pulses. However, the need for modeling fields generated by longer exci-
tations (i.e. continuous-waves) has increased with developments in the ultrasound
therapy [110, 187].

Traditionally, ultrasound fields are modeled using different kinds of ray ap-
proximation, see e.g. [25, 24, 61, 130]. These methods are accurate and effective

27
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if multiple reflections do not occur and the propagation medium is rather sim-
ple. However, they become computationally demanding if the medium is strongly
scattering and waves undergo complex interference phenomena.

The use of a time domain method, such as the finite difference time domain
(FDTD) method [176], for time-harmonic problems [177] requires a large number
of time steps (in addition to a dense spatial discretization) to reach a steady-state
solution. Obviously, this also leads to a heavy computational burden [177]. Various
improved time-domain methods have been proposed. For ultrasound fields these
include, for example, pseudospectral [197] and k-space methods [149]. Despite the
recent improvements, realistic 3D applications are still computationally extremely
demanding.

To reduce the effect of numerical pollution in the finite element method, var-
ious modifications have been proposed. These include, for example, higher order
methods [115] (such as spectral elements [151]) and least-squares finite elements
[90, 156, 189]. Methods that incorporate a priori information about the solution to
the approximating space (e.g. the partition of unity finite element method (PUM)
[10, 135], least squares method [152], discontinuous Galerkin method [64] and the
ultra weak variational formulation (UWVF) [30]) are other promising candidates
for reducing the computational burden.

Many problems in acoustics are physically unbounded, this is, the sound field
extends from the source to infinity. The behavior of the field at infinity is charac-
terized by the Sommerfeld radiation condition, see Section 2.5. In many cases in
order to evaluate the field numerically, the unbounded problem must be replaced
with a bounded one. Furthermore, the Sommerfeld condition is approximated on
the exterior boundary of the computational domain by an absorbing boundary con-
dition (ABC) [73, 75] (also known as non-reflecting boundary conditions (NRBC))
or by using a damping layer called the perfectly matched layer (PML) [17] .

In the following section the absorbing boundary conditions and selected numer-
ical methods for full-wave problems are discussed. First, the need for an accurate
approximation for the Sommerfeld condition is a general property of most nu-
merical methods and hence the first subsection handles this important issue. In
the first section local ABCs, the elastic ABC from [84] and the perfectly matched
layer method are formulated. Second, a brief outline on numerical methods for
computational acoustics is given. The aim is not to give a thorough treatment
of this broad topic. Rather, the goal is to summarize full-wave methods that has
been widely utilized in computational acoustics, in particular the finite difference
method, finite element method and boundary integral methods. Since the finite
element method is a standard tool in acoustics and has been used as a reference
method later in this thesis, the FEM approximation of the Helmholtz and Navier
equations are discussed in more detail. This chapter is concluded with a summary
of recent improvements to finite element type methods and a review of alternative
methods for the truncation of the computational domain for unbounded problems.
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3.1 Absorbing boundary conditions

As discussed in Section 2.5, the behavior of time-harmonic wave fields from
bounded regions at infinity is characterized by the Sommerfeld radiation condition
(2.33). To approximate the field in a bounded domain, the region of interest can be
surrounded by an artificial boundary Γ that encloses the computational domain Ω
containing the material inhomogeneities. In addition, an absorbing boundary con-
dition must be used on Γ. An ideal ABC would allow waves to propagate through
the boundary Γ without spurious numerical reflections back into the computa-
tional domain. Moreover, to be feasible, the ABC should be easy to implement in
general geometries and be numerically stable.

A standard approach in time-harmonic problems for constructing an ABC is
to write a Neumann type exterior boundary condition on Γ which approximates
the Sommerfeld condition. Therefore one needs a Dirichlet-to-Neumann (DtN)
operator M which is a mapping between the field p and the normal derivative
∂p/∂n

M : p|Γ →
∂p

∂n

∣∣∣
Γ
.

In a general form, using a Fourier series representation of the sound field, an
exact ABC for the Helmholtz problem can be constructed as a DtN operator [121]

∂p

∂n
(r) = Mp(r) =

∞∑

j=0

∫

Γ

mj(r − r0)p(ro)dr0 r, r0 ∈ Γ, (3.1)

where mj(r − r0) are the DtN kernels. From the computational point of view the
DtN operator (3.1) has two drawbacks. First, it includes an infinite sum which,
however, can be truncated to obtain tolerable accuracy [88, 81]. Nevertheless,
the use of many Fourier modes can still be computationally costly. Second, the
operator is non-local, this is, to compute ∂p

∂n (r) at a point r on Γ, one must
integrate over whole boundary Γ. Obviously, it would be desirable to replace the
operator M with an approximating operator Ma which would absorb waves while
being spatially dependent on the solution p and its derivatives at r only. The
construction of this kind of local operator for Helmholtz problem is discussed in
the next section. Following that, a special type of ABC from [84] is introduced for
time-harmonic elastic wave propagation.

An alternative to the approximating operator Ma is to surround the domain Ω
with a computational “sponge” layer which prevents reflections from the bound-
ary Γ. Bérenger [17] proposed such a perfectly matched layer for electromagnetic
waves and it has been later extended to the Helmholtz problem [91, 169]. In Sec-
tion 3.1.3, the PML for Helmholtz equation is derived using the change of variables
method developed in [34] and used, for example, in [45, 46, 138]. Other alterna-
tive methods for truncating the computational domain associated with particular
numerical schemes are also discussed in Section 3.3.
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3.1.1 Local acoustic ABCs

Traditionally, approximations to the non-local DtN operator have been constructed
using local differential operators. First order local ABCs were introduced in the
late 1970’s [60] and early 1980’s [14, 116]. Since then various improved conditions
have been proposed, see e.g. the reviews [73] and [112]. Although high order local
differential operators are accurate, they are typically limited to special boundary
geometries (e.g. [81]) or perfectly annihilate waves only from certain incident
directions [98]. To reduce problems associated with high-order ABCs, methods
that can have a high-order of accuracy without high-order derivatives have also
been proposed [74]. This topic, however, is not discussed further here. Instead,
the low-order boundary condition used in this study is briefly introduced next and
an outline for formulating higher-order Higdon type [98] conditions is given.

The most obvious form for the local ABC follows directly from the Sommerfeld
radiation condition (2.33), namely

∂p

∂n
− iκp = 0 on Γ. (3.2)

This is often called the zeroth order (or Sommerfeld type) absorbing boundary
condition. The Sommerfeld type boundary condition is applied to waves that
propagate outward from the computational domain Ω. Particularly, in scattering
problems, the Sommerfeld condition is used to the scattered part of the pressure
field psc only.

An advantage of the form (3.2) is its suitability for general boundary geometries
since only normal derivatives are needed to compute. But the drawback is poor
accuracy if the artificial boundary is close to the sound source [121]. More precisely,
the reflection coefficient for (3.2) using a plane wave incidence on a planar surface
is

R =
cos θ − 1

cos θ + 1
, (3.3)

where θ is the incident angle of the sound field. From equation (3.3) it follows that
increasing the distance of the boundary Γ to the sound source typically reduces
the angle θ, causing diminishing reflections. However, if the shape of the absorbing
boundary is complex (e.g. it contains corners), the incident angle θ at same parts of
the boundary may remain large even if the distance from the source to Γ increases.
Hence the boundary geometry affects to the accuracy of the ABC. Despite its
limitations, the zeroth order ABC has been used in some numerical experiments
of this study and it has also been utilized as a reference method for improved
approaches.

To illustrate the higher-order ABCs, this section is ended by a discussion of
the Higdon type [98] high-order ABCs for general boundary Γ having the outward
normal n. These can be written for an arbitrary order N as

MNp =




N∏

j=1

(
∂

∂n
− iκdj · n

)
 p = 0 on Γ. (3.4)
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These conditions are perfectly absorbing for all waves propagating in the directions
dj , j = 1, ..., N . As a trade-off against improved accuracy, the Higdon ABC
involves an N -order normal derivative which might be laborious to implement
with a numerical scheme. In addition, the method requires a priori information
of the solution for selecting the directions dj . In practice, this may be difficult to
obtain.

Due to difficulties with high-order local ABCs on general geometries and wave
types, the numerical experiments of this study are computed either with the zeroth
order ABC (3.2) or with the perfectly matched layer discussed in Section 3.1.3.

3.1.2 Halpern’s elastic ABC

In this section an absorbing boundary condition for the 2D Navier equation is
briefly outlined. As in the case of the Helmholtz equation, the unbounded elastic
wave problem is truncated with an artificial boundary Γ and the exact absorbing
boundary condition can be defined by a non-local operator [82]. Also analogously
to the previous section, local differential operators are commonly used to reduce
spurious numerical reflections. Since the aim is to use the elastic ABC with the
ultra weak variational formulation introduced later in this thesis, the special type
ABC of [84] has been chosen.

Now suppose that all the coefficients in the Navier equation are constant near
the absorbing boundary. Furthermore, consider a time-harmonic elastic plane wave
moving in a direction d with |d| = 1. As shown in Section 2.2, the plane wave in
the homogeneous medium can be split into two components

u = a1d exp(iκP d · r) + a2d
⊥ exp(iκSd · r),

where the wave numbers κP = ω/cP and κS = ω/cS are obtained using the wave
speeds of (2.12), a1 and a2 are constants and d · d⊥ = 0. The first component
denoted uP = a1d exp(iκP d · r) has the property ∇ × uP = 0 and is the P-
wave solution of the Navier equation. The second component of the plane wave
uS = a2d

⊥ exp(iκSd · r) is the S-wave. In this case ∇ · uS = 0. Thus it can be
clearly seen that the two components of the wave travel at different velocities and
with different wave numbers.

Now the absorbing boundary condition can be developed. First consider a
simplified situation in which the domain Ω is a half space Ω = {(x, y), x < 0}
and the boundary Γ is the line x = 0. A time-harmonic elastic plane wave u =
(ux, uy)

>, traveling at normal incidence to the boundary Γ (i.e. with d = (1, 0)>)
is perfectly absorbed if

∂ux
∂x
− iκPux = 0, (3.5)

∂uy
∂x
− iκSuy = 0, (3.6)

since in this case uP = (ux, 0)> and uS = (0, uy)
>. The boundary conditions (3.5)

and (3.6) are similar to the zeroth order absorbing boundary conditions that were
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developed for the pressure waves in the previous section. Furthermore, ABCs of
this type have been used also for elastic waves, see e.g. [99] and [172].

The absorbing properties of the boundary conditions (3.5) and (3.6) are con-
served when they are rewritten as

∂ux
∂x

+
c2P − 2c2S

c2P

∂uy
∂y
− iκPux = 0, (3.7)

∂uy
∂x

+
∂ux
∂y
− iκSuy = 0. (3.8)

These forms are particularly interesting since they allow to relate the boundary
conditions to the traction operator (2.29) and the displacement vector u.

According to the definition of the boundary Γ the outward normal in this
simplified example is n = (1, 0)>. It follows that the components of the traction

operator T ((1,0)>)(u) = (Tx, Ty)
> are given by

Tx = ρc2P
∂ux
∂x

+ ρ(c2P − 2c2S)
∂uy
∂y

, (3.9)

Ty = ρc2S

(
∂uy
∂x

+
∂ux
∂y

)
. (3.10)

Combining equations (3.7)-(3.10) one can formulate the absorbing boundary con-
dition for this case as

T ((1,0)>)(u)− iσu = 0, (3.11)

where

σ =

(
ωρcP 0

0 ωρcS

)
.

Correspondingly, the absorbing boundary condition for a general boundary Γ with
normal n can be derived. Following the derivation above it follows that

T (n)(u)− iσu = 0, (3.12)

where

σ = ωρ(cPn⊗ n+ cSs⊗ s), (3.13)

and where s is the tangential vector to the boundary, and ⊗ denotes the outer
product so that n⊗ n = nn>.

3.1.3 Perfectly matched layer

Although local absorbing boundary conditions of Section 3.1.1 are effective in many
applications, they may either lack sufficient accuracy or, if high order ABCs are
used, be difficult to implement in practice. Therefore, Bérenger proposed a virtual
damping layer (i.e. the perfectly matched layer (PML)) which surrounds the com-
putational domain Ω and efficiently absorbs waves from Ω. Bérenger’s scheme was
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first developed for Maxwell’s equations but has been later extended to acoustics
[91, 169]. One way to develop the PML is to add a complex stretching function to
the spatial variables (x, y, z) [34, 45, 46]. The PML for the Helmholtz problem in
inhomogeneous media using the complex stretching method is formulated next.

Consider the inhomogeneous form of the Helmholtz equation (2.28)

∇ ·
(

1

ρ
∇p
)

+
κ2

ρ
p = fs, (3.14)

where fs is a source term. The source term fs is included to the equation since
the numerical analysis of the PML in Chapter 6 is conducted using point sources.
In order to utilize the change of variables scheme, a complex stretching for the
vector r containing the spatial variables r = (x, y, z) is defined as

x′ =




x+

i

κ

∫ x
x0
σ0,x(|x| − x0)ndx, |x| ≥ x0,

x, |x| < x0,
(3.15)

y′ =




y +

i

κ

∫ y
y0
σ0,y(|y| − y0)ndy, |y| ≥ y0,

y, |y| < y0,
(3.16)

z′ =




z +

i

κ

∫ z
z0
σ0,z(|z| − z0)ndz, |z| ≥ z0,

z, |z| < z0,
(3.17)

where σ0,ξ, ξ = x, y, z are constants. In addition, one can define a vector of
stretched spatial variables as r′ = (x′, y′, z′).

The notation can be simplified by defining a function σξ(ξ) as

σξ(ξ) = σ0,ξ(|ξ| − ξ0)n, ξ = x, y, z, (3.18)

where σ0,ξ is a constant and n is an integer. Moreover, for the following discussion
it is useful to define

dx(x) =





1 +
i

κ
σx(x), |x| ≥ x0,

1, |x| < x0,
(3.19)

dy(y) =





1 +
i

κ
σy(y), |y| ≥ y0,

1, |y| < y0,
(3.20)

dz(z) =





1 +
i

κ
σz(z), |z| ≥ z0,

1, |z| < z0.
(3.21)

Now observe that the derivative of the stretched variable x′ is

∂x′

∂x
= dx(x) (3.22)
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with similar expressions for ∂y′

∂y and ∂z′

∂z . This allows a straightforward substitution

∂

∂x
→ ∂

∂x′
=

1

dx

∂

∂x
. (3.23)

To simplify notation, the explicit spatial dependence of dx, dy and dx has been
omitted from here on. The Helmholtz equation with stretched variables can be
rewritten as

1

dx

∂

∂x

(
1

dxρ

∂p

∂x

)
+

1

dy

∂

∂y

(
1

dyρ

∂p

∂y

)
+

1

dz

∂

∂z

(
1

dzρ

∂p

∂z

)
+
κ2

ρ
p = fs. (3.24)

In a more compact form Equation (3.24) is

∇ ·
(

1

ρ
A∇
)
p+

κ2η2

ρ
p = fsη

2, (3.25)

where η2 = dxdydz and

A = diag

(
dydz
dx

,
dxdz
dy

,
dxdy
dz

)
. (3.26)

It is obvious that the standard inhomogeneous Helmholtz equation (2.28) is
obtained from (3.25) by choosing η = 1 and A = I where I is the identity matrix.
Or, in other words, Equation (2.28) follows if one chooses x′ = x, y′ = y and
z′ = z.

3.2 Review of numerical methods for time-harmonic waves

Three commonly used classes of methods for time-harmonic waves are finite dif-
ference methods (FDM), finite element methods (FEM) and boundary integral
methods (also known as the boundary element methods) (BEM). This section dis-
cusses the feasibility of these methods for the Helmholtz problem. In some cases,
however, the extension of the method to the elastic wave problems is also dis-
cussed. Note that in general, the numerical approximation of elastic waves is more
complicated since they consist of two components. In particular, the density of
the spatial discretization is commonly dependent on the wavelength of the S-waves
which is typically less than a half of the wavelength of the P-wave.

3.2.1 Finite difference methods

In the finite difference method, the computational domain is covered by a set of
uniformly spaced discretization points. Then, the second derivative arising in the
Laplace operator ∆ is approximated using the standard one dimensional pointwise
FDM as

∂2p

∂x2
(x) =

p(x+ h)− 2p(x) + p(x− h)

h2
+O(h2) = Dxxp+O(h2),
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where h is the grid size and O(h2) represents terms that are higher order than h2.
Correspondingly, the FDM approximation for the 3D Helmholtz equation in an
homogeneous medium (2.27) is

(Dxx +Dyy +Dzz + κ2)p(x, y, z) = 0. (3.27)

This scheme is second order accurate for a smooth p but lacks sufficient accuracy
(or requires extremely dense discretization) if the field has sharp gradients. In
particular, difficulties may arise if the propagation medium has strong inhomo-
geneities. In such a case, the derivatives of material parameters in the equation
(2.28) must be included in the difference operator. Obviously, if the material
interfaces are sharp and strong, the approximation of derivatives using a coarse
grid becomes unreliable. On the other hand, to be able to capture oscillations
of the wave field, the rule of thumb λ/h ≈ 10 must hold. Due to the numerical
pollution, the ratio λ/h must grow with the wave number in order to maintain a
desired accuracy. These factors indicate that fine grids are required to resolve the
wave field with a tolerable accuracy. Furthermore, a drawback of the FD-methods
is the difficulty of representing complex geometries using the pointwise grid in a
convenient way.

To improve the accuracy, high order FD methods have been developed [92, 181].
For example, in a fourth order method, the second derivative in 1D is approximated
using [92, 181]

∂2p

∂x2
(x) =

(
1 +

h2

12
Dxx

)−1

Dxxp(x) +O(h4).

Alternatively, the undifferentiated terms at a given point can be expressed as
a weighted average of values at adjacent points. Or, a resolution κh dependent
parameter can be included in the finite difference derivative [92]. The error analysis
of the FDM for wave problems is carried out for example in [92, 181, 191]

The time domain variant of FDM is called the finite difference time domain
method (FDTD). A typical approach uses second order accurate derivatives in
time and the second or fourth order derivatives in space. Although finite difference
methods can suffer from the need of fine discretization, they are still extensively
used for pulsed waves in medical acoustics , see e.g. [51, 83, 141, 148, 159]. The
FDTD for elastic waves has a long history of being used in the simulation of
seismic waves, see e.g. [122]. An excellent review of the high-order FDTD (and
time domain finite element methods) can be found from [42].

Despite the heavy computational burden, the FDTD method can be used for
time-harmonic (i.e. continuous wave (CW)) fields [177]. In that case, the time
iteration must be continued until the steady state behavior of the CW field is
reached. A significant number of iterations may be needed since the length of a
time step dt, in the case of the second order accurate method in space, is limited
by the Courant-Friedrichs-Levy number

CFL = c
dt

h
<

1√
d
,
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where c is the propagation speed of the wave and d is the spatial dimension of the
problem. Similar stability conditions, although more relaxed, can be derived for
the high-order methods [42].

The convergence of the time-domain solution to the solution of time-harmonic
problem can be remarkably slow. The convergence speeds up if the time-dependent
wave problem is reformulated as an exact controllability problem [27]. By using the
periodicity of the time-harmonic solution, the problem can be written as a least-
squares problem which can be solved with a conjugate gradient algorithm. For
time discretization, the method uses the standard finite difference scheme. At each
time step one must solve two wave equations and an elliptic problem. Numerical
experiments in [27] for Helmholtz scattering problems show huge improvement in
convergence compared to a time-domain method without control.

Despite the above mentioned weaknesses, FD methods are widely used for the
numerical simulation of acoustic and elastic waves. A strength of these methods is
their simple implementation for different kinds (also non-linear) of wave problems.
Furthermore, there is an abundance of commercial and freeware software that
utilize these methods.

3.2.2 Finite element method

The finite element method (FEM) can be considered as a “gold standard” for
solving numerically elliptic partial differential equations. Since the early analysis of
the FEM beginning in the 1980’s [9, 77, 78], the FEM with an absorbing boundary
condition has been actively studied for unbounded Helmholtz problem. To be able
to compare the FEM with more novel methods, an outline of the FEM for the
Helmholtz and elastic wave equation are given in this section. Since the FE method
relies on discretizing a weak formulation of the problem, the standard variational
setting for the Helmholtz and elastic wave equation are briefly summarized. Then
the weak forms can be discretized using the Galerkin method and standard finite
element piecewise polynomial basis functions. For a more detailed treatment of
the FEM, see [26, 112].

Helmholtz problem

To obtain a weak formulation, the Helmholtz equation (2.28) is multiplied by a
test function v ∈ H1(Ω) and integrated over the computational domain Ω

∫

Ω

[
∇ ·
(

1

ρ
∇
)
p+

κ2

ρ
p

]
v = 0, (3.28)

where the test function space is defined as the Sobolev spaceH1(Ω) = {v | ||∇v||2+
||v||2 <∞} and where || · ||2 is the L2-norm. Using suitable integration by parts,
the variational problem can be defined as finding p ∈ H1(Ω) such that

a(p, v) = −
∫

Ω

1

ρ
∇p · ∇v +

∫

Ω

κ2

ρ
pv +

∫

Γ

1

ρ

∂p

∂n
v = 0 ∀v ∈ H1(Ω). (3.29)
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Appropriate boundary conditions can included in the third term on the left hand
side or by further restricting the space of trial and test functions. For example,
the boundary condition on Γ can be given in the form

(
1

ρ

∂p

∂n
− iσp

)
= Q

(
−1

ρ

∂p

∂n
− iσp

)
+ g, (3.30)

where Q ∈ C, |Q| < 1 and; g and σ are known functions on Γ. This boundary
condition is chosen since it will be used later with the ultra weak variational
formulation. By adjusting the parameters Q, σ and g, various different boundary
conditions can be implemented using (3.30). For example, by choosing Q = 1
equation (3.30) reduces to the Neumann type condition ∂p

∂n = 1
2ρg. Whereas

Q = −1 gives the Dirichlet condition p = i
2σ g.

The boundary function σ can be chosen for example as

σ =
<(κ)

ρ
. (3.31)

Then, provided that Q = 0, g = 0 and κ ∈ R, the equation (3.30) reduces to the
absorbing boundary condition (3.2).

The boundary condition (3.30) can be rewritten as

1

ρ

∂p

∂n
= iσ

1−Q
1 +Q

p+
1

1 +Q
g. (3.32)

Hence, the substitution of (3.32) in (3.29) leads to the weak problem of finding
p ∈ H1(Ω)

a(p, v) = L(v), for all v ∈ H1(Ω), (3.33)

where

a(p, v) = −
∫

Ω

1

ρ
∇p · ∇v +

∫

Ω

κ2

ρ
pv +

∫

Γ

iσ
1−Q
1 +Q

pv, (3.34)

and

L(v) =

∫

Γ

1

1 +Q
gv. (3.35)

For the finite element approximation of (3.33), the computational domain Ω
is covered with a regular finite element mesh consisting of N elements and M
vertices with the element size parameter h denoting the maximum diameter of
the elements (types of meshes used in this thesis will be discussed later). To
discretize the weak Helmholtz problem (3.33), it is useful to construct a space Sh =
span{ϕ1, ..., ϕM} ⊂ H1(Ω) where ϕj , j = 1, ..,M are piecewise linear polynomial
finite element basis functions on the mesh with compact support such that

ϕj(r`) =

{
1 j = `
0 j 6= `

,
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where r` is the `th node in the mesh.
Now the FEM approximation ph can be written as

ph =
M∑

j=1

βjϕj , (3.36)

where βj , j = 1, ...,M are coefficients to be solved. In addition, in the Galerkin
approach the test functions are chosen by v = ϕ`. By substituting these to (3.33),
the problem can be written as the matrix equation

(S −M +B)β = F, (3.37)

where β = (β1, ..., βM )>. Furthermore, S, M and B correspond to the terms in
(3.34), respectively, and F arises from the right hand side of (3.33). Traditionally,
S is known as the stiffness matrix and M as the mass matrix. Since this FEM
approximation uses piecewise polynomials to represent the field ph throughout an
element it easily provides an approximation of the pressure at any point in space.

To understand the accuracy of the FEM for wave problems, a short review of
error estimates is given next. The accuracy of the finite element approximation can
be controlled with two factors. First, the element size can be made smaller to im-
prove accuracy. This approach is known as the h-refinement [114]. Or second, the
polynomial degree of the basis functions can be increased (known as p-refinement).
Combination of these two is called hp-refinement (or hp-FEM [115]).

A rule of thumb for the piecewise linear FEM is that λ/h ≈ 10 , that is,
approximately ten discretization points per wavelength are needed for tolerable
accuracy [114]. For high wave numbers, however, FE (or FD) methods suffer
from numerical pollution, meaning that the accuracy deteriorates with the wave
number even if κh remains constant. More precisely, the error estimate for the
one dimensional FEM using piecewise linear elements is of the form

|p− ph|1
|p|1

< C1θ + C2κθ
2, (3.38)

where | · |1 is the H1(Ω)-seminorm, C1, C2 are constants and θ = κh [112]. From
this formula, it is evident that the error increases linearly with κh when κ is small
while the second “polluting” term becomes significant when κ is large.

Similar estimate can be derived for higher order basis functions. Then, the
error is given by (3.38) with

θ =

(
κh

p

)p
, (3.39)

where p is now the polynomial degree of the basis functions [112].

Navier problem

The finite element formulation of the elastic wave field can be derived correspond-
ingly as for the Helmholtz problem. However, for practical computations, a few
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notable exceptions exist. The displacement field u to be solved is vector valued
and it consists of two components uP and uS which have different wavelengths.
The wavelength of S-wave is much shorter (for most solids about a half of the
P-wave counterpart) and therefore, the mesh size h must adjusted dense enough
to resolve both components.

The derivation of the weak form begins by introducing a shorthand notation.
Let

∆eu = µ∆u+ (Λ + µ)∇(∇ · u).

Then the weak form of the Navier equation (2.10) can be written as

∫

Ω

(∆eu+ ω2ρu) · v = 0,

where v ∈ (H1(Ω))d is a test vector and d is the dimension of the problem. Fol-
lowing [101] the weak formulation is obtained using the Betti formulas [131]

−a(u, v) +

∫

Γ

T (n)(u) · v + ω2ρ

∫

Ω

u · v = 0, (3.40)

where

a(u, v) = Λ

∫

Ω

(∇ · u)(∇ · v) +
µ

2

∫

Ω

(∇u+ (∇u)>) : (∇v + (∇v)>). (3.41)

The double dot operation between two tensors A = aij and B = bij is defined as

A : B =
∑

i

∑

j

aijbij . (3.42)

Due to the particular choice of example for the comparison of the finite element
method with the UWVF later in this thesis, the boundary condition

(
T (n)(u)− iσu

)
= Q

(
−T (n)(u)− iσu

)
+ g on Γ, (3.43)

where σ ∈ Rd×d will be used. As for the Helmholtz case, it is assumed that Q ∈ C
and |Q| < 1.

Solving this equation for T (n)(u) gives

T (n)(u)− i
(

1−Q
1 +Q

)
σu =

(
1

1 +Q

)
g on Γ. (3.44)

Using this equality in (3.40), the variational problem can be defined as finding
u ∈ (H1(Ω))d such that

−a(u, v) +

∫

Γ

(
i

(
1−Q
1 +Q

)
σu+

(
1

1 +Q

)
g

)
· v + ω2ρ

∫

Ω

u · v = 0, (3.45)
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for all v ∈ (H1(Ω))d.
The approximation by continuous polynomial finite elements is obvious. The

finite element mesh covers the domain Ω and has maximum element diameter h.
Analogously to the Helmholtz case, on this mesh one can construct a space Sh of
continuous piecewise linear finite element functions. The finite element solution
uh ∈ (Sh)d can be represented as a linear combination of the basis functions and
it satisfies

a(uh, vh)−
∫

Γ

(
i

(
1−Q
1 +Q

)
σuh +

(
1

1 +Q

)
g

)
· vh − ω2ρ

∫

Ω

uh · vh = 0, (3.46)

for all vh ∈ (Sh)d. For example, in 2D (d = 2) piecewise linear Galerkin scheme,
the FEM approximation and the test function can be selected as

uh =

M∑

j=1

(
β1
j

β2
j

)
ϕj and; vh =

(
ϕ`
0

)
or vh =

(
0

ϕ`

)
, ` = 1, ...,M, (3.47)

where β1
j and β2

j are the coefficients to be solved and ϕ` is the piecewise linear
basis function associated with node number `.

3.2.3 Boundary integral methods

Consider an acoustically impenetrable inhomogeneity Ω surrounded by an infinite
homogeneous medium in Ω+ = Rd\Ω . Furthermore, let Γ be the boundary of Ω.
The boundary integral equation methods are based on the Green’s representation
of the Helmholtz problem [47, 132]

p(r) =

∫

Γ

[
p(r0)

∂Φ(r, r0)

∂n
− Φ(r, r0)

∂p(r0)

∂n

]
ds(r0) in Ω+, (3.48)

where r0 ∈ Γ and r ∈ Ω+. The function Φ(r, r0) is the fundamental solution of the
Helmholtz problem in a homogeneous medium. For 2D and 3D the fundamental
solution is

Φ(r, r0) =
i

4
H

(0)
1 (κ|r − r0|) and Φ(r, r0) =

1

4π

eiκ|r−r0|

|r − r0|
, (3.49)

respectively. The Green’s representation follows from the weak form of the
Helmholtz problem (3.28) with the choice v = Φ and a suitable integration by
parts [132].

The main advantage of the boundary integral methods is that the solution is
sought utilizing the fundamental solutions of the problem. Therefore, the solu-
tion automatically satisfies the Sommerfeld radiation condition. In addition, since
the formulation reduces to medium interfaces only, the spatial dimension of the
problem is reduced by one.

Various discretization methods for the boundary integral formulations of the
Helmholtz problem have been proposed. These include, for example, the Nyström
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method [48], collocation method [129] and different types of Galerkin boundary
element methods [132].

However, the integral equation approach suffers from the computational com-
plexity. Although only the surfaces of the inhomogeneities must be discretized,
the resulting matrix systems are relatively large at high wave numbers. This is
due to need of dense discretization (typically, the rule of thumb λ/h ≈ 10 must
hold). Furthermore, the matrices arising from the boundary integral method are
full and non-symmetric. If the computational domain consists of multiple inho-
mogeneities, a drawback of the method is that each material interface must be
discretized which leads to a complex system of coupled integral equations.

In a computational cost comparison, the boundary element methods have been
shown to be more expensive than the previously introduced finite element method
[28, 89]. The solving of boundary integral equations with iterative methods re-
quires the computation of multiple full matrix-vector products. This procedure can
be accelerated by using the fast multipole method (FMM), see e.g. [43, 52, 174].
Improved by the FMM, boundary integral equations have become an efficient and
popular means for solving large-scale scattering problems [52].

3.3 Improved methods

This section is dedicated to the discussion of improved finite element (or finite
element type) methods. Moreover, improvements of the boundary element method
and alternatives for the ABC or PML to truncate the computational domain are
reviewed briefly.

The rule of thumb for low order FEM indicates that the computation mesh
must be sufficiently dense to guarantee an accurate approximation for wave prob-
lems. At high wave numbers this rapidly leads to computational burden which is
intolerable even for the largest existing computers. To reduce the computational
complexity, various improvements for the FEM have been proposed. Also other
finite element type methods have shown significant improvement in comparison to
the low order FEM.

Due to the oscillatory nature of solutions of the wave problems, it is clear that
very high order polynomial basis functions must be used to capture the wave so-
lution in large elements [2]. A high order finite element methods is obtained by
choosing the basis functions as high order polynomials. This so-called spectral ele-
ment method (SEM) for the 2D Helmholtz problem has been studied in [151]. The
results show that the SEM reduces the computational burden, time and numerical
pollution in comparison to the second order finite elements.

In the least-squares finite element approach an additional term is included to
the weak forms (3.33) or (3.40) which contains least-squares of the residuals for
the problem at hand. In the Galerkin least-squares (GLS) method [90, 189] the
added term contains residuals in the element interiors while in the residual-based
finite element method of [156], the residuals are computed in element interiors and
on inter-element boundaries. A comparison of these two approaches with piece-
wise linear FEM is made in [155]. Both least-squares methods performed better
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than the standard FEM and the residual-based method showed reduced numerical
pollution error. The GLS method for elastic wave propagation is analyzed in [87].

Although the residual-based least-squares approach reduces the pollution ef-
fect, it does not significantly relax the rule of thumb for the mesh density. An
improvement toward coarser meshes has been made in [10] where a method for
including a priori information of the solution into the FEM basis functions is pro-
posed. The method is named the partition of unity finite element method (PUM).
In the PUM, the finite element basis contains the standard polynomial shape func-
tion ϕj(r), having the property (3.2.2), multiplied by a function Lj(r) which is a
solution of the underlying equation. The PUM approximation for the Helmholtz
equation can be written now as

ph =

M∑

j=1

Lj(r)ϕj (r). (3.50)

To capture the oscillatory behavior of the solution, plane waves of the form

Lj(r) =

Nk∑

k=1

Ake
iκdk·r (3.51)

are typically used in the basis functions [134, 135, 150, 157]. Here Ak, k = 1, ..., Nk
are the coefficients to be solved and dk is the direction of propagation of the plane
wave.

In the case of piecewise polynomial basis functions, the entries for the FEM ma-
trices (3.37) can be computed exactly with a simple Gauss integration quadrature.
For oscillatory basis functions in the PUM, very high order quadratures are needed
which has led to the development of semi-analytical quadratures specialized for the
plane waves [20]. Moreover, the PUM can suffer from severe ill-conditioning if too
many plane waves are used for a single element. This originates partly from the
fact that adjacent plane waves in the basis become nearly linearly dependent if the
number of basis functions is increased too high [135, 136]. However, further studies
are needed for understanding better the origin of the instability. To improve the
stability of PUM, a regularization-type approach has been proposed in [157].

An alternative approach to the FEM with continuous plane basis functions is
called the discontinuous enrichment method (DEM) [63] in which the plane wave
function Lj is added to the continuous polynomial finite element basis ϕj . The
continuity of the enrichment functions is approximately enforced by Lagrange mul-
tipliers. Omitting the finite element basis, the method reduces to the discontinuous
Galerkin method (DGM) [64]. In terms of the number of degrees of freedom, the
DGM shows superior performance compared with low order finite element meth-
ods [64]. The same study shows that in comparison to the PUM, the discontinuous
Galerkin method leads to improved conditioning of the resulting matrix system.
Methods for eliminating the Lagrange multipliers on the inter-element coupling
in the DGM (although not for wave problems) are discussed in the review article
[200].
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While the DGM in [64] uses Lagrange multipliers and a variational method to
enforce continuity of the solution across element interfaces, in the least-squares
(LS) method the continuity is achieved by minimizing a quadratic functional [152,
184]. The solution of the LS-method can be approximated using plane wave basis
functions as in (3.50). In [152], the use of Bessel functions as a basis functions is
also analyzed. However, the results suggest that plane waves are more practically
useful since the resulting integrals arising in the building of the matrix entries can
be computed in a closed form.

The use of plane wave basis functions is not limited to domain based (i.e. vol-
ume discretization) methods only. A method to include plane wave basis functions
in the integral equation formulation of the Helmholtz equation was first proposed
in the micro local discretization scheme [54, 53]. In [162], similar basis functions to
those in (3.50) are used for the 3D boundary element formulation of the Helmholtz
equation. Using separate sets of plane wave basis functions for P- and S- waves, the
method has been extended also to the Navier equation [161, 163]. Although these
methods have shown notable reduction in the number of degrees of freedom, their
drawback is the need for using high-order integration quadratures which causes
extremely slow computation of the system matrix.

An important step in the numerical simulation of wave problems has been the
development of parallel computing. A sophisticated numerical scheme on multi-
processor supercomputers or PC-cluster makes possible very large-scale wave sim-
ulations. An impressive example of this is the parallelized time-domain spectral
element simulation of seismic wave propagation [126, 127, 128].

To be able to compute finite element methods on parallel computers, a wave
problem can be decomposed into a set of subproblems with a smaller size. Then the
subproblems are distributed into and handled by separate processors. A widely
used approach for wave problems is the non-overlapping domain decomposition
method in which the computational mesh is divided into smaller parts on which
a new subproblem is defined. The method is non-overlapping since the subprob-
lems communicate only through their interfaces, see e.g. [16, 44, 124, 165, 170].
The coupling can be done using suitable physical transmission conditions and the
solution in each subdomain is updated iteratively.

An interesting parallelized solver for the 3D Helmholtz scattering problems
has been proposed in [97]. It is based on the algebraic fictitious domain method
in which the original discrete matrix equation is replaced with a new enlarged
system. The term fictitious domain follows from the fact that the new system
corresponds to the geometric embedding of the original computational domain
into another domain with a simple geometry. The new enlarged matrix system
allows the construction of efficient preconditioners and the iterative solution of the
problem can be carried out in a low-dimensional subspace.

A common feature of all methods in this section which use plane-wave basis
functions is the lack of analysis of the methods for problems with variable material
properties. An exception to this will be given next. By using a similar splitting of
the problem as the domain decomposition methods, a different variational formu-
lation (called the ultra weak variational formulation (UWVF) by its developers)
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has been proposed. The UWVF was first introduced for general PDEs in [56] and
applied to the Helmholtz and Maxwell problems in [29, 30, 31]. Furthermore, the
method for Helmholtz problem in an inhomogeneous medium has been outlined
in [29].

The UWVF method has similarities with the improved finite element methods
since it can use standard finite element meshes for the spatial discretization and
allows the incorporation of a priori information into the approximating subspace.
In particular, the implementation with plane wave basis functions is relatively
simple. In addition, as will be shown later in this thesis, it is possible to develop
a feasible preconditioning method for UWVF matrices.

The UWVF method for ultrasound problems is the main theme of this thesis
hence the method is analyzed in more detail in the following chapters. Before
proceeding to the UWVF, some additional numerical methods to ABC and PML
for approximating the Sommerfeld radiation condition are considered briefly.

Alternative methods to approximate the Sommerfeld condition

Hitherto, the review of improved methods has been limited to methods that re-
duce the computational burden related to high-frequency wave problems. The
other important factor affecting the accuracy of numerical methods for unbounded
problems is the truncation of the computational domain. As discussed in Section
3.1, differential operators can used to approximate the Sommerfeld radiation con-
dition on the external boundary of the domain or the domain can be surrounded
by the PML.

Since the solution of the integral equation method (3.48) satisfies the Som-
merfeld condition, coupling these methods with the FEM provides an accurate
alternative for the ABCs or PML [100]. More precisely, the finite element scheme
is used in an interior region which encloses possible material inhomogeneities. On
the exterior boundary, the discretized integral equation is formulated and coupled
with the finite element method. This approach provides an excellent accuracy
but is computationally rather heavy due to the presence of full integral equation
matrices. A similar idea is analyzed in [125] where the FEM is coupled with a
Hankel function expansion for the field.

In some applications, elastic or viscoelastic medium can be embedded in an
acoustic fluid. For such problems, methods which couple the elastic finite element
formulation with acoustic boundary element formulation has been proposed [33, 55]

Another alternative is to couple the finite element scheme with infinite elements
(see reviews [4, 18, 70]) which extend from the exterior boundary to infinity. The
behavior of the 3D Helmholtz problem at a large distance from the source is defined
by the Atkinson-Wilcox expansion [196]

p(R, θ, φ) =
eiκR

R

∞∑

n=0

Fn(θ, φ)

Rn
,

where (R, θ, φ) are the spherical coordinates and Fn are arbitrary functions. A
similar expansion can derived also for the 2D problems [117].
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Then, if the FEM is used in the spherical domain Ω, the infinite element
approximation for the Helmholtz problem in the exterior region R3\Ω can be
written in the form

pMh (R, θ, φ) = pM (R)ph(θ, φ),

where

pM (R) =

M∑

k=1

Ak
eiκR

Rk
.

Thus infinite elements can efficiently imitate the far-field behavior of the Helmholtz
problem. Moreover, the infinite element approximation extends from the boundary
∂Ω to infinity which in some infinite element formulations provides a means to solve
the far-field in the region R3\Ω. This is a considerable improvement compared to
differential operator ABCs. Those provide the solution in the bounded region Ω
only. The extension of the solution outside the bounded domain necessitates the
use of the integral equation formulation of the Helmholtz problem (3.48).

Comparison of the infinite element method with various differential operator
ABCs is done in [180]. The results suggest that the accuracy of infinite elements
approximation in high wave numbers is better than the accuracy of the ABCs.
However, the use of high order infinite elements leads to poorer conditioning of
the problem and increased computational effort. Applied to a class of coupled
structural acoustic problems in [28], the infinite elements have, however, a superior
computational cost reduction over the boundary element methods.



Chapter IV

Ultra weak variational formulation

The general form of the ultra weak variational formulation (UWVF) was first in-
troduced in [56]. Subsequently, the method was analyzed for the Helmholtz and
Maxwell equation in 2D and 3D [29, 30, 31]. In addition, [29] includes the formu-
lation of the UWVF for the Helmholtz problem in an inhomogeneous medium.

The idea of the UWVF is to decompose the original problem into a set of
subproblems which are connected using an impedance boundary condition. For
the geometric partition of the computational domain, the UWVF uses standard
disjoint finite element meshes. Furthermore, each element of the mesh determines
a single subproblem for the UWVF. By setting the material properties for each
element to be constant, the approximating space for the discrete UWVF can be
constructed using free-space solutions of each subproblem.

In this chapter, the UWVF for the Helmholtz and time-harmonic Navier equa-
tion are derived. Moreover, the discretized UWVFs are introduced for both prob-
lems. Since the perfectly matched layer discussed in Section 3.1.3 leads to a modi-
fied Helmholtz equation, the PML version of the UWVF for the Helmholtz problem
is also introduced.

4.1 Helmholtz problem

In this section the UWVF for the inhomogeneous Helmholtz problem (2.28) is
outlined. Using the notation of the previous section, one can define a domain
Ω having the boundary Γ and outward unit normal n. The Helmholtz problem
for the acoustic pressure field in an inhomogeneous medium occupying Ω can be
formulated as follows

∇ ·
(

1

ρ
∇p
)

+
κ2

ρ
p = 0 in Ω, (4.1)

(
1

ρ

∂p

∂n
− iσp

)
= Q

(
− 1

ρ

∂p

∂n
− iσp

)
+ g on Γ, (4.2)

46
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Figure 4.1: A part of the mesh. The interface between elements Kk and Kj is

Σk,j . The outward unit normal on the boundary ∂Kk is nk. Furthermore, if the

element is on the exterior boundary, the corresponding part of ∂Kk is denoted

by Γk.

where κ = κ(r) ∈ C is the spatially varying wave number that satisfies <(κ) > 0
and =(κ) ≥ 0. On the boundary the parameter Q ∈ C with |Q| ≤ 1. The material
density ρ = ρ(r) and the parameter σ are real and positive. Finally, the complex
valued source function on the exterior boundary Γ is denoted by g.

For the UWVF, let the domain Ω be partitioned into a collection of disjoint
finite elements {Kk}Nk=1. In two dimensional problems each element Kk is a tri-
angle except near curved interfaces or boundaries where Kk can be curvilinear
triangle. In three dimensional studies, tetrahedral elements have been used. The
limitation to triangular and tetrahedral elements is not a property of the UWVF
but rather these shapes are chosen due to the abundance of mesh generators us-
ing these elements. In principle, elements of other shapes are possible or even a
mixture of different element in a same mesh can be used. This aspect, however, is
not studied further here.

Now, let Σk,j denote the edge between element Kk and element Kj , and let
nk denote the outward unit normal on ∂Kk . The exterior edges are denoted by
Γk = ∂Ω ∩ ∂Kk, see Fig 4.1.

The parameters ρ and κ are assumed to be piecewise constants, so that ρk ≡
ρ|Kk and κk ≡ κ|Kk . The problem (4.1)-(4.2) can now be decomposed into sub-
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problems for each element Kk, k = 1, · · · , N

∆pk + κ2
kpk = 0 in Kk, (4.3)

pk = pj on Σk,j , (4.4)

1

ρk

∂pk
∂nk

= − 1

ρj

∂pj
∂nj

on Σk,j , (4.5)

(
1

ρk

∂pk
∂nk

− iσpk
)

= Q

(
− 1

ρk

∂pk
∂nk

− iσpk
)

+ g on Γk, (4.6)

where pk = p|Kk . As discussed in Section 2.4, the transmission conditions (4.4)
and (4.5) guarantee the continuity of the acoustic pressure and particle velocity
over the element interfaces.

It is shown in [16] that the transmission conditions can be written in the coupled
form

1

ρk

∂pk
∂nk

− iσpk = − 1

ρj

∂pj
∂nj
− iσpj , and

1

ρk

∂pk
∂nk

+ iσpk = − 1

ρj

∂pj
∂nj

+ iσpj , (4.7)

where σ is an appropriate real valued parameter that is defined on the element
boundary ∂Kk. More precisely, σ is a piecewise constant parameter so that it is
constant on each face of the element but the value of σ can vary between faces of
the element. In addition, σ is continuous across interfaces Σk,j . Since σ must have
the same dimensions as κ/ρ [16], an obvious choice is the mean value of <(κ)/ρ
over the interface Σk,j

σ =
1

2

(<(κk)

ρk
+
<(κj)

ρj

)
on Σk,j . (4.8)

Analogously to the finite element method in Section 3.2.2, on the exterior
boundary Γ, the choice of the parameters Q, σ and g must be consistent with
the boundary condition on Γ. For example, an important boundary condition is
obtained with Q = 0, g = 0 and

σ =
<(κk)

ρk
.

Provided that κk ∈ R, equation (4.6) corresponds to the zeroth order (i.e. Som-
merfeld type) absorbing boundary condition

∂pk
∂nk

− iσpk = 0. (4.9)

Having decomposed the problem, the UWVF can be developed. Using in-
tegration by parts it is easy to see that provided that pk is sufficiently smooth
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(pk ∈ H2(Kk) for all k is sufficient) the following equality holds

N∑

k=1

∫

∂Kk

1

σ

(
− 1

ρk

∂

∂nk
− iσ

)
pk

(
− 1

ρk

∂

∂nk
− iσ

)
vk

=

N∑

k=1

∫

∂Kk

1

σ

(
1

ρk

∂

∂nk
− iσ

)
pk

(
1

ρk

∂

∂nk
− iσ

)
vk

−
N∑

k=1

2
i

ρk

∫

∂Kk

(
∂pk
∂nk

vk − pk
∂vk
∂nk

)
, (4.10)

for all smooth test functions vk and where the bars stand for complex conjugate.
Assuming that pk is the solution of the Helmholtz equation (4.3). Then, for

all piecewise smooth test functions vk that are solutions of the adjoint Helmholtz
equation

∆vk + κ2
kvk = 0, in Kk, (4.11)

the integral in the last term of (4.10) vanishes via the Green’s theorem
∫

∂Kk

(
∂pk
∂nk

vk − pk
∂vk
∂nk

)
=

∫

Kk

(∆pkvk − pk∆vk)

=

∫

Kk

(
κ2
kpkvk − pkκ2

kvk
)

= 0.

For the UWVF a new function χk is defined on the skeleton of the mesh

χk =
((
− 1

ρk

∂

∂nk
− iσ

)
pk

)∣∣∣
∂Kk

, 1 ≤ k ≤ N. (4.12)

By substituting the impedance boundary conditions (4.6) and (4.7) to the first
term on the right hand side of (4.10) and by using (4.12) one obtains

N∑

k=1

∫

∂Kk

1

σ
χk

(
− 1

ρk

∂

∂nk
− iσ

)
vk −

N∑

k=1

N∑

j=1

∫

Σk,j

1

σ
χj

(
1

ρk

∂

∂nk
− iσ

)
vk

−
N∑

k=1

∫

Γk

Q

σ
χk

(
1

ρk

∂

∂nk
− iσ

)
vk =

N∑

k=1

∫

Γk

1

σ
g

(
1

ρk

∂

∂nk
− iσ

)
vk, (4.13)

for all piecewise smooth functions vk satisfying (4.11). Terms of the double sum-
mation in the second term of the left hand side are assumed to exist only if two
elements share a common face Σk,j . Equation (4.13) is called the ultra weak vari-
ational formulation of the Helmholtz problem in an inhomogeneous medium (4.1)
and (4.2).

To simplify the discussion on the discrete problem and to allow comparison
with the UWVF for the elastic wave problems introduced later in this thesis, it is
possible define an operator

Fk : L2(∂Kk)→ L2(∂Kk) (4.14)
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such that if yk ∈ L2(∂Kk) then Fk(yk) ∈ L2(∂Kk) is given by

Fk(yk) =

(
1

ρk

∂

∂nk
− iσ

)
vk on ∂Kk (4.15)

where vk ∈ H1(Kk) satisfies (4.11) and
(
− 1

ρk

∂

∂nk
− iσ

)
vk = yk on ∂Kk. (4.16)

Using Fk the UWVF problem (4.13) may be rewritten as the problem of finding
χk ∈ L2(∂Kk), k = 1, 2, . . . , N such that

N∑

k=1

∫

∂Kk

1

σ
χkyk −

N∑

k=1

N∑

j=1

∫
∑
k,j

1

σ
χjFk(yk)−

N∑

k=1

∫

Γk

Q

σ
χkFk(yk)

=

N∑

k=1

∫

Γk

1

σ
gFk(yk), (4.17)

for all yk ∈ L2(∂Kk), k = 1, 2, . . .K. This formulation makes it clear that the
unknown functions χk are computed on ∂Kk using as test functions yk that are
also functions on ∂Kk. Thus the UWVF generates a direct approximation to the
field u and ∂u/∂nk on the skeleton of the mesh ∂Kk, k = 1, . . . , N . To compute u
away from the skeleton involves a local post-processing step that will be discussed
in Section 4.1.3. The discrete form of (4.17) will be formulated in the following
section.

4.1.1 Discretization

Following [29, 30], a Galerkin approach is used for the discretization of the UWVF
(4.17). For this, it is necessary to choose subspaces of the spaces L2(∂Kk), k =
1, . . . , N for the functions appearing in (4.17). To implement (4.17) one must be
able to compute Fk(yak) for discrete functions yak . Cessenat and Despŕes [29, 30]
suggest the following strategy for constructing a discretization of L2(∂Kk) that
makes the computation of Fk trivial. For each Kk a finite family of functions
ϕk,`, ` = 1, . . . , Nk is chosen which satisfy equation (4.11) so

∆ϕk,` + κ2
kϕk,` = 0 in Kk (4.18)

and ϕk,` = 0 on Ω\K̄k. Then the discrete space approximating L2(∂Kk) consists
of all functions yak such that

yak =

Nk∑

`=1

yk,`

(
− 1

ρk

∂

∂nk
− iσ

)
ϕk,` k = 1, 2, . . . , N, (4.19)

where {yk,`}Nk`=1 are arbitrary constants. Similarly,

χak =

Nk∑

`=1

χk,`

(
− 1

ρk

∂

∂nk
− iσ

)
ϕk,`, (4.20)
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where the expansion coefficients {χk,`}Nk`=1 are the unknown parameters to be com-
puted. Of course Fk(yak) is easy to compute since

Fk(yak) =

Nk∑

`=1

yk,`

(
1

ρk

∂

∂nk
− iσ

)
ϕk,`. (4.21)

The discrete UWVF is then obtained by replacing χk by χak and yk by yak in
(4.17). One must bear in mind that the aim of the discrete UWVF is to obtain an
approximation for the function χk. A method for computing the approximation
of the pressure field pk from χak is discussed in Section 4.1.3.

There are still a number of possible choices for the functions ϕk,`. Obviously
{ϕk,`}∞`=1 is required to be a complete family of solutions in the sense that any
function in L2(∂Kk) can be approximated to any desired accuracy by a function
of the form (4.19) provided Nk is chosen large enough. For example in 2D it would
be possible to choose

ϕk,`(x) = J`−1 (κk|x− xk|) ei(`−1)θ, 1 ≤ ` ≤ Nk, (4.22)

where x ∈ R2, xk ∈ Kk, J`−1 is the Bessel function of first kind and order `− 1;
and θ is the angle in polar coordinates. For the least squares problem this basis
does not offer a significant advantage over the basis that is chosen next [152]. In
addition, the integrals in (4.17) must be computed by quadrature.

Thus, the choice advocated by Cessenat and Despŕes [29, 30] is used. This is
the plane wave basis given by

ϕk,` =

{
exp(iκkdk,` · x) in Kk

0 elsewhere,

where dk,` is a unit vector giving the direction of propagation of the wave. The
wave plane basis for the element Kk in 2D can be constructed using angularly
equispaced directions

dk,` =

(
cos

(
2π
`− 1

Nk

)
, sin

(
2π
`− 1

Nk

))
. (4.23)

In 3D the equispaced directions are obtained from optimized spherical coverings
[93]. These are computed by minimizing the maximum distance of any point on
the unit sphere from the set of the Nk points.

The choice of equally spaced directions is not required by the UWVF. It is
possible that another choice of directions might reduce the number of required
directions if some a priori information on the solution is available but this topic
is not studied here. Instead, the choice of basis functions is limited to varying the
number of directions Nk between elements.

In the Galerkin approach the test function vk,` is chosen from the basis func-
tions so that successively vk,` = ϕk,`, 1 ≤ ` ≤ Nk and 1 ≤ k ≤ N . Then the
discrete form of the UWVF can be written as the matrix equation [30]

(D − C)X = b, (4.24)
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where X = (χ11, . . . , χ1Nk , χ21, . . . )
> and D is the positive definite Hermitian

block diagonal matrix

D =




D1 0 . . . . . . 0

0
. . . 0 . . . 0

... 0 Dk 0 0

...
... 0

. . . 0
0 0 0 0 DN



.

The entries in D are

D`,m
k =

∫

∂Kk

1

σ

(
− 1

ρk

∂ϕk,m
∂nk

− iσϕk,m
)(
− 1

ρk

∂ϕk,`
∂nk

− iσϕk,`
)
, (4.25)

where the subscript of D refers to the block and the superscripts refer to the
element in the block. The matrix C is also sparse and has a block structure. In
the kth block row of the matrix C , the number of blocks corresponds to the
number of faces in the element Kk. The entries in C are given by

C`,mk,j =

∫

Σk,j

1

σ

(
1

ρj

∂ϕj,m
∂nk

− iσϕj,m
)(

1

ρk

∂ϕk,`
∂nk

− iσϕk,`
)

+

∫

Γk

Q

σ

(
− 1

ρk

∂ϕk,m
∂nk

− iσϕk,m
)(

1

ρk

∂ϕk,`
∂nk

− iσϕk,`
)
. (4.26)

The entries for the right hand side of the system are

b`k =

∫

Γk

1

σ
g

(
1

ρk

∂ϕk,`
∂nk

− iσϕk,`
)
. (4.27)

If the edges (or faces in 3D) of the elements are straight, the integrals above can
be evaluated in closed form. The details for the analytical forms of the integrals in
the 2D and 3D UWVF can be found from [29, 30]. In some of the 2D examples in
next chapter, curved elements are also used. On curved element edges the integrals
must be computed numerically. Note that it is vital to use curved elements,
otherwise large errors can occur from approximating curved boundaries by multi-
wavelength sized elements. However, in 3D studies of Chapter 6, only straight
faced tetrahedra will be used.

For numerical stability it is suggested [29] that equation (4.24) can be solved
in the form

(I −D−1C)X = D−1b. (4.28)

This preconditioned approach requires inversion of the matrix D. Due to the
block diagonal structure of D the inversion can be done block wise for each Dk

separately. Using knowledge of the conditioning of the blocks the stability of the
resulting matrix system (4.28) can be improved. This will be discussed in the
following sections.
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4.1.2 Changes in the UWVF due to the PML

The previous derivation of the UWVF was carried out for the Helmholtz equation
(2.28). In this section the modifications in the UWVF arising from the use of the
PML are given. Furthermore, the source term fs of the inhomogeneous Helmholtz-
PML equation (3.25) is also included to the UWVF.

Analogously to the standard Helmholtz equation, the Helmholtz-PML equation
(3.25) can be decomposed into subproblems for each element Kk, k = 1, · · · , N .
In this way, one can define a collection of coupled problems as

∇ ·Ak∇pk + κ2
kη

2
kpk = fsη

2
k in Kk,

(4.29)

1

ρk
nk · (Ak∇pk)− iσpk = − 1

ρj
nj · (Aj∇pj)− iσpj on Σk,j ,

(4.30)

1

ρk
nk · (Ak∇pk) + iσpk = − 1

ρj
nj · (Aj∇pj) + iσpj on Σk,j ,

(4.31)
(

1

ρk
nk · (Ak∇pk)− iσpk

)
= Q

(
− 1

ρk
nk · (Ak∇pk)− iσpk

)
+ g on Γk, (4.32)

where pk = p|Kk , Q ∈ C, |Q| ≤ 1 and σ is a positive real valued constant on
∪Nk=1∂Kk. For convenience it is denoted Ak = A|Kk and ηk = η|Kk . Note that Ak
is either the identity matrix and ηk = 1 or the element is in the PML.

Provided thatQ = 0, κk ∈ R, Ak = I , g = 0 and σ is given by (4.9), the exterior
boundary condition (4.32) corresponds to the zeroth order (i.e. Sommerfeld type)
absorbing boundary condition (4.9).

For the formulation of the UWVF-PML the operator Fk is redefined as

Fk : L2(∂Kk)→ L2(∂Kk) (4.33)

such that if yk ∈ L2(∂Kk) then Fk(yk) ∈ L2(∂Kk) is given by

Fk(yk) =

(
1

ρk
nk · (Ak∇)− iσ

)
vk on ∂Kk, (4.34)

where vk ∈ H1(Kk) satisfies

∇ ·Ak∇vk + κ2
kη

2
kvk = 0, in Kk, (4.35)

(
− 1

ρk
nk · (Ak∇)− iσ

)
vk = yk on ∂Kk. (4.36)

In addition, the unknown function χk on ∂Kk is defined by

χk =
((
− 1

ρk
nk · (Ak∇)− iσ

)
pk

)∣∣∣
∂Kk

, 1 ≤ k ≤ N. (4.37)
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Using the above definitions, the UWVF for the Helmholtz-PML equation can be
written in the same form as for the standard Helmholtz equation (4.17). An
exception follows from the source term fs which gives rise for an additional term
in the right hand side of (4.17) which is then

N∑

k=1

∫

Γk

1

σ
gFk(yk) +

2i

ρk

N∑

k=1

∫

Kk

fsη
2
kvk. (4.38)

In order to discretize (4.13) a plane wave basis is used. For those a set of
directions {dk,`}Nk`=1 associated with Kk (with |dk,`| = 1) must be defined. Then
the plane wave basis functions are

ϕk,` = eiκkdk,`·r
′
. (4.39)

where r′ = (x′, y′, z′). Note that this special basis is a solution of the adjoint
problem (4.3) on Kk when either Ak = I or when the element is in the PML.

The discrete form of the UWVF is obtained via the substitution vk = ϕk,` and

χak =

Nk∑

`=1

(
χk,`

(
− 1

ρk
nk · (Ak∇)− iσ

)
ϕk,`

)
, 1 ≤ k ≤ N. (4.40)

Analogously to the discrete Helmholtz problem in Section 4.1.1, the weights χk,`
can be computed from the matrix equation (4.28). Due to the source term fs, the
entires of the data vector b are computed as

b`k =

∫

Γk

1

σ
g

(
1

ρk

∂ϕk,`
∂nk

− iσϕk,`
)

+
2i

ρk

∫

Kk

fsη
2
kϕk,`. (4.41)

4.1.3 Resolving the field from the boundary function χk

The discrete UWVF gives an approximation for the function χk which consists of
the sum of ∂p/∂n and p on ∂Kk for each k. By using χk and χj for the common
interface Σk,j one can compute an approximation for p on Σk,j . However, away
from ∂Kk a direct approximation is only given in the elements where κk ∈ R.
Since elements Kk are typically large compared to wavelength of sound, one needs
to compute the field away from ∂Kk when medium is absorbing. This procedure
is discussed next.

Let Kk and Kj share a common boundary Σk,j then using the coupled trans-
mission conditions (4.30) and (4.31); and the definition of the function χk (4.37),
the pressure field on Σk,j can be computed as

p|Σk,j =
i

2σ
(χk + χj). (4.42)

On the other hand, provided that Ak is identity matrix, κk ∈ R and r′ = r in Kk,
equations (4.3) and (4.35) are identical and it easily follows from (4.37) and (4.40)
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that

pa|Kk =

Nk∑

`=1

χk,`ϕk,` in Kk. (4.43)

However, in the case of an absorbing medium, the extension of the field into the
element requires a new post-processing step. (Note that this is not necessary
during the solution of (4.28) but only for obtaining the field away from ∪Nk=1∂Kk.)

Analogously to original UWVF discretization (4.37) and (4.39), plane wave
solutions are utilized to construct a new set of basis functions. Unlike in the
discrete UWVF, however, the plane waves are now solutions of the local Helmholtz
equation (4.29) of the form

φk,` = eiκkak,`·r
′
. (4.44)

Rewriting the impedance equation (4.40) with the new set basis functions gives

ψak =

Nk∑

`=1

(
ψk,`

(
− 1

ρk
nk · (Ak∇)− iσ

)
φk,`

)
, 1 ≤ k ≤ N. (4.45)

To approximate the solution using the new basis, one needs to compute the weights
ψk,`, 1 ≤ ` ≤ Nk for which ψak

∼= χak.
In the UWVF context, the weights can be easily obtained for each element

Kk, 1 ≤ k ≤ N as a solution of

Nk∑

`=1

∫

∂Kk

(
ψk,`

(
− 1

ρk
nk · (Ak∇)− iσ

)
φk,`

)((
− 1

ρk
nk · (Ak∇)− iσ

)
φk,m

)

=

Nk∑

`=1

∫

∂Kk

(
χk,`

(
− 1

ρk
nk · (Ak∇)− iσ

)
ϕk,`

)((
− 1

ρk
nk · (Ak∇)− iσ

)
φk,m

)
,

(4.46)

for all 1 ≤ m ≤ Nk. For each element, the equations (4.46) can be written in the
form of matrix equation

Yk = D−1
k (φk,`, φk,m)Dk(ϕk,`, φk,m)Xk, (4.47)

where Xk = (χk,1, ..., χk,Nk )> and Yk = (ψk,1, ..., ψk,Nk )>. The entries for the
matrix Dk are

Dk(φk,`, φk,m) =
∫

∂Kk

((
− 1

ρk
nk · (Ak∇)− iσ

)
φk,`

)((
− 1

ρk
nk · (Ak∇)− iσ

)
φk,m

)
,

(4.48)
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where 1 ≤ `,m ≤ Nk. Note that in the case of κk ∈ R and r′ = r in Kk, the term
D−1
k (φk,`, φk,m)Dk(ϕk,`, φk,m) = I and no post-processing is needed.

After the coefficients ψk,` are found, the approximation for the field in each
element is obtained as

pa|Kk =

Nk∑

`=1

ψk,`φk,` in Kk. (4.49)

4.2 Navier Equation

In this section the UWVF for the elasticity problem is derived. As in the case of
the Helmholtz equation, the derivation starts by partitioning the domain Ω into
disjoint regular finite elements Kk, k = 1, ..., N . The mesh must be chosen so that
the coefficients Λ, µ and ρ are constant on each element (of course they can be
discontinuous across element boundaries). Furthermore, let the domain Ω consist
of subdomains Ω` (i.e. Ω = ∪L`=1Ω`) in which material properties are constants
and assume that the boundaries of the subdomains ∂Ω` do not intersect any of
the elements Kk. In other words, it is required that the subdomain boundaries
∂Ω` coincide with the element edges ∂Kk.

Unlike for the Helmholtz problem where the coupling parameter σ was a real
valued scalar, it is now a positive-definite real valued matrix function of position
on Σk,j . The elastic transmission conditions on Σk,j from Section 2.4 are written
in a coupled form as

T (nk)(uk) + iσuk = −T (nj)(uj) + iσuj ,

T (nk)(uk)− iσuk = −T (nj)(uj)− iσuj ,

where uk = u|Kk so that

∆euk + ω2ρkuk = 0 in Kk. (4.50)

The material properties ρk = ρ|Kk and Λ|Kk and µ|Kk are used in ∆e. Obviously
the above transmission conditions are equivalent to the original pair (2.30).

Moreover, to be able to write the coupled transmission conditions for the test
function, the complex conjugate of the traction operator is defined as

T (n)(u) = 2µ
∂u

∂n
+ Λn∇ · u+ µn×∇× u, (4.51)

where the overline indicates complex conjugation. Thus T (n)(u) = T (n)(u). For
the following use, suppose uk ∈ (H1(Kk))2 is a solution of Navier equation (4.50)
in Kk such that

T (nk)(uk)− iσuk ∈ (L2(∂Kk))2.

And let the test function vk ∈ (H1(Kk))2 satisfy

∆evk + ω2ρkvk = 0 in Kk, (4.52)
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such that

T (nk)(vk)− iσvk ∈ (L2(∂Kk))2.

The derivation of the UWVF for the Navier equation begins from the equality

N∑

k=1

∫

∂Kk

σ−1(−T (nk)(uk)− iσuk) · (−T (nk)(vk)− iσvk)

=

N∑

k=1

∫

∂Kk

σ−1(T (nk)(uk)− iσuk) · (T (nk)(vk)− iσvk)

−
N∑

k=1

2i

∫

∂Kk

(
uk · T (nk)(vk)− T (nk)(uk) · vk

)
.

The right hand side is only a straightforward expansion of the left hand side.

As noted above T (nk)(vk) = T (nk)(vk) so that using Betti’s third identity [131]

∫

∂Kk

(
uk · T (nk)(vk)− T (nk)(uk) · vk

)
=

∫

Kk

(
uk ·∆evk − vk ·∆euk

)
,

and the fact that uk and vk satisfy the Navier equation one obtains

∫

∂Kk

(
uk · T (nk)(vk)− T (nk)(uk) · vk

)
=

∫

Kk

(
uk ·∆evk − vk ·∆euk

)

= ω2ρk

∫

Kk

(uk · vk − uk · vk) = 0.

Then

N∑

k=1

∫

∂Kk

σ−1(−T (nk)(uk)− iσuk) · (−T (nk)(vk)− iσvk)

=

N∑

k=1

∫

∂Kk

σ−1(T (nk)(uk)− iσuk) · (T (nk)(vk)− iσvk). (4.53)

By using (4.53) the UWVF scheme is obtained. Suppose the element Kj shares
a boundary with element Kk. The transmission conditions (2.30) imply that

T (nk)(uk)− iσuk = −T (nj)(uj)− iσuj , on Σk,j , (4.54)

where it has been taken into account that nj = −nk on Σk,j . Using the boundary
condition

T (n)(u)− iσu = Q(−T (n)(u)− iσu) + g (4.55)
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on the exterior boundary Γ, the substitution of these into (4.53) yields

N∑

k=1

∫

∂Kk

σ−1χk · (−T (nk)(vk)− iσvk)

−
N∑

k=1

N∑

j=1

∫

Σk,j

σ−1χj · (T (nk)(vk)− iσvk)

−
N∑

k=1

∫

Γk

Qσ−1χk · (T (nk)(vk)− iσvk) =
N∑

k=1

∫

Γk

σ−1g · (T (nk)(vk)− iσvk),

(4.56)

where χk = −T (nk)(uk)− iσuk on ∂Kk.
To clarify the analogy of this variational formulation with the Helmholtz case,

it is possible to define the test function yk = −T (nk)(vk) − iσvk on ∂Kk and the
operator Fk : (L2(∂Kk))2 → (L2(∂Kk))2 by

Fk(yk) = T (nk)(vk)− iσvk (4.57)

on ∂Kk. Then the above equation gives the UWVF of finding χk ∈ (L2(∂Kk))2,
k = 1, 2, ..., N such that

N∑

k=1

∫

∂Kk

σ−1χk · yk −
N∑

k=1

N∑

j=1

∫

Σk,j

σ−1χj · Fk(yk)

−
N∑

k=1

∫

Γk

Qσ−1χk · Fk(yk) =

N∑

k=1

∫

Γk

σ−1g · Fk(yk), (4.58)

for all yk ∈ (L2(∂Kk))2, k = 1, 2, ..., N . This makes it clear that the unknowns
in the UWVF are the functions χk on ∂Kk. Of course, once these have been
computed it is possible to find u and T (n)(u) on ∂Kk for any k. For example, if
Kk and Kj share a common boundary Σk,j then

u|Σk,j =
i

2
σ−1(χk + χj) and T (nk)(u) =

χj − χk
2

. (4.59)

A similar formula holds on the exterior boundary using the exterior boundary
condition.

The details of how to choose σ for each face are given next. For some faces the
choice of σ may be dictated by modeling considerations. For most faces it needs
to be chosen as a positive definite matrix in a way that helps the conditioning of
the linear system resulting from the UWVF. There are many possible choices for
the coupling matrix σ. In principle, the only requirement is that entries of σ must
be of the order ωρ |c| where c is, for example, either cP or cS . Therefore on the
boundary Σk,j one could choose

σ = ωρ̂ ĉP I, (4.60)
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where ρ̂ and ĉP are mean values of ρ and |cP |, respectively, across the boundary
and I is the identity matrix. On the external boundaries ρ̂ and ĉP can be replaced
with ρ and cP , respectively.

Another possibility, more in accordance with the original philosophy of the
UWVF, is to utilize the absorbing boundary condition derived in Section 3.1.
Again, on the internal boundaries the coupling parameter is written by means of
the mean values of the moduli of the appropriate quantities if the coefficients are
complex.

σ = ωρ̂(ĉPn⊗ n+ ĉSs⊗ s). (4.61)

On the exterior boundary this form reduces to (3.13) and the boundary condition
equals to the absorbing boundary condition (3.12). This is the choice used in the
numerical experiments later in this thesis.

4.2.1 Discretization of the elastic UWVF

In this section it will be shown how to discretize the UWVF developed in the
previous section. The discrete form is given for 2D problems. Clearly in that case
(L2(∂Kk))2, 1 ≤ k ≤ N needs to be discretized. As noted earlier in Section 4.1.1,
the discretization should make it possible to compute the operator Fk defined in
(4.57) easily. As in the case of the Helmholtz problem this leads to the use of a
plane wave expansion.

On each element the solution of the adjoint Navier equation (4.52) can be
separated into two components using the Helmholtz decomposition

vk = vPk + vSk ,

which satisfy ∇× vPk = 0 and ∇ · vPk = 0. In a homogeneous medium (i.e. on any
Ωj , j = 1, . . . , J and hence on any element Kk) the compressional (P) wave vPk
and shear (S) wave vSk satisfy the Helmholtz equations

∆vPk + κ2
P v

P
k = 0, (4.62)

∆vSk + κ2
Sv

S
k = 0, (4.63)

in Kk with the wave numbers κP = ω/cP and κS = ω/cS . The corresponding wave
velocities cP and cS are functions of the Lame constants µ, Λ and the density ρ
on Kk and are given by (2.12). Recall from Section 2.2 that these two component
waves propagate independently in the homogeneous medium in Kk but interact
on the medium interfaces.

Hence, the function χk is approximated using two sets of plane waves with the
wave numbers κP and κS

χk ≈
NPk∑

`=1

[
χPk,`

(
−T (nk)(vPk,`)− iσvPk,`

)]

+

NSk∑

`=1

[
χSk,`

(
−T (nk)(vSk,`)− iσvSk,`

)]
, (4.64)
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where

vPk,` =

{
dk,` exp(iκP dk,` · r) in Kk

0 elsewhere
(4.65)

vSk,` =

{
d⊥k,` exp(iκSdk,` · r) in Kk

0 elsewhere
, (4.66)

and where dk,` = (d1
k,`, d

2
k,`), |dk,`| = 1 and d⊥k,` = (−d2

k,`, d
1
k,`).

As advocated in previous studies of the Helmholtz problem, in equation (4.23)
equispaced directions on the unit circle are used in 2D examples (note that in this
thesis, the numerical studies for the Navier problem are limited to 2D)

dk,` =

(
cos

(
2π
`− 1

q

)
, sin

(
2π
`− 1

q

))
, 1 ≤ ` ≤ q, (4.67)

where q is the number of directions (i.e. q = NS
k or q = NP

k ).

For k = 1, . . . , N , let

Vh,k = span
{
T (nk)(vSk,`) + iσvSk,`, 1 ≤ ` ≤ NS

k ,

T (nk)(vPk,`) + iσvPk,`, 1 ≤ ` ≤ NP
k

}
. (4.68)

Then the discrete UWVF problem is to compute χh,k ∈ Vh,k, k = 1, 2, ..., N , such
that

N∑

k=1

∫

∂Kk

σ−1χh,k · yh,k −
N∑

k=1

N∑

j=1

∫

Σk,j

σ−1χh,j · Fk(yh,k)

−
N∑

k=1

∫

Γk

Qσ−1χh,k · Fk(yh,k) =

N∑

k=1

∫

Γk

σ−1g · Fk(yh,k), (4.69)

for all yh,k ∈ Vh,k, k = 1, 2, ..., N .

To obtain a discrete matrix problem corresponding to (4.69), one can choose
yk = vPk,` and yk = vSk,` for each k and `. Substituting these into (4.56), the
discrete elastic UWVF problem can be written in the form of matrix equation
(4.28) where

X = (χP1,1, . . . , χ
P
1,NP1

, χS1,1 . . . , χ
S
1,NS1

, . . .)>.

The matrix D is again a block-diagonal matrix. Now each block Dk consists of
four subblocks

Dk =

(
D1
k D2

k

D3
k D4

k

)
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with the elements

D1,`,m
k =

∫

∂Kk

σ−1
(
− T (nk)(vPk,m)− iσvPk,m

)
·
(
− T (nk)(vPk,`)− iσvPk,`

)

D2,`,m
k =

∫

∂Kk

σ−1
(
− T (nk)(vSk,m)− iσvSk,m

)
·
(
− T (nk)(vPk,`)− iσvPk,`

)

D3,`,m
k =

∫

∂Kk

σ−1
(
− T (nk)(vPk,m)− iσvPk,m

)
·
(
− T (nk)(vSk,`)− iσvSk,`

)

D4,`,m
k =

∫

∂Kk

σ−1
(
− T (nk)(vSk,m)− iσvSk,m

)
·
(
− T (nk)(vSk,`)− iσvSk,`

)
.

The matrix C is also a block matrix with the blocks on diagonal

Ck =

(
C1
k C2

k

C3
k C4

k

)
,

and off diagonal

Ck,j =

(
C1
k,j C2

k,j

C3
k,j C4

k,j

)
.

The elements of the blocks are

C1,`,m
k =

∫

Γk

Qσ−1
(
− T (nk)(vPk,m)− iσvPk,m

)
·
(
T (nk)(vPk,`)− iσvPk,`

)

C2,`,m
k =

∫

Γk

Qσ−1
(
− T (nk)(vSk,m)− iσvSk,m

)
·
(
T (nk)(vPk,`)− iσvPk,`

)

C3,`,m
k =

∫

Γk

Qσ−1
(
− T (nk)(vPk,m)− iσvPk,m

)
·
(
T (nk)(vSk,`)− iσvSk,`

)

C4,`,m
k =

∫

Γk

Qσ−1
(
− T (nk)(vSk,m)− iσvSk,m

)
·
(
T (nk)(vSk,`)− iσvSk,`

)

and

C1,`,m
k,j =

∫

Σk,j

σ−1
(
T (nk)(vPj,m)− iσvPj,m

)
·
(
T (nk)(vPk,`)− iσvPk,`

)

C2,`,m
k,j =

∫

Σk,j

σ−1
(
T (nk)(vSj,m)− iσvSj,m

)
·
(
T (nk)(vPk,`)− iσvPk,`

)

C3,`,m
k,j =

∫

Σk,j

σ−1
(
T (nk)(vPj,m)− iσvPj,m

)
·
(
T (nk)(vSk,`)− iσvSk,`

)

C4,`,m
k,j =

∫

Σk,j

σ−1
(
T (nk)(vSj,m)− iσvSj,m

)
·
(
T (nk)(vSk,`)− iσvSk,`

)
.

The entries of the matrices C and D can be computed exactly since they only
involve integrals of complex exponentials along lines in 2D and over triangular
faces in 3D.

After the vector X is computed, the solution χk on ∂Kk can be approximated
using (4.64) and the traction and displacement approximated by using (4.59).



Chapter V

Computational issues

Earlier studies of the UWVF have reported ill-conditioning of the resulting matrix
system as a major drawback of the method [29, 30]. It can be shown that the
conditioning of the UWVF matrices is dependent on the element size of the finite
element mesh, material properties of the medium and the choice of basis functions
used to approximate the solution. In particular, varying the wave number within
the computational domain, an uneven element size of the mesh or a homogeneous
collection of plane wave basis functions in all elements can lead to severe instability.
Since the material properties are defined by the problem at hand, the stability can
be improved by adjusting the mesh and the UWVF basis functions properly.

This chapter deals with practical aspects of the numerical procedures for the
UWVF of the Helmholtz and Navier problems. In the first section a method to
stabilize the UWVF is introduced and two iterative solvers for solving the matrix
equation (4.28) are presented. The conditioning of the UWVF on a fixed mesh
can be improved by element wise control of the basis functions. Namely, the basis
functions can be chosen dynamically during the building of the system matrices.
Since the types of the basis functions used in this study are limited to equispaced
plane waves, the adjustable parameter is the number of plane waves per element.

The Richardson iterative method has been used in previous UWVF studies to
solve (4.28). However, the stabilized bi-conjugate gradient (Bi-CGStab) method
is also considered here. These two methods are compared for the UWVF problem.

To test the proposed techniques in practice, two dimensional numerical ex-
periments for the Helmholtz and Navier problems are presented. In particular,
the conditioning of the problem and the performance of the iterative solvers are
studied. The new method for choosing the basis functions is first tested for the
Helmholtz problem and then applied to the Navier problem. The latter requires
additional modifications since the solution in each element is approximated us-
ing two independent sets of basis functions. The UWVF scheme for the Navier
problem is also compared with the piecewise linear FEM discussed in Section 3.2.2.

62
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5.1 Computational procedure

After the finite element mesh for the problem geometry is generated, the solution
of the UWVF problem can be carried out in three steps. First, the matrix D is
computed. Although it is possible to fix the number of functions in the basis on
each element beforehand, changes in the number of basis functions per element
are allowed during the building of the matrix. The correct choice of the number
of basis functions on each element reduces the severity of the stability problems
that were reported in [30]. When the matrix D is computed, it can be Cholesky
or LU factorized for later use in solving the matrix equation (4.28).

In the second step, after the number of functions in the basis on each element
is chosen, the matrix C can be computed. In the third step, the matrix system
(4.28) is solved using an appropriate direct or iterative matrix solver. The last
step is rather time consuming. Therefore, the choice of the solver is an important
issue.

5.1.1 Stability of the UWVF problem

The block diagonal structure of the matrix D allows the separate factorization
the blocks Dk. The conditioning of the matrix block Dk depends on a variety
of factors, for example on the element size hk and the number of basis functions
Nk in that element. It was shown in [30] that the condition number of Dk for

Nk ≥ 4 is bounded from below by Ch
−2int(Nk/2)+2
k where C is a positive constant

and int(a) refers to the integer part of a. Numerical simulations show that the
conditioning of the matrix block Dk also depends on the wave number κk.

Obviously, the condition number of the matrix D can be affected by controlling
the element size hk and the number of basis functions Nk in each element Kk,
k = 1, ..., N . These parameters should be chosen so that stable inversion for all
blocks Dk is possible. Although one could vary the element size during mesh
generation, the focus in this thesis is given on controlling the number of bases
for a fixed mesh. This approach is justified because in many applications it is
desirable to solve the problem with many wave numbers using the same mesh. On
the other hand, it is known from the least-squares method that the easiest way
to improve the accuracy is to use more basis functions rather than a finer mesh,
provided that the solution to be computed is smooth [152]. Motivated by those
considerations, the maximum allowed element size in the UWVF that leads to a
tolerable accuracy is investigated. The main difficulty in the use of large elements
is the need for a high dimensional local basis which causes ill-conditioning of the
blocks Dk for other elements if the high number of basis functions per element is
used uniformly regardless of element size.

5.1.2 Choosing the basis

The simplest possibility is to use a fixed number of basis functions (i.e. a fixed
number of directions for the plane waves) in all elements. However, due to the
variability in the wave number and element size within the computation domain,
this may result in severely ill-conditioned blocks leading to a poor approximation.
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Therefore, a scheme in which the number of basis functions per element is chosen
dynamically during computation of the matrix D is proposed.

An appropriate criterion to characterize the stability of the inversion is the
L1-condition number

Cond(Dk) = ‖Dk‖1‖D−1
k ‖1. (5.1)

The method used here is based on the sequential computation of the blocks
Dk and the estimation of the condition number. The procedure starts by fixing
the highest allowed condition number and setting the initial number of functions
in the basis on each element. Then, it proceeds element by element building the
block and estimating the condition number for the current basis. Depending on
the condition number, one can reduce or increase the number of functions in the
local basis, recompute the block and estimate again the condition number. When
the appropriate number of functions in the basis for the element is found, the
Cholesky factorized block is saved and the same procedure is repeated for the
next element. As the outcome the Cholesky factorized matrix D and the number
of basis functions for each element are obtained.

Different criteria can be used to choose the admissible number of basis func-
tions. For example, one can choose the highest dimensional basis for which the
condition number is below a predetermined limit. Alternatively, an initial guess
can be made of the number of directions giving a relatively large dimensional uni-
form basis which is known to generate ill-conditioned blocks. The dimension can
be reduced only for the elements with the worst conditioning. Computation time
is naturally dependent on the method and the initial guess for the basis. However,
the basis is independent of the boundary data and therefore for a single frequency
and mesh, it must be computed only once.

5.1.3 Iterative algorithms

The solution of problem (4.28) can be done using a variety of techniques. Due to
the large size of the problem, the use of an iterative solver is preferred. In [30] the
Richardson algorithm was used. The following is a pseudo code for the method.

Set ε > 0
β0 = rand(0.5; 1− ε)
b̂ = D−1b
X0 = β0b̂
for j = 1, 2, 3, . . .

Xj = βj−1b̂+ [(1− βj−1)I + βj−1D
−1C]Xj−1

if Xj accurate enough; quit;
βj = rand(0.5; 1− ε)

end

Here rand(a,b) denotes a uniformly distributed random number between a and
b. The behavior of the method for the UWVF problem is analyzed in detail in
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[29, 30].
In this thesis the Richardson scheme is compared with another iterative solver,

namely the stabilized Bi-Conjugate Gradient (Bi-CGStab) [193]. This variant of
the conjugate gradient has been shown to be an efficient and smoothly convergent
method for solving high dimensional linear systems, see e.g. [182, 193, 195]. It is
applicable to non-Hermitian matrices as encountered here (although the reduction
of the residual will not necessarily be monotone). The algorithm below describes
steps in the Bi-CGStab for the system (4.28).

X0 is an initial guess; r0 = D−1b− (I −D−1C)X0

r̂0 = r0;
ρ0 = α = ω0 = 1;
v0 = p0 = 0;
for j = 1, 2, 3, . . .

ρj = (r̂0, rj−1);β = (ρj/ρj−1)(α/ωj−1);
pj = rj−1 + β(pj−1 − ωj−1vj−1);
vj = (I −D−1C)pj ;
α = ρj/(r̂0, vj);
s = rj−1 − αvj ;
t = (I −D−1C)s;
ωj = (t, s)/(t, t);
Xj = Xj−1 + αpj + ωjs;
rj = s− ωjt;
if Xj accurate enough; quit;

end

From the computational point of view it must be noted that the Bi-CGStab
requires two multiplications by I −D−1C and four vector inner products on each
iteration. Only one corresponding matrix-vector multiplication is needed in the
Richardson algorithm.

5.2 Numerical examples for 2D Helmholtz problem

In this section the accuracy of the UWVF method for an acoustic transmission
problem is analyzed. As an example of the Helmholtz problem in an inhomo-
geneous medium consider acoustic scattering from the obstacle Ω1 with different
properties than those in the surrounding medium Ω2. The concentric circular do-
mains Ω1 and Ω2 have radii a = 5.0 cm and R = 10 cm, respectively, see Fig. 5.1.
The aim is to assess the behavior of the error of the UWVF approximation rather
than to simulate any particular physical problem. The simple geometry allows the
computation of an accurate approximation for the problem (4.1) and (4.2) using
truncated Fourier series.

The acoustic pressure in Ω1∪Ω2 is now denoted by p. Let the speed of sound be
c1 = 3000 m/s and c2 = 1500 m/s in Ω1 and in Ω2, respectively. The corresponding

densities are ρ1 = 2000 kg/m
3

and ρ2 = 1000 kg/m
3
. The wave numbers are now
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Table 5.1: The comparison of uniform and non-uniform basis for f = 250 kHz.

Nk Relative Error Max(Cond(Dk)) DOF
Uniform basis 21 0.1349 5.3 · 1011 7014
Non-uniform basis 11. . . 29 0.1260 1.0 · 104 6956

κ1 = 2πf/c1 and κ2 = 2πf/c2 where f is the frequency of the sound field. The
values for the physical parameters c and ρ are typical for biological tissues.

On the exterior boundary Γ the boundary condition is written as

1

ρ2

∂p2

∂n
− iκ2p2 =

1

ρ2

∂pin

∂n
− iκ2p

in, (5.2)

where pin is the incident wave. The boundary condition (5.2) is obtained from the
general form (4.2) by choosing Q = 0, σ = κ2, and

g =
1

ρ2

∂pin

∂n
− iκ2p

in on Γ. (5.3)

As the incident field we use a point source

pin =
i

4
H

(1)
0 (κ2|r − r0|) (5.4)

located at r0 which is 1.0 cm outside the exterior boundary. The function H
(1)
0 is

the zeroth order Hankel function of the first kind. In many physical problems the
sound source can be constructed as a sum of point sources.

The boundary condition (5.2) is the low order absorbing boundary condition
(3.2) for the scattered part of the pressure field p. Although there are more accu-
rate absorbing boundary conditions, this is chosen due to simplicity of derivation
of the exact solution for the problem which enables comparison with numerical
results, see Appendix I. The error analysis compares the UWVF approximation
to the exact series solution of (4.1)- (4.2) with the above choice of data.

To increase accuracy of the solution, the elements are allowed to have curved
edges on the boundaries Ω1 ∩ Ω2 and Γ. The integrals (4.25)-(4.27) on those
boundaries were computed with the 21 point Gauss-Legendre quadrature [171].

The analytical solution and two UWVF approximations of the problem for the
frequency f = 250 kHz are shown in Fig. 5.2. The UWVF approximations are
computed in the mesh of Fig. 5.1.

The effect of variability of the element size and the wave number on the condi-
tioning of the matrix blocks Dk is shown in Fig. 5.3. The uniform basis leads to
severe conditioning problems in the domain Ω1 in which the wave number is low.
The highest values are in the smallest elements. However, for the non-uniform
number of functions in the basis per element, the condition numbers stays low and
still the method reaches the same accuracy with an almost equal number of degrees
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Figure 5.1: The geometry of the model problem (left).One of the meshes used

in the computations consisting of 334 elements and 184 vertices (right).

of freedom. The condition number of the blocks Dk in this example is limited to
104. In Table 5.1, the accuracy and the condition numbers for the problem are
compared with uniform and non-uniform basis.

Preconditioning and performance of the iterative solvers

The simulations in the previous section show that the appropriate choice of the
basis can improve the stability of the inversion of the blocks Dk. To determine
stability of the full matrix equation (4.28) one needs to study the conditioning of
the operator I −D−1C. The L1-condition numbers for Dk, D−C and I −D−1C
for the frequency f = 100 kHz are presented in Fig. 5.4.

The results suggest that the maximum condition number of Dk characterizes
the conditioning of the operator I −D−1C. Also, note the superiority of the form
I −D−1C compared to the non-preconditioned equation D − C.

The convergence of the iterative solvers is studied by observing the norms

Residual =
‖D−1b− (I −D−1C)X‖2

‖D−1b‖2
, (5.5)

Change in Xj =
‖Xj −Xj−1‖2
‖Xj‖2

. (5.6)

The residual is computed in the Bi-CGStab as ‖rj‖2/‖D−1b‖2. The iterations are
terminated when the residual get below 10−6.

The iterative solvers are compared by counting the matrix-vector multiplica-
tions y = (I −D−1C)x = x−D−1Cx needed to achieve the termination criterion.
Note that in addition to the matrix-vector operations four vector inner products
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Figure 5.2: Top: The analytical solution of the problem with f = 250 kHz. Mid-

dle: The UWVF approximation using the uniform basis with Nk = 21. Bottom:

The UWVF approximation using the non-uniform basis with Nk = 11, . . . , 29.

The real parts are shown in the left column and the imaginary parts are in the

right column. The UWVF approximations are computed using the mesh with

hmax = 2.13 cm, see Fig. 5.1.
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Figure 5.3: Top: Color of an element represents the base 10 logarithm of the

condition number of the matrix block Dk corresponding to the case of the uniform

basis with Nk = 21 and f = 250 kHz. The condition number is high in the domain

of the lower wave number and especially in the small elements. To improve the

stability of the problem the number of plane wave directions is chosen so that the

condition number of the blocks Dk are limited below 104. Bottom left: Base 10

logarithms of the condition numbers are shown for the non-uniform basis. Bottom

right: The highest number of bases for each element Kk for which the condition

number of Dk is below 104. The condition numbers for the elements are now

between 103 and 104 while the number of basis functions per element varies from

11 to 29.
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Table 5.2: A summary of the simulations of Fig. 5.5

Uniform basis Non-uniform basis
Nk 11 15 9..19 15...27
DOF 3674 5010 4859 7128
Max(Cond(Dk)) 7.7 · 106 2.3 · 1011 9.9 · 105 9.9 · 1011

Cond(D − C) 9.7 · 107 9.3 · 1012 2.4 · 107 2.2 · 1015

Cond(I −D−1C) 2.9 · 105 9.9 · 108 2.5 · 105 1.8 · 1012

Mat.- Vec. op., Bi-CGStab 388 588 362 706
Mat.- Vec. op., Richardson 604 Stagnation 565 1939
Relative error 4.63 · 10−2 2.07 · 10−3 3.13 · 10−3 4.05 · 10−5

are needed in the Bi-CGStab. However, the computational effort required for the
inner products is only a fraction compared to the matrix-vector operation.

The Bi-CGStab converges faster than the Richardson algorithm, see Fig.
5.4. The Bi-CGStab also reached the stopping criterion in all cases whereas the
Richardson stagnated in the case of the largest dimensional uniform basis.

The residuals as a function of the iteration number for some simulations are
presented in Fig. 5.5. In the same problem the Richardson algorithm failed to
reach the termination criterion. Table 5.2 summarizes the simulations of Fig. 5.5.
In all examples the convergence of the Richardson algorithm was smoother than
that of the Bi-CGStab.

5.3 Navier problem in 2D

In comparison to the Helmholtz problem, the solution of the Navier equation
has several additional challenges. Most importantly, the displacement field in
each subdomain with a homogeneous medium consists of the linearly independent
components, i.e. the P- and S-waves, both of which need to be taken into account
in discretization. In the finite element method this causes a particularly fine mesh
density since the rule of thumb (λ/h ≈ 10) must hold for the shorter wavelength
of the two waves. The UWVF offers a possible advantage over the FEM due to
the separate discretization of the P- and S-waves. However, as in the case of the
Helmholtz problem, conditioning of the linear system can be a limiting factor in
the UWVF simulations. In the following sections, the idea of using the condition
number of Dk as an indicator for the overall stability of the problem is extended
to the Navier problem. First, the method is examined for two wave propagation
problems. This includes a comparison with a low order finite element method
of Section 3.2.2. Then the UWVF is applied to an elastic wave problem in an
inhomogeneous medium.

5.3.1 Plane and Rayleigh wave propagation

As the first example, elastic wave propagation in a rectangular domain Ω = [0, 1]×
[0, 1] is investigated. Elastic properties of medium occupying the domain Ω are
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Figure 5.5: Convergence of the iterative solvers for f = 100 kHz and h = 2.13

cm. The norms for the Bi-CGStab are in the left column and for the Richardson

in the right column. We present the residuals for the uniform basis with Nk = 11

(a)-(b) and with Nk = 15 (c)-(d). Convergence with the non-uniform basis is

shown when the condition number of Dk is limited to 106 (e)-(f) and 1012 (g)-

(h).
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E = 200 · 109, ν = 0.3 and ρ = 7800. Hence P-, S- and Rayleigh wave speeds
are cP = 5875, cS = 3140 and cR = 2913, respectively. This gives ratios cP /cS =
κS/κP = 1.87 and cP /cR = κR/κP = 2.02. Single frequency examples for this first
model problem are computed with f = 2.0 · 104 which corresponds to κP = 21.4.
The material parameters are similar as those of steel but the examples are not
motivated by any particular application. However, the ratio cP /cS is typical for a
wide range of solid materials.

Two clearly distinct incident fields are analysed. In the first case, the exact
solution is a plane wave consisting of both P- and S-waves

uin = αd exp(iκP d · r) + βd⊥ exp(iκSd · r). (5.7)

The directions d and d⊥ are chosen so that α, β ∈ R and d ·d⊥ = 0. This example
is chosen because it provides the simplest test problem to test the accuracy of the
elastic UWVF for wave propagation. The direction of propagation of the plane
wave in all cases is d = (cos(π/q̃), sin(π/q̃))> where q̃ = max(NP

k , N
S
k ). This choice

does not coincide with any of the directions of the plane wave basis functions dk,`.
Furthermore, the amplitudes of the incident waves in all examples are α = 1 and
β = 1.

In the second case, the incident field is the Rayleigh wave of the form (2.36).
The waves propagate along the y = 0 surface in the direction of the positive x-axis.
This example is important since the discrete UWVF method uses only P- and S-
plane waves. It is therefore vital to investigate whether the method can resolve
surface waves for which the decomposition into P- and S- waves is not immediate.
The Rayleigh wave solution near the free-surface is shown in Fig. 5.6.

0 0.2 0.4 0.6 0.8 1
0
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0.2

0.3

0.4

0.5

Figure 5.6: The exact solution of the Rayleigh wave problem in the neighbor-

hood of the free surface.

The source term for both, plane and Rayleigh waves, is given in the form

g = (1 +Q)T (n)(uin)− iσ(1−Q)uin on Γ.
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Figure 5.7: Left: A typical uniform mesh used in UWVF simulations. Right: A

mesh for the FEM simulations. For the material properties and frequency used

in the wave propagation study, the ratio of P-wavelength and mesh parameter

λP /h is 0.83 for the mesh (a) and 10.38 for the mesh (b).

where Q = 0.1 is used in all cases, except that for Rayleigh waves Q = 1 on the
boundary y = 0. The coupling parameter σ is given by (3.13).

Typical meshes used in simulations are shown in Fig. 5.7. In this example,
uniform meshes are used so the number of P- and S-wave basis functions per ele-
ment (NP

k and NS
k ) can be chosen independent of the element number k. However,

due to the difference in the P- and S-wave numbers, there may be an advantage
in choosing different values for NP

k and NS
k . Thus the computational simulations

begin by studying how the choice of basis affects the accuracy and the stability of
the elastic UWVF approximation. In this and later studies the error is computed
using a discrete relative least squares norm as follows. First the UWVF results
are averaged at the nodes to obtain nodal values of the displacement (this is mo-
tivated by the desire to compare the results to FEM results later). The discrete
least squares norm error is simply the unweighted sum of the squares of the nodal
error.

In the top panel of Fig. 5.8 the error in the computed solution is shown using
various ratios NS

k /N
P
k and increasing the number of directions per element to

give more degrees of freedom. The exact solution in this study is the plane wave
(5.7). The results suggest that the ratio of the number of S- and P-wave basis
functions (NS

k /N
P
k ) should be approximately κS/κP in order to obtain the best

accuracy. In addition, the bottom panel of Fig. 5.8 shows the conditioning of the
I −D−1C corresponding to the computations shown in the top panel. The choice
that NS

k /N
P
k should be of the order of κS/κP also improves the conditioning of the

linear system in most cases (except for very large numbers of degrees of freedom).
Thus, both from the point of view of the accuracy and from the point of view of
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Figure 5.8: Relative error and condition number of I −D−1C as a function of

the number of degrees of freedom (DOF) per element for different ratios NS
k /N

P
k .

The exact solution is the plane wave (5.7). Results are computed in the mesh of

Fig. 5.7 (a). The frequency is f = 2.0 · 104 and κS/κP = 1.87. The eventual

blowup of the relative error in the top figure is due to the increase in condition

number with the number of degrees of freedom.
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Figure 5.9: Relative error (left) and condition number (right) as a function of

the mesh parameter 1/h. Results are computed with κP = 21.4, NP
k = 10 and

NS
k /N

P
k = 1.5.

the stability of the method, the ratio NS
k /N

P
k should be chosen in the manner just

described.

The behavior of the error and conditioning as a function of 1/h for a fixed
number of basis functions per element (i.e. fixed NP

k and NS
k ) and variable mesh

size is presented in Fig. 5.9. In the figure the error is given for the plane wave and
Rayleigh wave problems. From the left panel it can seen that the error for plane
wave decreases O(hα) for α ≈ 6.4 provided h is small enough. From the right hand
panel of Fig. 5.9 one can see that the maximum condition number of the matrix
blocks Dk gives a good indication of the condition number of the system matrix
I −D−1C and hence, can be used as a predictor of the conditioning of the system
matrix as was done in the Helmholtz problem. Then, in practice, it is possible to
use a similar approach for the elastic UWVF. The condition numbers of I−D−1C
in Figs. 5.9 and 5.10 are computed with Q = 0.1 on all boundaries.

Next, in Fig. 5.10 the behavior of the elastic UWVF method is examined on
a fixed mesh with a fixed basis, but varying ω so that κP and κS both vary while
keeping κS/κP fixed. For low κP the conditioning of the UWVF matrix I−D−1C
is very poor since all plane waves are almost constant on each element. As κP
increases, the conditioning improves and an accurate solution is obtained. As κP
increases further, the error then increases as can be expected from analyzing how
the solution is approximated by a sum of plane waves. It is again useful to note
(from the right hand panel of this figure) that the maximum condition number
of the blocks of D is a good estimate of the condition number of the overall
system matrix. On the other hand, the condition number Max(Cond(Dk)) can
be used for predicting whether a certain combination of a fixed mesh and a fixed
number of basis functions can lead to a good approximation. More precisely, a high
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Figure 5.10: Relative error and condition number as a function of the wavenum-

ber κP when NP
k = 16 and NS

k /N
P
k = 1.5. Results are computed in the mesh of

Fig. 5.7 (a)

condition number indicates instability of the problem, whereas at low condition
numbers (below 106 in this problem), the mesh may need to be refined or more
basis functions may need to be used.

Comparison with piecewise linear FEM

Finally, the piecewise linear finite element method is compared with the UWVF
for the plane wave propagation problem (i.e. the exact solution is the plane wave
(5.7)). The discrete relative least squares error in the FEM solution against the
reciprocal of the element size 1/h, for a fixed frequency and wavenumber, are
shown in the left hand panel of Fig. 5.11. The solution converges with an error
that is O(h2) as is to be expected for the piecewise linear FEM. Comparing the
left panel of this figure with the left hand panel of Fig. 5.9, it is obvious that
much finer meshes are needed in the finite elements scheme than in the UWVF
to obtain equal accuracy. In the right hand panel we examine the dependence of
the error of the FEM solution on the wavenumber κP (keeping the ratio κS/κP
fixed). As is to be expected, the error increases with κP (due to accumulating
phase error). Compared to the right hand panel of Fig. 5.10 one sees that the
finite element method is free from the low frequency conditioning problem that
afflicts the UWVF.

Even though the FEM requires a much finer grid than the UWVF to obtain
similar accuracy, one must be careful in comparing the efficiency of the two schemes
because the UWVF has a large number degrees of freedom per element. To try
to compare the methods more directly, the error in the FEM and UWVF schemes
are plotted in Fig. 5.12 as a function of the number of non-zero entries in the
resulting matrices. The h-UWVF is computed with the fixed basis on each element
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Figure 5.11: Left: A log-log plot of the relative error as a function of the mesh

parameter 1/h in the finite element scheme. Results are shown for f = 2.0 · 104

corresponding to κP = 21.4. Right: Relative error against the wavenumber κP

in the mesh of Fig. 5.7 (b).

and decreasing the mesh size h to obtain an accurate solution, and the p-UWVF
is obtained by increasing the number of directions per element on a fixed mesh.
Using either strategy the resulting matrix system is more dense in the UWVF than
in the FEM. However, the overall storage needed to reach a desired accuracy is
lower for the UWVF than for the FEM (see Fig. 5.12). Perhaps this not surprising
since the solution is smooth and hence a higher order method (like UWVF) should
be more efficient than a low order method like the piecewise linear FEM.

5.3.2 Transmission

As a second model problem, the transmission of elastic plane waves through a
circular inhomogeneity is analyzed. The radius of the circle is r = 0.5 and it is
embedded in an infinite homogeneous background material. Similar problem has
been studied for example in [158]. Since the problem is physically unbounded, the
computational domain is truncated by another circle with radius r = 1 where the
absorbing boundary condition developed in Section 3.1.2 is used. The transmission
is analyzed in two examples for which material properties of the inhomogeneities
and backgrounds are shown in Table 5.3. Essentially, the geometry of the problem
is similar as in Fig. 5.1. However, radii of the circular domains are different and
incident fields are plane waves instead of point sources used in Section 5.2. In all
simulations the frequency is f = 1.0 · 104.

The incoming wave is of the form (5.7). In some examples, however, cases with
incident P- and S-waves are studied separately. The direction of propagation of
the incident wave in both cases is d = (1, 0).

The problem is approximated in the ultra weak scheme by using (3.13) as the
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zero elements in the resulting matrix system. The abbreviation FEM refers to

the piecewise linear finite element method; h-UWVF to the elastic UWVF with

constant number of basis functions (NP
k = 10 and NS

k /N
P
k = 1.5) and varying

element size h; and p-UWVF to the elastic UWVF with fixed mesh (the mesh of

Fig. 5.7 (a) and NS
k /N

P
k = 1.5) and varying number of basis functions NP

k . The

results are for f = 2 · 104.

Table 5.3: Material properties

Ex. Figs. Domain E ν ρ cP cS cP /cS
1 5.13-5.14 Ω1 200 · 109 0.30 7800 5875 3140 1.87

Ω2 200 · 109 0.47 7800 12413 2953 4.20
2 5.15-5.17 Ω1 200 · 109 0.30 7800 5875 3140 1.87

Ω2 14 · 109 0.25 1800 3055 1763 1.73
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coupling parameter, setting Q = 0 and

g = T (n)(uin)− iσuin on Γ.

Assuming that the solution of the problem in Ω2 now consists of the incoming and
scattered fields u = uin +usc, these particular choices correspond to the first order
absorbing boundary condition (3.12) for the scattered part usc.

For comparison, an accurate approximation to the physical transmission prob-
lem is computed using a truncated Fourier-Bessel series. This method is described
in full detail in [158]. The infinite Fourier series is truncated when the relative
change of solution due to an additional Fourier mode is less than 10−5.

There are three sources of error in the UWVF calculation. First, the unbounded
problem is computed in a bounded domain with an absorbing boundary condition.
This is probably the main source of error in the simulations of this section. Second,
the interior circle is approximated using a polyhedral approximation (in the work
on the Helmholtz equation, the UWVF with curved boundaries was implemented).
Finally, of course, there is the approximation error due to discretizing the problem
on the bounded domain by the UWVF. Due to the first two approximations a
discrepancy of the order 5−15% can be expected between the UWVF and Fourier
series approximations even for very fine grids or large numbers of directions per
element. In fact, the numerical experiments show that the asymptotic error of the
method is around 10%. The error due to the ABC could be reduced by increasing
the distance between the scatterer and the absorbing boundary.

Because the mesh, shown in Fig 5.13, is unstructured and the elastic properties
depend on position it is helpful to vary the total number of basis functions, and
the ratio of number of S- and P-wave basis functions element by element. Since
the accuracy of the UWVF approximation depends on both of these factors, they
are analyzed separately. In the first part of the study, a fixed ratio of the S- and P-
wave basis functions are chosen, and a feasible method to choose the total number
of basis functions in each element is sought. This part is similar to the method
used to choose the number of basis function for the Helmholtz problem. In the
second part of the study, the effect of the S- and P-wave composition of the basis
functions on the UWVF approximation is shown.

The results of the wave propagation example (Section 5.3.1) suggest that the
ratio of S- and P-wave basis functions NS

k /N
P
k should be about the local ratio of

the wave numbers κS/κP . By setting NS
k /N

P
k = κS/κP , one can compare two

approaches for choosing the total element by element number of basis functions.
The first, and the most obvious method, is to use equal number of P-wave basis
functions in all elements. Naturally, the total number of basis functions is then
defined by the local ratio NS

k /N
P
k = κS/κP . The second method is to choose

the total number of basis functions for each element Kk so that the condition
number of the corresponding matrix block Dk is below a user supplied allowed
limit. More precisely, the highest number of P-wave basis functions which results
in the condition number below this limit has been used. This approach is similar
to that used in [108] for the ultra weak approximation of the Helmholtz problem.
By varying the desired condition number it is possible to vary the number of
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Figure 5.13: Top: The mesh used for the transmission problem. Bottom: The

real part of the solution of the transmission problem with the incident wave

consisting of both P- and S-components.
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element Kk is chosen based on the condition number of the matrix block Dk. In

both cases the number of S-wave basis functions is defined by the local ratio of

wave numbers as NS
k /N

P
k = κS/κP .

directions per element. The mesh is fixed (Fig. 5.13) so the method is essentially
the p-UWVF studied in Fig. 5.12 (in particular the polygonal approximation of
the circular scatterer does not improve with more degrees of freedom).

In this part of the study, the material parameters listed for Ex. 1. in Table
5.3 are used. Note that the inhomogeneity and the background materials have a
remarkably different ratios cP /cS . Accordingly, the ratio NS

k /N
P
k has the same

variation between the two domains. The solution of the problem for (P+S)-wave
incident field (i.e. α = 1, β = 1 in (5.7)) and for f = 1.0 · 104 is shown in Fig.
5.13.

The error and the maximum condition number of Dk as a function of the
number of degrees of freedom (DOF) for the uniform and non-uniform number
of P-wave basis functions are shown in Fig. 5.14. The relative error refers to
relative difference between UWVF and Fourier series solutions. Note that using a
uniform number of P-wave basis functions causes the conditioning of the problem
to deteriorate rapidly which in turn causes the error to blow up. Therefore, in
the following examples, the number of basis functions is chosen according to the
conditioning of Dk.

Although the wave propagation example indicates that the ratio of S- and P-
wave basis functions should be about the ratio of the S- and P-wave numbers,
it is worthwhile to confirm this hypothesis also for a more complex problem. As
in the previous section, the effect of the choice of the ratio NS

k /N
P
k of the basis

functions on the accuracy of the elastic UWVF approximation is studied next. To
obtain almost homogeneous ratio of the wave numbers in the whole computation
domain, the material parameters of Ex. 2. from Table 5.3 have been chosen. The
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wave numbers for the two subdomains are different, causing significant scattering
of waves from the interface, but the ratio cP /cS is approximately equal for both
materials. This allows a straightforward comparison between the ratios NS

k /N
P
k

and κS/κP ; and performance of the UWVF.
Since the number of basis functions for each element is chosen now according

to the condition number of Dk, the relative error as a function of the maximum
allowed condition number is shown in Fig. 5.16. The composition of the basis is
varied by changing the ratio of S- and P-wave basis functions NS

k /N
P
k . The results

are computed for both P- and S-wave incident fields for which the solutions are
shown in Fig. 5.15.

The error for the same set of simulations is shown as a function of the number
of degrees of freedom in Fig. 5.17. It is notable that the error in the solution can
be controlled by choosing the desired maximum condition number (this in turn
affects the convergence rate of the bi-conjugate gradient scheme which may not
converge if the condition number is chosen too large). Of course the asymptotic
error in the computed solution is different for S- and P-incident waves because of
the differences in the scattered wave in each case.

5.4 Discussion and conclusion

In this section a practical method for choosing the number of basis functions per
element for the UWVF was introduced. The method is based on the individual
conditioning of the matrix blocks Dk. This condition number predicts the stability
of the overall matrix system rather well. Keeping the condition number below
a predetermined level resulted in a stable solution of the problem. The same
approach has proven feasible for both the Helmholtz and the Navier problems.
In the elastic case, however, it is necessary to choose the number of S- and P-
wave directions depending on the ratio κP /κS to improve both the accuracy and
conditioning of the elastic UWVF.

The results from the elastic UWVF show that the method is capable of re-
solving surface wave fields for which the decompostion into independent P- and
S-components is not readily apparent. However, the accuracy of the method for
the surface waves is not as good as for plane waves (this is obvious since the plane
wave basis used in this study is perfectly suited to approximate plane waves). To
maintain tolerable accuracy for problems in which surface or edge waves are gen-
erated, a finer spatial discretization or more basis functions near surfaces may be
required.

The comparison with the FEM shows that the UWVF compares well to the
piecewise linear FEM. The comparison was limited to the plane wave problem
only. However, it is known from previous studies that high-order finite elements
are needed to properly simulate Rayleigh waves [168].

The elastic UWVF performed well also in problems with an inhomogeneous
medium. The study of the accuracy of the method is possible only to a limited
extend due to the discrepancy between the UWVF approximation and the exact
Fourier series solution. This resulted from the approximate absorbing boundary
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Figure 5.15: Top: The real part of the solution of the transmission problem with

the incident P-wave. Bottom: The real part of the solution of the transmission

problem with the incident S-wave. Both solutions correspond to f = 1.0 · 104.
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accuracies for the incident P- and S-waves are 8% and 15%, respectively. The

discrepancy of this order between the Fourier series and UWVF approximations

are due to the low order absorbing boundary condition and the approximation of

the curved boundary by the UWVF.
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for the transmission problem.
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condition used in the UWVF scheme and the approximate fitting of the curved
boundary by a polygon. Further investigations are needed to see whether the
UWVF method is feasible for more complicated problems of elastodynamics in
3D.

The simulations in this chapter were computed in 2D. The extension of the
UWVF for the Helmholtz problem in 3D is discussed in the following chapter. The
3D version of the method utilizes the perfectly matched layer absorbing boundary
condition that was outlined in Section 3.1.3.



Chapter VI

Parallelized 3D Helmholtz solver using the PML

The numerical studies in the previous section were performed for two dimensional
problems. The extension of the UWVF-PML to 3D requires further improvements
to the computational procedure. Although in comparison with the low order finite
elements, the UWVF reduces the computational burden, the problems, especially
in the case of ultrasound fields, are still remarkably large. To be able to utilize
modern parallel computers, a parallelized UWVF-technique must be developed.

The UWVF method is derived using the spatial decomposition of the underly-
ing physical problem. Obviously, domain-based parallelism serves a natural frame-
work to develop a parallel UWVF code. A review of domain-based techniques
applied to various problems in science and engineering is given in [123]. In this
chapter, the parallel version of the UWVF-PML method for the 3D Helmholtz
problem is outlined.

Since for spatial discretization the UWVF uses standard finite element meshes,
a technique for mesh partitioning is discussed first. However, unlike for a low order
FE method, the number of unknowns per element can have substantial variation
within the mesh. Therefore, the partitioning to equally sized parts (in terms of
the number of elements) does not lead to a balanced load between processors. To
improve the load balance, a weighted partitioning scheme is introduced in Section
6.2. Finally, in Section 6.3 numerical experiments for the modeling of ultrasound
fields are performed using the parallelized UWVF-PML method. Studies of the
previous section did not include the PML, therefore the main emphasis in the
numerical examples of this section is given to the performance of the PML.

6.1 Partitioning of the mesh

The idea behind an efficient parallelized UWVF code is that the computational
mesh is first partitioned into n parts where n is the number of processors. Then
each processor assembles the parts of the matrices D and C along with the right
hand side b for the corresponding part of the mesh. The blocks Dk for the matrix
D can be constructed using geometric and material property information of the

88



6.2 Load balancing 89

element Kk only. However, for the blocks in the coupling matrix C, information
from the elements adjacent to Kk are needed which necessitates communication
between processors. Furthermore, for solving the matrix equation (4.28) with an
iterative solver, the matrix-vector multiplication (I − D−1C)X is computed on
each iteration which again calls for communication between subprocesses. Since
in Chapter 5. the Bi-CGStab was found to converge faster than the Richardson
iterative method, only parallelized Bi-CGStab is used in following simulations.
The parallel implementation of the Bi-CGStab methods are discussed in more
detail in [199].

On one hand, it is known that the bottleneck in parallel iterations is often the
amount of communication between processors. On the other hand, it is obvious
that the amount of communication can be reduced with the number of faces of
tetrahedra shared by different parts of the mesh. The method used in this thesis
is based on the multilevel partitioning of the mesh [119] using the single processor
version of METIS software package [118].

6.2 Load balancing

Let the element Kk be occupied by Nk basis functions. Furthermore, in the case
of a tetrahedral mesh, the element has four faces shared with adjacent elements
or at least one of the faces is on the exterior boundary. The number of entries in
the matrices D and C of (4.28) for a single element is then

Mk = N2
k +

4∑

`=1

NkNj` (6.1)

where Nj` is the number of basis functions in the element Kj sharing the face
Σk,j or Nj = Nk if the face is on exterior boundary. The storage needed for
the right hand side and the vector to be solved in (4.28) together with vectors in
the iterative solver can be taken into account with an additional storage of mNk

coefficients. The value of m depends on the type of the iterative solver being used.
As discussed in Section 5.1.2, the method used to choose Nk in 2D examples

relied on limiting the conditioning number of matrix blocks Dk below a predeter-
mined limit. The number of basis functions Nk and the building of Dk was then
obtained as a sequential procedure. More precisely, after an initial guess for Nk,
the matrix block Dk was computed and the condition number of Dk was evaluated.
This procedure was continued until the highest Nk which provided the condition
number below the user set limit was found.

In the parallelized approach, the previous scheme used to choose Nk faces two
drawbacks. First, to use parallel processing efficiently, the mesh must be parti-
tioned to each processor before starting of the dynamic procedure for selecting Nk.
The partitioning of the mesh so that each part has approximately equal number
of elements may lead to severe imbalance between loads at different processors.
Namely, if the element size and material properties vary within the mesh, the
number of basis functions that give an equal condition number of Dk varies sig-
nificantly between elements. Second, in 2D examples the initial guess for Nk was
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chosen equal for each element. However, in 3D , due to the increased number
of elements and number of basis function per an element, this approach becomes
intolerably time-consuming. Both these drawbacks call for a method to estimate
Nk prior to partitioning based on the element size and material properties in the
element.

The numerical experiments in Chapter 5 show that the condition number of
Dk depends on the element size hk and wave number κk. Based on the numerical
simulations, let the mesh size hav

k be defined as the average distance of element
vertices rk,`, ` = 1, ..., 4 from the centroid rk,C of Kk

hav
k =

1

4

4∑

`=1

|rk,C − rk,`|.

Then, the point source example of Section 6.3.1 in the case of κk ∈ R shows almost
linear correlation between the number of basis function per element Nk and the
dimensionless quantity κkh

av
k , see Fig. 6.1. Therefore, the initial guess can be

made in the form

Nk = A(κkh
av
k ) +B, (6.2)

where the parameters A and B can be found as a linear fit to the experimental
data. For example, the data of Fig. 6.1 gives A = 11.2 and B = 3.4.

The METIS allows weighed partitioning of the mesh. For load balancing, the
approximately linear relation between κkh

av
k and Nk provides means of estimating

the number of matrix entries Mk corresponding to each element Kk. Furthermore,
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the use of Mk and mNk to weightKk in METIS gives a relatively balanced memory
storage for all processors.

After the mesh is partitioned, the dynamic procedure of Section 5.1.2 can be
used to choose the stable number of basis functions Nk and to build the blocks
Dk. A significantly reduced number of trials is needed for finding Nk due to the
improved initial guess (6.2). However, the estimate (6.2) can be misleading if the
medium in Kk is strongly absorbing since the effect of imaginary part of κk is not
taken into account.

6.3 Numerical studies

To investigate the feasibility of the UWVF-PML method for large-scale wave field
simulations, a series of numerical experiments are performed for the propagation
and scattering of time-harmonic acoustic waves. It is known from experience with
finite difference and finite element methods that the PML parameters n, σ0,` and
the thickness of the PML must be properly adjusted to reduce numerical reflections
to an acceptable level. The effect of the PML parameters to the accuracy of the
UWVF-PML approximation will be discussed here.

As noted in Section 4.1.1, the directions for the plane wave basis functions are
obtained from optimized spherical coverings [93]. The number of basis functions
for each element is chosen based on the condition number of the matrix block Dk

[108]. The maximum allowed condition number in all simulations is set to 106.
The number of basis functions per element is limited to between 1 and 130. The
element size is chosen so that the upper limit for the number of basis functions is
not exceeded. The discrete problem (4.28) is solved by the stabilized bi-conjugate
gradient iteration which is truncated when the relative residual reaches a value
below 10−6.

Before proceeding to the analysis of the PML, the scalability of the parallel
UWVF method outlined in the beginning of this chapter is tested. The computer
code used in the simulations is coded with Fortran90 and parallelized using MPI
(Message Passing Interface). The computations are done with a Beowulf PC clus-
ter consisting of 12 1.8 GHz Pentium 4 processors and having 11.5 GB total RAM.
The processors are networked using a 1 GB ethernet switch. All simulations of
this chapter, not including the scalability study, are computed using 11 processors.

6.3.1 A point source

The first test problem consists of a point source

p(r, r0) =
1

4π

eiκ|r−r0|

|r − r0|
(6.3)

in a cubic computational domain centered at the origin. The location of the source
is r0 = (x0, y0, z0) and r = (x, y, z) is an observation point.

In the UWWF, a point source is obtained by having fs = δ(r − r0) in (4.29)-
(4.32) where δ(r − r0) is the Dirac delta function. The entries for the right hand
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side of equation (4.28) are thus

b`k =
2i

ρk

∫

Kk

fsη
2
kϕk,` =

2i

ρk
η2
ke
−iκkak,`·r0 . (6.4)

Since in all studies of this thesis, the source is located in the non-PML region it
follows that η2

k = 1. Furthermore, in all examples for this first model problem, the
material parameters are set c = 1500 m/s and ρ = 1000 kg/m3.

Scalability of the parallel UWVF solver

An essential property of an efficient parallel code is the reduction of total computa-
tion time with increase in the number of processors attending to the computation.
In an ideal case, the doubling of the number of processors should halve the com-
putation time. In practice, however, the increase of processors also requires more
inter-processor messaging which slows down the computation. The first numerical
example investigates the scalability of the parallel UWVF code.

In the scalability study, the point source is located at origin r0 = (0, 0, 0)
mm and the computational domain is a box with the edge length 20 mm. The
Sommerfeld type boundary condition (3.2) is used on the exterior boundary. The
frequency of the wave field is f = 100 kHz corresponding to the wavelength λ = 15
mm. This test problem with a low wave number problem allows computations
using a small number of processors.

Total computation time as a function of the number of processors is shown
in Fig. 6.2. The execution time reduces almost ideally with the increase in the
number of processors, that is, the time is inversely proportional to the number of
processors. However, when the number of processors for this small test problem
increases, time needed for communication may become notable. Fortunately in
larger problems in which the computation time consist merely of floating point
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Figure 6.3: Geometry and a cross-section of the mesh for the model problem 1.

A point source is located at r0 = (10, 10, 10) mm.

.

operations rather than messaging, the benefit of increasing number of processors
remains longer.

Performance of the PML

In the second part of the point source test problem, the performace of the PML is
examined. The domain consist of two concentric cubes with side lengths 30 and
40 mm. The region outside the smaller cube constitutes the PML (see Fig. 6.3).
The off-centered point source is located at r0 = (10, 10, 10) mm. The frequency
used in this study is f = 500 kHz and the resulting wavelength of the sound field
is λ = 3.0 mm.

Fig. 6.3 also shows a cross-section of a typical mesh used in simulations. The
longest edge of a tetrahedron in that mesh is h = 7.2 mm which is over twice the
wavelength.

The UWVF-PML approximations are computed for the zeroth order damping
layer (i.e. n = 0) and by varying the damping coefficient σ0,ξ = σ0. For the
exterior boundary condition (4.6), it is set Q = 0, g = 0 and the parameter σ is
given in (4.9). Note that in the case of σ0 = 0, the exterior boundary condition
corresponds to the zeroth order absorbing boundary condition (4.9). The exact
solution and UWVF-PML approximations with different σ0 are shown in Fig. 6.4.
Relative errors in the x = 0 mm plane inside the inner cube are listed in Table
6.1. In the table are also listed the variation in the number of basis function per
element Nk, the number of degrees of freedom in the problem (DOF) and variation
in parameter 3

√
6Nkλh

−1
k where hk is the longest edge of the tetrahedron Kk. This

parameter can be considered as an indicator to the needed number of degrees of
freedom per wavelength. The UWVF uses values 3

√
6Nkλh

−1
k < 6.7 that are below

the rule of thumb λ
h ≈ 10 typical for low order finite elements. Despite the relative

low value of 3
√

6Nkλh
−1
k , the error of the UWVF-PML approximations is below 1

%.
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Figure 6.4: The absolute value of the exact field in the plane x = 0 (top row).

The UWVF approximation with a zeroth order (n = 0) PML having different

damping coefficients σ0,ξ = σ0 are shown in the remaining panels. Note that the

field is shown in the non-PML region. The boundary condition (4.9) is used on

the exterior boundary.
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Table 6.1: Summary of the results of point source simulations

σ0 Nk DOF 3
√

6Nkλh
−1
k Err%

0 40 - 84 707 744 3.22 - 6.62 9.95
100 37 - 84 669 306 3.22 - 6.42 4.55
500 10 - 84 549 029 2.35 - 6.28 0.38
1000 1 - 84 422 666 1.09 - 6.28 0.62
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Figure 6.5: The amplitude of the acoustic field as a function of y for various

damping parameter values. The fields along the y-axis decay inside the PML

damping layer |y| > 15 mm. Outside the PML the field computed using σ0 = 500

is indistinguishable from the exact solution. For a large damping coefficient, the

adaptive choice of the plane wave basis functions in the UWVF allows only a small

number directions for the elements in the PML. This is most likely a reason for

the slightly reduced accuracy of UWVF approximation in the case of the largest

σ0.
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The smallest error occurs with the value σ0 = 500. A larger σ0 results in a
slightly poorer accuracy. This is most likely due to the conditioning based method
for choosing the number of basis functions for each element. More precisely, in-
creasing σ0 deteriorates the conditioning of the matrix blocks Dk and thus reduces
the number of basis functions per element. Small number of plane wave basis func-
tions weakens the matching of the UWVF impedance functions across elements
faces and naturally increases the error. On the other hand, for the lower σ0 the
reduced number of basis functions in the PML decreases the number of degrees of
freedom for the problem while σ0 is large enough that high accuracy still remains.
The plot along y-axis shows the rapid decay of the field in the PML (Fig. 6.5).

6.3.2 Inhomogeneous and absorbing medium

For the second example, the computational domain is divided into two parts with
the plane z = 0. The material properties for the upper (z > 0) and lower (z < 0)
half spaces are (κ1, ρ1) and (κ2, ρ2), respectively. Complex wave numbers κ1 and
κ2 are used, i.e. the materials have non-zero absorption coefficients α1 = 20 Np/m
and α2 = 40 Np/m. The other material parameters are c1 = 1500 m/s, c2 = 2000
m/s, ρ1 = 1000 kg/m3 and ρ2 = 1200 kg/m3. These result in wavelengths λ1 = 3
mm and λ2 = 4 mm for upper and lower half spaces.

As in the first example, the field is emitted by a point source located at the
point (0, 0, h) where h = 10 mm. An analytical solution for the field is [49]

p(r, h) =





eiκ1R
+

4πR+
+
eiκ1R

−

4πR−
− β

2π

∫∞
0
J0(ζR)e−µ1(z+h) ζµ2dζ

µ1(βµ2 + µ1)
, z > 0,

1

2π

∫∞
0
J0(ζR)eµ2z−µ1h

ζdζ

βµ2 + µ1
, z < 0,

(6.5)

where R =
√
x2 + y2, R± =

√
R2 + (z ∓ h)2 and β = ρ2/ρ1. The Bessel function

of order zero is denoted by J0 and µj =
√
ζ2 − κ2

j , j = 1, 2. The integrals of (6.5)

can be easily approximated with the trapezoidal rule. Since the integrands of (6.5)
decay rapidly, the upper bound of the integral can be chosen so that no significant
truncation errors occur from replacing the infinite limit by a finite value.

As discussed in Section 4.1.3, equation (4.43) should not be applicable to ap-
proximate the field inside elements where the wave number is complex and an
additional post-processing step is required. Since equation (4.43) remains valid
on the element interfaces ∂Ωk, it is useful to estimate the error that follows from
the use of (4.43) for the elements in the absorbing media. Therefore, in Table 6.2
the accuracy of the fields computed using (4.43) and (4.49) are compared. The
corresponding UWVF approximations and the exact solution for the problem are
presented in Fig. 6.6. It is clear that the use of (4.49) improves the accuracy of
the scheme.
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Figure 6.6: The exact solution (top row), the UWVF approximations when

computed with equation (4.43) (middle row) and the UWVF approximations

using Equation (4.49). Figures show the field inside the non-PML region in the

x = 10 mm plane.
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Table 6.2: Simulations for inhomogeneous absorbing medium

Approximating Eq. σ0 Err%
(4.43) 0 5.54

500 3.37
(4.49) 0 4.51

500 0.41

Figure 6.7: Geometry of the third model problem. The field is generated by a

uniformly oscillating rigid surface S in the plate y = 0. The rest of the y = 0 face

is modeled as a perfectly rigid surface. The region between the inner and outer

cubes constitutes the PML.



6.4 Discussion and conclusions 99

6.3.3 Uniformly oscillating surface on a rigid baffle

The third test problem is typical for many applications of acoustics. The study
concerns a field generated by a rigid infinite surface of which a finite region S is
oscillating with normal velocity amplitude vn. The reference field generated by
such a source in a homogeneous fluid can be computed using the Rayleigh integral

p =
iωρvn

2π

∫

S

eiκ|r−r0|

|r − r0|
dS(r0), (6.6)

where r0 denotes now a point on the oscillating surface. In addition, it is assumed
that the velocity amplitude vn is uniform throughout the surface S. The region
of interest has dimensions 30× 95× 30 mm which is surrounded by a 5 mm thick
damping layer (see Fig. 6.7). Motivated by the previous example parameters
n = 0 and σ0 = 500 are used. The material parameters for the medium and the
frequency f = 500 KHz are identical to those for the first test problem.

The oscillating and rigid boundaries are obtained using Neumann type bound-
ary conditions in the UWVF. More precisely, in the y = 0 plane, let Q = 1, fs = 0
and σ as in (4.9). In addition, the source terms g = −2iωvn and g = 0 are used
for the oscillating and rigid boundaries, respectively. The rectangular face in the
y = 0 plane with the side length of 20 mm acts as the source while the rest of the
plane is modeled as a rigid surface (see Fig. 6.7).

The fields are presented in Fig. 6.8. Use of the PML reduces the error from
8.18% to 1.54%. The variability in the number of basis functions per element was
42-85 for σ0 = 0 and 10-84 when σ0 = 500. The benefit of the damping layer can
be seen more clearly on the central axis of the source (Fig.6.9).

6.4 Discussion and conclusions

This chapter showed the feasibility of the parallelized 3D ultra weak variational for-
mulation with the perfectly matched layer for the modeling of large-scale acoustic
Helmholtz problems. The method was investigated with computational experi-
ments. In comparison with a low order absorbing boundary condition, the zeroth
order (n = 0) PML showed significant improvement in accuracy. In all problems
studied, the accuracy of the UWVF-PML approximation could be adjusted to ob-
tain an error of the order 1 %. This is sufficient accuracy for most engineering
applications.

The directions for the plane wave basis functions in the UWVF were uniformly
distributed on the unit sphere and the number of directions per element were cho-
sen according to a conditioning based criterion. The maximum allowed condition
number for the matrix blocks Dk in all simulations was set to 106. Using this
scheme, the accuracy of the UWVF approximation in all numerical examples was
mainly limited by the absorbing boundary condition. However, when the PML
parameter σ0 was chosen very high, it resulted in an insufficient number of basis
functions for PML elements, decreasing the accuracy of the UWVF approximation.



100 6. Parallelized 3D Helmholtz solver using the PML

0

0.2

0.4

0.6

0.8

1

10 20 30 40 50 60 70 80 90 100
−20

−10

0

10

20

y (mm)

z 
(m

m
)

Rayleigh integral

0

0.2

0.4

0.6

0.8

1

10 20 30 40 50 60 70 80 90 100
−20

−10

0

10

20

y (mm)

z 
(m

m
)

UWVF,  σ
0
 = 0

0

0.2

0.4

0.6

0.8

1

10 20 30 40 50 60 70 80 90 100
−20

−10

0

10

20

y (mm)

z 
(m

m
)

UWVF, σ
0
 = 500

Figure 6.8: Rayleigh integral (top), the UWVF-PML approximation with σ = 0

(middle) and with σ0 = 500 (bottom). The case of σ0 = 0 corresponds to the

zeroth order absorbing boundary condition (4.9). The PML starts when |z| = 15

mm and when y = 95 mm.
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Chapter VII

Model for measurement anomalies

A crucial issue in studies of ultrasonic acoustic and elastic wave fields is the reli-
ability of experimental wave measurements. In medical acoustics, a typical mea-
surement setup consists of a water tank into which a sound source, objects to be
studied and a hydrophone are immersed. The excitation of the sound source and
the positioning of the scanning hydrophone can be controlled by a computer. It
is known that especially in the case of time-harmonic (i.e continuous wave (CW))
fields, the measurements are sensitive to measurement errors. In this chapter a
method for modeling hydrophone measurements of CW ultrasound fields is intro-
duced.

Hydrophones that utilize the piezo-electricity of polyvinylidene fluoride
(PVDF) films are widely used for measuring ultrasound fields. Since the dis-
covery of piezo-electricity of PVDF in the late 1960’s, polymer hydrophones have
become standards in the characterization of medical ultrasound fields [95]. PVDF
has several attractive features over many piezo-materials including, for example,
high sensitivity, close acoustic impedance match with water and a relatively flat
frequency response. In addition, the availability of PVDF in thin (a few µm thick)
sheets makes it an ideal material for hydrophones for detecting sound waves in
megahertz frequencies. Various hydrophone models have been developed [95] of
which, two commonly used types of hydrophones in biomedical applications are
needle(probe) and spot-poled membrane hydrophones [94].

A needle hydrophone consists of a hollow metallic needle and a thin, usually 9-
25 µm, PVDF film mounted onto the tip of the needle. The film contains electrodes
and is backed with a material suitable for preventing reflection of waves from the
inner end of the film. To obtain good spatial resolution, the diameter of the needle
and the active area of the film are small, typically between 0.3-1.5 mm and 0.04-1.0
mm, respectively. Advantages and basic constructions of needle hydrophones are
discussed further in [140].

A spot-poled membrane hydrophone consists of a PVDF film supported only
at the edges by a mounting ring. The typical thickness of the film is 9-100 µm
and diameter can be as large as 100 mm. The film may consist of single, or

102
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more recently, two sheets of the PVDF and very thin (e.g 25 nm) layers of a
non-piezo-electric material (e.g. gold and chromium). Since the membrane is
nearly acoustically transparent, waves are allowed to propagate through the film,
and a small, typically 0.2 - 1.0 mm diameter, active area at the middle of the
membrane converts the acoustic displacements into measurable electric signal. The
development and structures of membrane hydrophones are discussed in detail in
[173].

Other hydrophone designs include, for example, the ellipsoidal hydrophones
[179] and hydrophone arrays [103]. In the ellipsoidal hydrophones, the PVDF
membrane is bonded to and backed by the end of an epoxy ellipsoid. The front
end of the device is shielded electrically by a thin layer of gold. A typical size
of the active element in the ellipsoidal hydrophones is 85-400 µm. A hydrophone
array consists of a PVDF film of which small diameter circular regions (a typical
diameter is 0.2 mm) have electrical connections. These active regions can generate
individually measurable signals. The size, shape, number and spacing of the active
elements can vary between different array configurations.

An assumption in acoustic measurements is that the hydrophone does not alter
the acoustic field. In practice, however, it is known that in the case of continu-
ous wave (CW) sources (i.e. time-harmonic wave fields), standing waves can be
formed between the hydrophone and surrounding structures and may disturb the
measurements (see [57] and [94]). Although this phenomenon has been known for
a long time, little effort has been made to study it either experimentally or the-
oretically. The effect of the PVDF membrane hydrophone positioned at different
distances from the transducer source operating in CW mode, to the field behind
the membrane was examined experimentally in [167]. The transducer was driven
at 2.0 - 2.25 MHz which resulted in 0-10% error to the field behind membrane,
depending on the hydrophone-transducer separation. The most notable error was
observed when the separation was less than 1.5 times the near-field distance. In
[198] the reflection of a wave pulse from a PVDF membrane was studied in two spa-
tial dimensions using a non-linear pseudospectral method and simulation results
were compared with experimental measurements.

The aim of the following is twofold. First, to computationally determine the
effect of the hydrophone on the acoustics field. Three different needle sizes and
one membrane hydrophone are used in the simulations. The frequency of the wave
field used in this study, varied from 0.5 MHz to 2.0 MHz. Second, simulated
measurements are used to examine how the reflected waves alter the signal of
the hydrophones. This part of the study is carried out for one needle and one
membrane hydrophone.

7.1 Computational model

To model acoustic interaction of the CW acoustic field and a hydrophone, several
assumptions have been made. First, the intensity of the acoustic field is assumed
to be so low that non-linear effects on the wave field could be ignored. Second,
although PVDF is a solid material and hence capable of bearing shear forces,
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Table 7.1: Geometric parameters of the computation domain for needle hy-

drophone simulations.

f (MHz) R (mm) L (mm) RS (mm)
0.50 25.00 65.00 15.00
1.00 12.50 40.00 7.50

it is assumed that waves other than dilatational ones could be ignored. This
assumption is justified since, due to the geometry of our simulation arrangement,
the waves hit the PVDF film in an almost normal direction leading to relatively
weak mode shear coupling. Additional approximations associated with the sound
source and hydrophones are discussed in the following section.

The computational model used in this study is based on the numerical solution
of the 3D Helmholtz equation (2.28) by the ultra weak variational formulation.
The method is the same as discussed in Chapter 6. However, instead of using
the PML, the absorbing boundary condition (4.9) is used to decrease spurious
numerical reflections from the exterior boundary.

7.2 Model for the source and the hydrophone

The computational domain used in the simulations is a cylinder, the size of which
varied with the frequency used in the simulations. In the needle hydrophone
simulations, the acoustic field is investigated using frequencies 0.5 MHz and 1.0
MHz. These frequencies are typical for ultrasound therapy of the brain [110].

The corresponding radius and length of the cylinder are R and L, respectively,
and the radius of the source RS of the computational domain for different fre-
quencies f are listed in Table 7.1. The radius of the source for each frequency
corresponds to 5 wavelengths of the wave field in water. The source of this size is
assumed to be sufficient to significantly back-scatter waves hitting the face of the
source. To reduce spurious reflections from the absorbing boundary, the size of the
computational domain is chosen so that the distance from the source and from the
hydrophone to the artificial boundary is always several wavelengths. Although a
larger computational domain might improve the accuracy, the size of the domain
is limited so that time needed to compute a single wave field remains reasonable.

The source is modeled as a circular domain at the end of the cylinder. In all
simulations the source is modeled as an uniformly oscillating surface. The normal
derivative of pressure on the surface is

∂p

∂n
= iωρvn, (7.1)

where ω = 2πf is the angular frequency and vn is the normal velocity of the
surface. In the UWVF method, this boundary condition is obtained by choosing
Q = 1 and g = −2iωvn in (4.6). Depending on the type of hydrophone, a needle or
a membrane is embedded in the domain, see Fig. 7.1. It is assumed that the PVDF



7.2 Model for the source and the hydrophone 105

Figure 7.1: Geometries of the needle hydrophone (left) and membrane hy-

drophone (right) simulations. In the simulations the material surrounding hy-

drophones is water.

membrane hydrophone passes through the computational domain and only a part
of the membrane is included to the simulation geometry. Although the membrane
appears as a surface in the right hand figure, the PDVF film is a volume with
a finite thickness. Correspondingly, only a thin tip of the needle hydrophone is
taken into account in simulations. Other parts of the needle hydrophone system
are excluded from the model.

The material properties used in this study for the PVDF are c = 2200 m/s,
ρ = 1780 kg/m3 and α = 157 Np/m/MHz. These are in agreement with the values
obtained in experimental measurements and used in other theoretical hydrophone
studies (see e.g [23] and [69]). The material surrounding the hydrophone is water
with c = 1500 m/s, ρ = 1000 kg/m3 and α = 0 Np/m.

The needle hydrophone is modeled as a thin cylinder with diameter DN . On
the tip of the needle hydrophone a 9 µm thick cylindrical domain with diameter
DF modeled the PVDF film. Detailed geometry of the tip of the needle is shown
in Fig. 7.2. The thin PVDF membrane is taken into account in the model but the
field inside the needle is ignored.

Three different needle hydrophones are studied. The needle and the PVDF
film diameters for the hydrophones are shown in Table 7.2. The dimensions of
needle and film of hydrophones are typical for currently commercially available
hydrophones.

The needle, not including the PVDF film, is assumed to be perfectly rigid.
Hence, on the surface of the needle the normal derivative of the pressure is zero,
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Table 7.2: Needle hydrophones used in simulations.

Hydrophone DN (mm) DF (mm)
1 0.30 0.075
2 0.46 0.20
3 1.47 1.00

Figure 7.2: Detailed geometry of the tip of the needle hydrophone. The diameter

φ of the needle and the PVDF film are denoted by DN and DF , respectively.

i.e.
∂p

∂n
= 0. (7.2)

(Corresponds to Q = 1 and g = 0 in (4.6)). The assumption about the perfectly
rigid needle is valid since the surface of the needle is usually made of steel or brass,
which have at least 20 times higher acoustic impedances than water.

The backing material behind the PVDF film is assumed to be absorbing. The
absorbing boundary condition (4.9) is used on the inner surface of the film.

Although in this study the impenetrable needle surface (7.2) is assumed and the
field inside the backing material is ignored, it is possible, in practice, that elastic
waves can be generated in the needle hydrophone. For example, it was shown
in [154] that surface elastic waves can be induced on a brass backing behind a
PVDF film. However, the piece of brass used in that study was significantly larger
(DN = 50 mm) than the needles in the present study. On the other hand, the
results in [154] suggested that the leaky waves, originating from the surface waves,
had only a minor effect compared to reflected and diffracted waves.

The membrane hydrophone is modeled as a single homogeneous 25 µm thick
layer of PVDF. To simplify the simulations (and to enable the generation of the
tetrahedral mesh), the non-piezo-material layers are not included in the model.
The simulations for the membrane hydrophone are computed for the frequency
2.0 MHz. The geometric parameters for the mesh at 2.0 MHz are R = 6.25 mm,
L = 20.0 mm and RS = 3.75 mm. In [167], experimental measurements using
2.0 MHz sources are done to study errors associated to membrane hydrophone
measurements of CW fields. The simulated data of this study can be compared
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Figure 7.3: Cross-sections of typical meshes used in needle hydrophone (left)

and membrane hydrophone (right) simulations. To ensure maximal accuracy of

the UWVF approximation between the needle and the source, relatively small

tetrahedra are used in the mesh between the tip of the needle and the transducer.

with those measurements. As in the case of the needle hydrophones, the size of
the computation domain is limited by reasonable computation time.

To evaluate the signal produced by the hydrophone, an active region with a
diameter of 0.50 mm is defined on the surface of the membrane. The signal is
obtained by integrating the pressure field over this active area. The electric signal
generated by a hydrophone is proportional to the pressure on the front face of the
membrane [69].

The simulated hydrophone measurement for both needle and membrane hy-
drophone is carried out in three steps. First, a mesh with the hydrophone at the
desired location is generated. Second, the UWVF approximation of the field is
computed. And third, the signal for the hydrophone is obtained by integrating
the UWVF approximation over the front face of the PVDF film.

Typical meshes used in the simulations are shown in Fig. 7.3. Depending on
the simulation, the number of elements in the mesh is between 35 000 and 80 000.
Due to the requirement of detailed geometry of the hydrophones, the element size
within a mesh varied considerably. Consequently, the number of basis functions
for a single element in the UWVF scheme varied between 1 and 130.

7.3 Simulations

7.3.1 Needle hydrophone

The effect of the needle hydrophone on the field under measurement is studied by
comparing simulated pressure fields in the absence and presence of the hydrophone.
The overall fields (i.e the fields with and without a hydrophone) are normalized
to the maximum value of the field without a hydrophone in the region shown.
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In the results section, the fields with and without hydrophone are referred to as
p and pw, respectively. To study the distortion caused by the hydrophone, the
difference field pw−p is also presented. To show what portion of the incident field
reflects from the tip, the difference field pw − p is normalized to the amplitude of
the incident field at the location of the tip.

The field scattered by a needle hydrophone is studied as a function of distance
from the tip of the needle to the source d. Pressure amplitude distributions are
shown for hydrophone 3 with DN = 1.47 mm and the frequency f = 0.5 MHz in
Fig. 7.4. The distance d varied from 10 to 30 mm. Corresponding difference fields
along the acoustic axis of the source are presented in Fig. 7.5. A notable pattern
of standing waves can be seen in all three cases, although the amplitude of the
waves diminishes with the increasing distance between the hydrophone’s effective
element and the surface of the radiating source.

The effect of needle diameter on the field distortion for fixed frequency f = 1.0
MHz and needle distance d = 10 mm are studied as a function of the hydrophone
size. The pressure amplitude fields in Fig. 7.6 show that only the thickest hy-
drophone causes significant distortion. It is noteworthy that the diameter of the
hydrophone 3 (DN = 1.47 mm) is almost equal to the wavelength (λ = 1.5 mm)
of the field. The plot along the acoustic axis in Fig. 7.7 confirms that the two
thinnest needles have only a negligible effect on the field between the needle and
the source.

Simulated hydrophone measurement

The measurement for hydrophone 3 (DN = 1.47 mm) and the frequency f = 0.5
MHz is simulated. The hydrophone is scanned along the acoustic axis of the source.

A comparison between simulated measurements with an ideal hydrophone and
with a real hydrophone is shown in Fig. 7.8. The ideal hydrophone measurement
shows the pointwise value of the pressure field without a hydrophone. The fields
are normalized with the mean pressure amplitude in the y-axis.

7.3.2 Membrane hydrophone

The membrane hydrophone simulations in this study are limited to frequency
f = 2.0 MHz. Similarly to the needle hydrophone studies, all results shown are
normalized, however, now with the maximum amplitude in water in the absence
of the membrane.

A periodic anomaly is shown in the field (Figs. 7.9 and 7.10). The membrane
is located at the distance of d = 10 mm.

Simulated hydrophone measurement

Finally, the simulated membrane hydrophone scan along the acoustic axis of the
2.0 MHz source from 10.0 to 15.0 mm with 0.1 mm spacing is shown in Fig. 7.11.
Furthermore, Fig. 7.12 shows the relative error in the pressure amplitude at the
point 18 mm from the transducer as a function of the location of the scanning
membrane hydrophone. The distance from the transducer to the hydrophone is
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Figure 7.4: Scattering from the needle hydrophone 3 with DN = 1.47 mm

for different distances d from the source. Left column shows the fields with the

hydrophone. Right column shows the anomalies due to the hydrophone. The

results are computed for the frequency f = 0.5 MHz.
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axis of the source for different needle - source distances (f = 0.5 MHz, DN = 1.47

mm).

divided by the near-field distance 18.56 mm. The relative error in the pressure
amplitude is shown compared to the value of the field at the same point without the
hydrophone. The error is shown also in comparison to the mean value of the field
at different transducer-hydrophone separations. The measured error presented in
the same figure is extracted from Figure 12 of [167].

7.4 Discussion and conclusion

In this chapter, the 3D ultra weak variational formulation (UWVF), developed in
the previous sections, was used for analyzing distortions in continuous-wave fields
caused by needle- and membrane hydrophones. Furthermore, simulated measure-
ments for the hydrophones were computed. The frequency span of the simulations
was 0.5 - 2.0 MHz which is typical for the ultrasound therapy. In many therapeutic
applications of ultrasound continuous waves are used and therefore it is essential
to understand possible anomalies related to the pressure field measurements.

In addition to the modeling approximations, the numerical procedure used in
this study has two main sources of error. First, by limiting the study to the rela-
tively small computation domain and by using the approximate absorbing bound-
ary condition (4.9) on the exterior boundary of the domain, minor spurious nu-
merical reflections of the waves are generated from the boundary into the cylinder.
The reflections originate mainly from the incident field of the source. Therefore,
they are eliminated from the difference field pw − p, Second, the UWVF method
using relatively coarse computational meshes has a limited numerical accuracy
which for problems studied here, means an error of the order 0.1-1.0 %. This
estimate of the accuracy was obtained by comparing two solutions for the same
geometry and frequency, computed in different meshes. In both cases, the method
for choosing the number of basis functions was the same as described in Chapter
5.

For needle hydrophones, the major distortion in continuous-wave measure-
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Figure 7.10: Comparison of the fields with and without membrane for the

frequency f = 2.0 MHz. The membrane is at plane y = 10 mm.

ments is most likely due to the back-scattered waves from the tip of the hy-
drophone. Some of these waves interfere with the incident field. Standing wave
patterns are formed between the needle and the source element (or a structure
between the needle and the source). Obviously, the amplitude of the field reflected
from the tip of the hydrophone is proportional to the amplitude of the incident
field at the measurement point (i.e. at the location of the tip).

The results for the needle hydrophones suggested that scattering from the tip
of the needle becomes observable when the diameter of the needle is over half
of the wavelength. Although a notable standing wave field was observed for the
frequency f = 0.5 MHz and hydrophone 3 at the distance d = 10 mm in Fig. 7.4,
the simulated measurement with the same hydrophone in Fig. 7.8 closely follows
the profile of the field at the acoustic axis. Therefore, for the needle hydrophones
it is not evident that the difference in the field and the measurement was only
due to standing waves between the needle and the source, particularly, since the
discrepancy did not have the same clear periodic structure as was observed in the
simulated measurement for the membrane hydrophone. Other possible sources of
error in measurements include, for example, the diffraction effects that are studied
in detail in [76]. The diffraction effects emerge since the hydrophone with the
finite size active film is used to measure the “point” value of the acoustic field.

In the case of membrane hydrophones, both the field between the transducer
and the membrane; and the simulated signal of the hydrophone revealed a half
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wavelength periodic distortion in comparison to the field without the membrane.
The relative amplitude of the disturbance was about 20%. For the 2.0 MHz
transducer, the field at a fixed distance from the source behind the membrane
hydrophone was simulated. This case imitates the experimental measurements
performed in [167]. The relative error of the field in simulations was 0-30 % when
compared with the pressure amplitude at the same spot without the hydrophone.
The error in comparison to the mean value of the field at the same point at different
transducer-hydrophone separations was 0-20 %. In [167], under 10% errors were
observed by using a second membrane hydrophone at a fixed distance from the
transducer. Hence, the model seems to predict the magnitude of the error reason-
ably well although the simulated errors were slightly over-estimated in comparison
to the experimental measurements.

The difference between the simulations and experimental measurements has
several possible reasons. For example, the model used in this study did not include
the changes in the output of the source due to the standing waves [15]. And the
second membrane used to measure errors in [167], interacts also with the wave
field and therefore may cause additional anomalies. A thorough validation of
the simulations would require a new set of measurements that would allow more
detailed comparison of the measured data with simulated results.

The simulations were computed only for a planar circular source. Since the
amplitude of the scattering from the hydrophone is proportional to the amplitude
of the field at location of hydrophone, it is obvious that strong distortion may
result in, when focused CW fields are measured near the focal spot. In addition,
this study was limited only to a region near the hydrophone (i.e only part of the
needle or membrane was considered) which naturally eliminates possible standing
waves from surrounding structures (e.g. from the walls of the measurement tank
or from the holder of the hydrophone).

The study was limited to only a relatively small number of hydrophones and
a simplified hydrophone model was used. An improved model could include the
elastic properties of the hydrophones, multi-layered structures and electric char-
acteristic of the PDVF film. These have been used in one dimensional modeling
of the membrane hydrophones [69]. An aim of this study, however, was to include
more detailed characterization of the incident fields and hydrophone geometries.
To limit the extend of the study, the simulations were computed only for the nee-
dle and membrane hydrophones but a similar simulations should be possible also
for the ellipsoidal or array hydrophones.



Chapter VIII

Transmission through layered structures

In the previous chapter, anomalies due to hydrophones in continuous-wave ul-
trasound fields were analyzed using the 3D Helmholtz-UWVF model. A similar
model is used in this chapter to simulate ultrasound transmission through layered
structures. The simulations are compared with experimental measurements. The
problems analyzed here, are of particular interest in focused ultrasound surgery
(FUS) through intact skull. As was discussed in the introduction, the aim in FUS
of the brain is to generate a constructive interference of waves at a desired location
in the brain.

A main obstacle for FUS of the brain arises from the strong acoustic mismatch
between soft tissues (skin and brain) and the skull. Typical values of density
for skin and brain are 1200 kg/m3 and 1030 kg/m3, respectively [68] . Whereas
the speed of sound in the same tissues are 1498 m/s and 1516-1575 m/s. A
comparison with the density and speed of sound of the skull (1797 kg/m3 and
2653 m/s averaged values from [66] used in [185]), indicates strong scattering of
sound from interfaces between the skull and soft tissues. Further difficulties in the
delivering of acoustic energy through the skull arise from the strong absorption of
sound in the bone (αskull = 50 Np/m at 0.5 MHz [66]). These two factors allow
only a small portion of the acoustic energy to be transmitted through skull which
necessitates the use of large-area phased arrays [39].

Due to the complex geometry of the skull, waves from different elements of
the phased array propagate to the focus through parts of skull which may have a
large thickness variation. To be able to accurately model the phase shifts caused
by the skull, one must take into account the detailed geometry of the skull. In
practice, the anatomy of the head can be obtained from computer tomography
(CT) or magnetic resonance (MRI) images.

In addition to the shape of the skull, recent studies have shown that the ac-
curacy of the ultrasound simulation can be improved by taking into account the
internal structure of the cranium [37]. CT-imaging methods provide a feasible
means to reconstruct the internal composition of the bone [7, 38, 50].

A simplified model of the skull consists of three layers which are the outer

117
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and inner ivory tables; and the middle diploe layer of cancellous bone. The mea-
surements in [66] show that the denser surface layers have higher speed of sound
(2900 m/s) but significantly lower absorption (6 Np/m at 0.5 MHz) than the inner
trabecular bone layer for which the corresponding values are 2500 m/s and 85
Np/m.

A common feature of previous modeling studies for ultrasound transmission
through skull has been their limitation to pulsed waves which typically consist of
1-30 sinusoidal cycles. The small number of cycles has allowed the use of time-
domain simulation methods, such as the FDTD method which become increasingly
time consuming for longer pulses (see Section 3.2.1) or projection and ray methods
[38, 185] which also suffer from computational complexity if multiple reflections
of the sound are taken into account. However, standing waves, especially between
the transducer and skull may have a notable effect on the transmitted field [36].

In this chapter simulations are carried out for continuous waves but instead of
using ex vivo skull specimens, the propagation medium consists of plastic layers
immersed in water. By using plastic plates one avoids the uncertainties in the
acoustical properties and detailed geometry of the medium that are associated
with biological tissues [192]. The simplified experimental setup is the first step
in the validation of the full-wave method for modeling of CW ultrasound fields in
complex media.

The simulations of this chapter are computed with the 3D UWVF solver of
the Helmholtz equation in an inhomogeneous medium. As an improvement over
the simulations of Chapter 7, the computations of this section are conducted uti-
lizing the PML method for reducing spurious numerical reflections. Furthermore,
attention is given to a more realistic modeling of the velocity distribution on the
transducer.

The chapter is organized in the following way. In the first section an inverse
problem theoretic approach for estimating the normal surface velocity of the trans-
ducer is introduced. The method uses experimental measurements to determine
the oscillation amplitude and phase on the transducer which will be later used for
modeling the source for the UWVF scheme. Section 8.2 outlines the experimental
setup for measuring the transmitted field. The simulation procedure is summa-
rized in Section 8.3. Measured and simulated fields are compared in Section 8.4
and the chapter is concluded in Section 8.5.

8.1 Inverse problem for the velocity distribution

The simulation studies of Section 6.3.3 and Chapter 7 analyzed fields emitted by
an oscillating surface with a uniform normal velocity distribution. Although this
kind of ideal model is widely used in acoustic simulations they are rarely sufficient
for modeling fields from real ultrasound transducers. In [104], experimentally
measured fields from polyvinylidene fluoride (PVDF) and lead zirconate titanate
(PZT) transducers were compared with theoretical models. They observed that
PVDF sources had a good agreement with the model that assumed a uniform
velocity distribution on the transducer. However, in the case of the PZT elements,
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marked amplitude variations on the transducer were found. A notable variation
in the amplitude and phase of transducers surface velocity pattern of CW sources
was also observed in [175].

Since the experimental measurements of this thesis are conducted using PZT
elements, the model must take into account the specific velocity pattern of the
transducer. Typically, the surface velocity is reconstructed from the measurements
that are made in a plane parallel to the transducers surface in the front of the
transducer. In the projection methods [35, 175, 183], the measured field is Fourier
transformed and the field can be easily projected backward to the source plane.
The pressure field in that plane can be resolved using the inverse Fourier transform.

In the equivalent phased array method (EPAM), the transducer is assumed
to consist of a “phased array” of small elements [62]. Each element oscillates
with its own amplitude and phase. Then, the field in the measurement plane is
obtained as a discrete Rayleigh integral over the fictitious elements. As will be
shown later, the pressure field in the measurement plane can be written in the
form of a matrix equation in which the vector of complex valued velocities for
each element is multiplied by a matrix arising from the discrete Rayleigh integral.
Obviously, if the pressure field is known, the velocity vector can be obtained as
the inverse of the same matrix. In EPAM, the inversion of the system matrix is
computed as the pseudo-inverse which produces the minimum norm solution for
the source. A similar technique was first introduced to predict driving amplitudes
and phases of phased arrays for ultrasound hyperthermia [58, 59].

The surface velocities obtained from the both methods have been shown to
lead to a reliable reconstruction of the pressure field if rather strict measurement
conditions are fulfilled. Namely, the field must be measured with relatively dense
spacing and the measurement plane must be large enough to contain sufficient
amount of information of the pressure field.

As was noted in [62], the surface velocity distribution obtained via EPAM is
not the same as the real particle velocity. Rather the method gives the excitation
source which produces similar acoustic field as the measured one. The EPAM
method is also sensitive to the input pressure field, that is, pressure data from
different measurement planes may lead to different velocity distribution.

From the methodological point of view, the source reconstruction belongs to
the class of inverse problems. In the forward problem, the task is to resolve the re-
sulting pressure fields from the known surface velocity distribution. Consequently,
the inverse problem can be defined as finding the sound source if the pressure field
(or a part of it) is known. Particularly since a small variation in the measured pres-
sure data may result in large changes in the surface velocity, the inverse problem
is said to be ill-posed. A common property of ill-posed problems is that the sys-
tem matrix is ill-conditioned. Standard techniques for treating the ill-conditioned
inverse problems are discussed for example in [86]. Typically, the ill-conditioned
problem is replaced with a nearby well-posed problem, and the problem is said to
be regularized.

The inverse problem approach for the acoustic source reconstruction has been
used for example in [178]. In that study the aim was to reconstruct the source
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of a tire noise. Due to the complex geometry of the tire, the forward modeling
was made using the boundary element method (BEM). The inverse problem was
solved with Tikhonov regularization.

The formulation of the forward problem in this thesis is the same as in the
equivalent phased array method. However, to relax the restrictions of the mea-
surement conditions, a similar regularization technique as in [178] is used to invert
the matrix equation.

In Section 6.3.3 the field from the uniformly oscillating surface was represented
using the Rayleigh integral (6.6). Assuming that the surface S consists of finite
sized elements S = ∪Nj=1dSj , the discrete Rayleigh integral for the pressure at
point r = (x, y, z) can be written as

p(r) =
N∑

j=1

vn,j

(
iωρ

2π

eiκ|r−rj |

|r − rj |
dSj

)
, (8.1)

where rj is the centroid of the element dSj and vn,j is the normal velocity at the
point rj .

Let the field be measured at points rm, 1 ≤ m ≤ M . Then, the pressure field
at the measurement points p(rm) = pm can be solved from the matrix equation

p = Hvn,

where

p =




p1

p2

...
pM


 , H =




h1,1 h1,2 . . . h1,N

h2,1 h2,2 . . . h2,N

...
...

. . .
...

hM,1 hM,2 . . . hM,N


 and vn =




vn,1
vn,2

...
vn,N


 ,

and where

hm,j =
iωρ

2π

eiκ|rm−rj |

|rm − rj |
dSj .

The discrete approximation is accurate if the size of the elements dSj is small
compared to the wavelength.

In the equivalent phased array method [62], the velocity distribution on the
transducer is obtained using the pseudo-inverse of the matrix H . As noted earlier,
this produces the minimum norm solution for the velocity vn which may differ from
the real velocity distribution. Therefore, in this thesis, a Tikhonov regularization
[190] is used. Hence, the velocity vector vn is obtained as the solution of

vn = (H∗H + γ2I)−1H∗p, (8.2)

where H∗ refers to conjugated transpose of the matrix H and γ is the so-called
regularization parameter.
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Figure 8.1: The experimental setup.

8.2 Measurement setup

The experimental measurements have two aims. On one hand, the measured data
is needed to reconstruct the velocity distribution on the transducer. The esti-
mated velocity is then used for the realistic modeling of the source in transmission
simulations. On the other hand, the measurements of the transmitted fields for
the plastic targets are required for the forthcoming comparison with the simulated
results.

Experimental measurements for this thesis have been made by Jason White
at the Focused Ultrasound Laboratory in the Brigham and Women’s Hospital in
Boston, MA, USA. Experiments are conducted in a tank filled with deionized and
degassed water. The dimensions of the tank are 450×910×420 mm and the walls
of the tank are padded with rubber to prevent spurious reflections. A schematic
illustration of the experimental setup is presented in Fig. 8.1.

The 30 mm diameter circular planar transducer is made of PZT-4 and it is
operated at frequency f = 531 kHz. The sinusoidal transducer signal is generated
with a waveform generator (Wavetek 395, Ismaning, Germany) and amplified with
a power amplifier (ENI A150, Rochester, NY, USA). A power meter (Agilent
E4419E, Palo Alto, CA, USA) is used to monitor the input power of the transducer.
The angle of the plastic layers in front of the transducer are controlled with a motor
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Table 8.1: Acoustic parameters for the plastics at the frequency 531 kHz

c (m/s) ρ (kg/m3) α (Np/m)
Water 1498 1000 0
Polycarbonate 2185 1187 19.4
Plexiglas 2770 1236 13.7
Rubber 1520 1089 31.7

driven rotary table (Welmex, Bloomfield, NY, USA).

Two types of layered plastic plates are used. Plate 1 is a single layer (thickness
11.8 mm) of polycarbonate and Plate 2 consists of a 6.0 mm thick layer of rubber
sandwiched between two 3.1 mm thick plates of plexiglas. Plates are large enough
that practically the whole sound beam from the transducer propagates through
the plate. The material properties of the plastic used for the plates and water are
listed in Table 8.1. All properties were measured in-house, except the absorption
coefficients for polycarbonate and plexiglas, which were obtained from [102]. The
three layer structure imitates the layered model of the human skull since it consists
of a softer and strongly absorbing material between thin layers of a harder material.

The transmitted field is measured using a 0.2 mm diameter PVDF needle
hydrophone (Precision Acoustics SN762, Dorchester-Dorset, UK). The simulations
of Chapter 7 showed that the diameter of the needle is small enough in order to
avoid standing waves between the transducer and the needle. The hydrophone
is moved in the tank using a a stepping motor controlled 3D positioning system
(Welmex, Bloomfield, NY, USA). The pre-amplified signal of the hydrophone is
recorded by a digital oscilloscope (Tektronix, Beaverton, OR, USA). The wave
generator, data acquisition and the positioning of the plate and hydrophone are
computer controlled by a PC. The recording of the signal is triggered to start
after a specific delay from the launch of the transducer signal. Several cycles of
hydrophone signal are recorded and the time-domain data is Fourier transformed
into the frequency-domain using a PC.

A detailed geometry of plate and measurement planes are shown in Fig. 8.2.
The transducer is in the y = 0 plane and wave propagate to the direction of the
positive y-axis. The front face of a plate is located at 45 mm distance from the
transducer. The distance from the transducer to the center of the measurement
planes is 85 mm. The plates are rotated in the (x,y)-plane. The measurement
planes have the origin at the point (0, 85 ,0) mm. The (x,y)-plane is in [−15, 15]×
[70, 100] mm. The measurements in this plane are used for comparison with the
simulated fields.

Another 30 × 30 mm measurement plane is in the (x,z)-plane spanning over
the region [−15, 15] × [−15, 15] mm. The data from this plane is used for the
reconstruction of the transducers surface velocity. In this case the field is measured
without the plastic plates. In the both planes, the fields are scanned with 0.5 mm
spacing.



8.3 Simulation procedure 123

Figure 8.2: Rotation of the plate and measurement geometry. The field is

emitted by a planar circular trasducer with the diameter 30 mm. The transducer

is located in the y = 0 plane so that the center of the transducer is at the origin.

The front face of the plate is located at 40 mm distance from the transducer

and the center of measurement planes is at 85 mm distance from the transducer.

The square region shows the (x, y)-measurement plane. The rotation angle of the

plate is denoted by θ.

8.3 Simulation procedure

The 3D Helmholtz-UWVF model used in this Chapter is essentially the same as
introduced previously in Chapter 6. However, as an exception to the previous
simulations, the BiCGStab iterations are truncated when the relative residual
reaches a value below 10−4. The computational region of interest has dimensions
40× 102× 40 mm. All faces, except the transducer face y = 0, are surrounded by
a 5 mm thick PML. The decay parameter in the PML is set to σ0 = 400. A cross-
section of the simulation geometry is the same as in Fig. 8.2, however, the 5 mm
PML surrounding the computational domain is not shown in the figure. Since the
plates pass through the computational domain, they continue at the same angle
in the PML region. The PML decay parameter in the plate is same as in water
σ0 = 400.

As in the previous chapter (see Section 7.2 for details), the transducer is mod-
eled as an oscillating surface on which the normal derivative of the pressure is

∂p

∂n
= iωρvn. (8.3)

However, unlike in the previous chapter where the normal velocity amplitude vn
was constant throughout the transducer surface, it can now be a function of loca-
tion vn = vn(x, z).
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The planar circular transducer in Fig. 8.2 is located in the y = 0 plane and it
is centered at the origin. Hence, the complex normal velocity vn on the transducer
surface S can be written in the form

vn(x, z) = A(x, z)e−iφ(x,z),

where A(x, y) is the amplitude and φ(x, z) is the phase.
The spatially varying amplitude and phase are computed as the solution of the

inverse problem (8.2). The implementation of the velocity is carried out in two
steps. First, the complex valued velocity is solved from (8.2) in a relatively dense
set of points on the transducer surface. Second, the amplitude and phase of the ve-
locity are representend in a parametrized form which simplifies the implementation
of the velocity to the UWVF code.

The measurements of Section 8.4 will show that the amplitude on the circu-
lar transducer used in this study can be approximated with a radial Gaussian
distribution

A = A0e
− R2

2σ2 , (8.4)

where A0 is a real constant, R =
√
x2 + z2 and σ is the standard deviation. The

phase is parametrized using a fifth order polynomial

φ(x, z) =

5∑

`=0

5−∑̀

m=0

B`,mx
`zm. (8.5)

Theoretical analysis of Gaussian sources in [80] showed that they have notably
smoother near field behavior than ideal piston oscillators.

The standard deviation σ for the amplitude and the constants B`,m for the
phase are obtained by a non-linear and linear, respectively, fitting to the recon-
structed surface velocity data. Since the aim of the simulations is to compare the
relative pressure amplitudes, the amplitude parameter A0 is set to A0 = 1.

To simplify the integration of the source terms in (4.6), each triangular element
face on the transducer surface is divided into four subtriangles. Then, the constant
amplitude and phase, determined by the values at the centroid, are used in each
subtriangle.

8.4 Comparison between measurements and simulations

In Fig. 8.3 the experimentally measured pressure field in the plane y = 85 mm
without a plate is shown. This data is used as input data to the inverse problem
(8.2) for reconstructing the surface velocity distribution of the transducer. For
the discrete Rayleigh integral (8.1), the transducer surface is divided into 2378
elements on which the discrete velocity is sought. On the other hand, the field in
the plane y = 85 mm is measured in 30 × 30 region with 0.5 mm spacing which
corresponds to 3721 measurement points. The Tikhonov regularized solution of the
over-determined matrix system is computed using γ = 2.2·105 as the regularization
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Figure 8.3: The measured field without a plate in the plane y = 85 mm.
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Figure 8.4: Amplitude (left) and phase (right) of the complex valued normal

velocity amplitude on the transducer. The velocity is obtained as the solution of

the inverse problem (8.2).

parameter. The parameter is chosen by trial and error. Namely, at low values of
γ the solution in unstable until the increase in γ over a certain value stabilizes
the solution. Further increase in the regularization parameter tends to force the
solution toward a constant value of vn,j = 0 for all j = 1, ..., N since this minimizes
the side constraint γ||vn||2 [86]. The parameter γ = 2.2 · 105 corresponds to the
value which gives stable but non-constant solution for the velocity field vn.

The normalized solution for the velocity distribution is shown in Fig. 8.4. The
amplitude and phase are shown at a dense set of points on the transducer plane.
In order to use a spatially varying velocity in the UWVF, the amplitude and phase
are parametrized as explained earlier in this chapter.

Results indicate that the amplitude has almost a radially Gaussian shape which
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Figure 8.5: The simulated amplitude on the central axis of the transducer in

water using the parametrized form of the velocity profile of Fig. 8.4.

justifies the Gaussian parametrization (8.4) for the UWVF method. More pre-
cisely, the non-linear fitting gives a value σ = 7.4 mm for the standard deviation.
The behavior of the phase is more complicated and therefore the high-order poly-
nomial representation (8.5) was chosen. Even higher order polynomials could be
used but in this case, the LS-fit to the phase data bacame unstable when the order
was increased.

The amplitude of the UWVF approximation of the pressure field on the central
axis of the transducer is presented in Fig. 8.5. The field is computed using the
parametrized surface velocity that is resolved from the measurements in the plane
y = 85 mm. In comparison to the ideal piston model (see e.g. Fig. 7.10), the near-
field behavior of the field is smoother due to the Gaussian velocity distribution.

The simulated and measured fields in the (x, y)-plane without a plate are shown
in Fig. 8.6. To simplify the comparison between the amplitudes of the simulated
and measured fields, all fields from here on are normalized with the amplitude at
the point (0,85,0) mm in the absence of a plate.

The effect of the plastic plate on the transmitted field is analyzed next. In
Fig. 8.7 the UWVF solution inside the non-PML region is shown for Plate 1. The
fields are presented for different rotation angles of the plate.

A detailed comparison between simulated and measured field is shown in Figs.
8.8-8.11. The amplitudes of the wave field inside the non-PML region for Plate
2 are shown in Fig 8.12. The comparison of the simulated fields with experimental
measurements are presented in Figs. 8.13-8.16.

For both plates, the best agreement between simulations and measurements is
obtained when the plate is rotated in θ = 10 deg. angle, Figs. 8.9 and 8.14. In the
case of Plate 1 with θ = 0 deg., the amplitude of simulated field is over-estimated,
see Fig. 8.8. On the other hand, for Plate 2 with θ = 0 deg., there is a minor
dicrepancy in phases, see Fig. 8.13. Although, the amplitudes start to deviate in
θ = 20 deg., see Figs. 8.10 and 8.15, the phases have a rather good agreement.
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plate in θ = 10 degrees angle.
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Figure 8.10: Comparison of the measured and simulated fields for the single

layer plate in θ = 20 degrees angle.
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layer plate in θ = 30 degrees angle.
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Figure 8.14: Comparison of the measured and simulated fields for the three

layer plate in θ = 10 degrees angle.
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Figure 8.15: Comparison of the measured and simulated fields for the three

layer plate in θ = 20 degrees angle.
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Figure 8.16: Comparison of the measured and simulated fields for the three
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For the largest angle θ = 30 deg., the error either in the amplitude or in the phase
is notable, see Figs. 8.11 and 8.16.

8.5 Discussion and conclusions

In this chapter, the feasibility of using the UWVF model for the Helmholtz equa-
tion was investigated for simulating continuous-wave ultrasound fields in inhomo-
geneous media. The computational simulations were compared with experimental
measurements in the case of ultrasound propagation through plastic plates. Two
plates were used. Plate 1 was a single layer of polycarbonate. Plate 2 consisted
of a layer of rubber sandwiched between layers of plexiglas. The sound field was
generated using a planar circular PZT transducer operating at 531 kHz frequency.
Transmitted fields behind the plates were measured for different incident angles of
the sound beam.

The velocity distribution on the transducer was reconstructed as a solution of
the Tikhonov regularized inverse problem. The parametrized form of the velocity
was used in computing the source term for the UWVF model.

A relatively good agreement was found between the measurements and the
Helmholtz model for both plates at low angles of incidence. However, at larger
angles, the accuracy of the simulations deteriorated. An interesting feature is
the large discrepancy between simulated and measured fields for Plate 1 at large
angles. The transition of the measured transmitted beam toward the negative
x-axis for 20 degree angle was much larger than was observed in the simulations
(based on the more detailed measurements the simulations fail somewhere between
15-17.5 degrees). Correspondingly, in the case of Plate 2, the simulations become
unreliable when the angle of the plate is larger than 20 degrees.

There are several possible candidates for the cause of inaccuracy of the simula-
tions. For example, the Helmholtz model does not take into account the generation
of waves other than P-waves. In the plastic plates, however, mode conversion into
other types of elastic waves is possible, especially at large incident angles. This
is the most probable cause to the failure of the Helmholtz model for the largest
incident angle θ = 30 deg. It may be possible to improve the UWVF solver by
coupling the Helmholtz model (which can be used to model the field in water) and
the Navier model for the plastic.

Another drawback in the simulations of this chapter was that the transducer
was modeled as a perfectly rigid surface for back scattered waves. In practice, the
performance of the PZT transducer may be altered by standing waves between the
plates and the transducer [15]. Particularly, back-scattered waves from the plate
hit the transducer and may therefore disturb the generation of the sound from the
PZT element. This may lead to the weakening of the output of the transducer
and cause the deformation of the generated field. The back-scattered waves are
a possible reason for the discrepancies between simulations and measurements at
small angles of the plates such as was observed in the case Plate 1 with θ = 0.



Chapter IX

Conclusions

In this thesis, the feasibility of the ultra weak variational formulation (UWVF) for
the large-scale modeling of time-harmonic ultrasound problems was studied. The
previously proposed UWVF scheme [29] for the Helmholtz problems in inhomoge-
neous medium was analyzed numerically in 2D and 3D. Furthermore, the perfectly
matched layer (PML) method was coupled with the UWVF. This provided an im-
proved means to truncate physically unbounded Helmholtz problems. The UWVF
method was also extended to approximate 2D elastic wave problems. Analogously
to the previous UWVF studies, the discrete UWVF was obtained using plane wave
basis functions. In the case of elastic waves, however, the basis must consists of
two wave components that arise from the Helmholtz decomposition of the problem.

It was known from previous studies [29, 30] that when compared with the low
order finite element methods, the UWVF method reduces the number of degrees
of freedom needed for a tolerable accuracy of the approximation. Moreover, even
though the system matrices of the UWVF scheme are less sparse than those of
the FEM, the numerical experiments with the UWVF of the Navier equation in
Chapter 5 showed that the UWVF also reduces the overall memory storage of the
problem.

From the computational point of view, the restriction on the use of plane wave
basis functions in the discrete UWVF has been the numerical instability of the
approximation. This drawback is not a property of the UWVF method only, but
has been observed also with other methods that utilize similar basis functions,
see e.g. [5] for the infinite elements or [136] for the finite element method. In
this thesis, the conditioning of the UWVF method was improved by allowing the
number of plane wave basis functions to vary within the computational mesh.
More precisely, the directions for the plane waves were angularly equidistributed.
Then, the accuracy of the UWVF approximation can be expected to improve with
the increase of the number of basis functions. The increase of the basis functions,
however, reduces the conditioning of the resulting matrix equation.

Therefore, it is natural to assume that the best approximation for a fixed mesh
and with the angularly equidistributed basis functions is obtained by using the
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largest number of basis functions in each element which allows the stable solution
of the UWVF problem. The results of Chapter 5 showed that in the UWVF,
the overall stability of the problem can be predicted from the conditioning of the
elementwise subproblems. This approach was first developed for 2D acoustic and
elastic problems and then extended to 3D acoustic problems in Chapter 6. The 3D
model also used the perfectly matched layer (PML) to reduce unphysical numerical
reflections from the artificial boundary enclosing the computational domain.

As a practical application of the UWVF method, Chapter 7 included a simu-
lation study for analyzing anomalies associated with continuous-wave ultrasound
field measurements. Traditionally, pulsed ultrasound has been used in medical ap-
plications mainly for imaging purposes. However, developments in medical imaging
techniques have given rise to a renewed interest in the therapeutic use of ultra-
sound using continuous wave fields. This has increased the need for experimental
continuous-wave field measurements which are known to be demanding due to
distortions caused by standing waves. In particular, the hydrophone is known to
alter the measured field.

In addition, the 3D UWVF approximations for the Helmholtz equation were
compared with experimental measurements in Chapter 8. The propagation
medium consisted of layered plastic plates immersed in water and the field was
generated by a circular planar transducer operating at frequency 531 kHz. The
agreement of the model with experiment is reasonably good if the sound beam
hits the plates with relatively small indicent angles. However, the accuracy dete-
riorated at larger incident angles. A possible reason is that the Helmholtz model
does not take into account mode conversion into elastic waves which is expected
to take place especially at larger angles.

Although the results of this thesis have shown that the UWVF method is a
promising candidate for the large-scale modeling of acoustic and elastic waves, a
lot of further work remains. An obvious improvement in the use of the plane wave
basis functions would be the abandonment of equispaced directions. Instead, the
directions should be used adaptively as proposed in [133] or based on the a priori
information of the solution (this can be obtained, for example, using a ray-method
as in [72]).

Another drawback of the UWVF method is its limitation to problems with
piecewise constant material properties. Specifically, in the choice of the approx-
imating space for each element, the method utilizes free-space solutions of the
problem with the material properties in the given element. A method for con-
structing plane wave solutions of the Helmholtz problems with linearly varying
material properties has been proposed in [19]. However, this idea has not been yet
implemented with any numerical scheme.

The future work should also include the coupling of separate acoustic and
elastic UWVF methods. In the coupled model, the wave field in parts of the
computational domain are modeled with the Helmholtz equation whereas in the
other parts the Navier equation can be used. The boundary conditions on the
interface of the acoustic and elastic regions can be constructed by using the fluid-
solid transmission conditions (2.32). However, to be able to include the coupled
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transmission conditions to the UWVF method, they must be reformulated as the
impedance boundary conditions. In the fluid-solid extension of the UWVF, this
will be a major challenge.

The elastic UWVF model introduced in this thesis was formulated for 2D
problems. A natural future improvement will be the extension of the method to
3D elastic wave problems. This requires, however, an additional set of S-wave basis
functions, since in 3D the elastic wave consists of the P-wave and two polarizations
of S-waves known as horizontal (SH-) and vertical (SV-) waves. In addition, the
feasibility of the PML method (used with Helmholtz-UWVF in this thesis) for
with the elastic UWVF is worth studying.

The measurements in this thesis were conducted using plastic plates. In order
to use the UWVF model for medical ultrasonics, more complicated test problems
must be analyzed. These include, for example, ultrasound propagation in ex vivo
tissue samples.



Appendix I

Exact solution for the acoustic transmission problem

Let the computational domain consists of two concentric circles centered at the
origin, see Fig. 5.1. Moreover, let the interface between subdomains Ω1 and Ω2

be denoted by Σ1,2 and exterior boundary by Γ. The outward normal of Ω1 on
Σ1,2 is n1 and outward normal of Ω2 on Γ is n2. The radii of the domain Ω1 and
Ω2 are R1 and R2, respectively. In addition, in the polar coordinates (R, θ), the
point source is located at (R0, 0) where R0 > R2.

The acoustic transmission is formulated as coupled Helmholtz problem. Let pk,
κk and ρk be acoustic pressure, material density and wave number in the domain
Ωk, k = 1, 2. Furthermore, let the field in Ω2 consist of the scattered and incident
parts p2 = psc

2 + pin
2 . Hence, the problem is

∆pk + κ2
kpk = 0 in Ωk, k = 1, 2 (A.1)

p1(R1, θ) = p2(R1, θ) on Σ1,2 (A.2)

1

ρ1

∂p1

∂n1
(R1, θ) =

1

ρ2

∂p2

∂n1
(R1, θ) on Σ1,2, (A.3)

∂psc
2

∂n2
(R2, θ)− iκ2p

sc
2 (R2, θ) = 0 on Γ. (A.4)

A Fourier expansion to the point source can be written in the polar coordinates
as [153]

pin
2 (R, θ) =

i

4
H

(1)
0 (κ2|r − r0|)

=

∞∑

n=−∞
(−1)n

i

4
H(1)
n (κ2R0)Jn(κ2R)einθ (A.5)

where H
(1)
n is the Hankel function of the first kind and nth order. The Bessel

function of the nth order is denoted by Jn. A Fourier expansion for the pressure
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field in the domain Ω1 is written in the form

p1(R, θ) =
∞∑

n=−∞
anJn(κ1R)einθ, (A.6)

where an a complex valued coefficient which will be determined by the boundary
conditions (A.2) and (A.3).

In the domain Ω2 the scattered pressure field psc
2 is written in the form of the

Fourier series by using two terms

psc
2 (R, θ) =

∞∑

n=−∞

[
bnH

(1)
n (κ2R) + cnH

(2)
n (κ2R)

]
einθ, (A.7)

where coefficient bn and cn are to be determined. The first term bnH
(1)
n satisfies

the Sommerfeld radiation condition and hence corresponds to the radiating part

of the solution. The second term cnH
(2)
n gives spurious reflections arising from the

approximate absorbing boundary condition (A.4).
By substituting the Fourier expansions (A.5), (A.6) and (A.7) to the bound-

ary conditions (A.2)-(A.4), one obtains three equations from which the unknown
Fourier coefficients an, bn and cn are resolved.
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