THE ULTRA WEAK VARIATIONAL FORMULATION FOR ELASTIC
WAVE PROBLEMSY
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Abstract. The ultra weak variational formulation has been used effectively to solve time-
harmonic acoustic and electromagnetic wave propagation in inhomogeneous media. We develop the
ultra weak variational formulation for elastic wave propagation in two space dimensions. In order
to improve the accuracy and stability of the method we find it necessary to approximate the S- and
P- wave components of the solution in a balanced way. Some preliminary analysis is provided and
numerical evidence is presented for the efficiency of the scheme in comparison to piecewise linear
finite elements.
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1. Introduction. When modeling the propagation of time-harmonic ultrasonic
waves through human bone we are faced with the problem of solving the equations
of time-harmonic elastic wave propagation in a medium with complicated shape and
potentially spatially varying parameters (see for example [15] and [23]). Furthermore
the wavelength of the acoustic field can be small in comparison to the size of anatom-
ical structures (a typical wavelength in our application is 2-6 mm) so that a method
suitable for higher frequencies is needed.

Of course there is no shortage of methods for this important problem which arises
in other areas of applications including seismic wave propagation (see for example [8])
and non-destructive testing (see for example [1]). Given the complicated geometry
of the problem and the need to allow spatially varying elastic parameters an obvious
candidate is the finite element method (see for example [7] for the standard approach
to elastostatics and [11] for an improved scheme for the time-harmonic problem). In
order to resolve a wave, the finite element grid needs to be sufficiently fine compared
to the wavelength of the elastic wave. Typically, for a piecewise linear scheme, at least
10 grid points per wavelength are needed to resolve the wave, and even more if wave
propagation is to be accurately modeled over many wavelengths [18]. Of particular
relevance to the elastic wave equation is that the wavelength used to estimate the
mesh size based on fixing the number of points per wavelength must be the shortest
appearing in the computation (the wavelength of the S-wave). Higher order schemes
can help with this problem by decreasing the number of grid points per wavelength
needed to attain a given accuracy (see Section 4.7 of [18]). A final, and not inconse-
quential, point is that the finite element method results in a linear system that is not
easy to solve by standard fast methods such as multigrid. This is because the finite
element matrix is indefinite (at least for a sufficiently short wavelength compared to
the size of the computational domain).

Given the difficulties outlined above for the finite element method for this prob-
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lem, it is natural to ask if other finite element type procedures can be developed
which have the flexibility of the finite element scheme, but improved properties when
applied to the elastic wave propagation problem. In this paper we shall develop an ap-
plication of the Ultra Weak Variational Formulation (UWVF) to the time-harmonic
elastic wave equation. This method was developed by Cessenat and Després [5, 6]
for the Helmholtz equation and by Cessenat [4, 6] for Maxwell’s equations, and we
follow their nomenclature. In particular the method is based on a variational princi-
ple. Since finite element methods that use continuous elements are often said to be
based on a “weak” form of the differential equation, this method is said to be “ultra
weak” since it uses discontinuous elements. Our positive experience with this scheme
in both these applications shows that the UWVF has several attractive features. It
is based on a finite element decomposition of space and hence is able to approximate
geometric features as well as the finite element method. However, instead of using
piecewise polynomials to discretize the problem, the UWVF uses plane wave solu-
tions of the underlying wave equation on each element (hence the basis is globally
discontinuous). By varying the number of these solutions used on each element the
effective order of convergence of the method can be changed, and the conditioning of
the problem controlled to some extent (see [13]). The matrix equation resulting from
the UWVF is also simpler to solve than the finite element matrix problem and in our
experience a bi-conjugate gradient method can provide an accurate solution (of course
this method does not approach multigrid efficiencies but does allow the solution of
problems without the need for factoring the matrix).

Of course the UWVF is not a panacea and even its originators note that it is
rather complex [5]. The UWVF method does not directly provide an approximation
to the field at all points in space unless the solution is post-processed. However the
displacement field and traction can be recovered on faces of the mesh without difficulty.
Only piecewise constant elastic coefficients can be handled (due to the need for explicit
solutions of the underlying equations), but rather general transmission conditions
across internal interfaces are easy to incorporate. The conditioning of the linear system
is sensitive to the correct choice of the approximating functions on each element. If
too many functions are used, the conditioning deteriorates. For this reason we have
advocated choosing the basis dynamically during the assembly of the relevant matrices
[13]. Finally the UWVF does not avoid the need for a sufficiently fine discretization
compared to the wavelength of the sound. However, we shall see that the S-wave and
P-wave components of the displacement can be approximated independently in the
UWVF. Furthermore, by using larger elements and larger numbers of plane waves per
element the density of unknowns can be reduced below that needed for a low order
finite element scheme.

This paper will be devoted to developing the UWVF for the linear time-harmonic
equations of elasticity in two dimensions. In the future we will extend the study to
three dimensions and the fluid structures interaction problem. In the next section
we define the problem to be studied and discuss appropriate boundary conditions.
The UWVF is developed in Section 3 and discretized in Section 4. This development
requires two ingredients. First and most critical, initial attempts to develop an UWVF
for the elasticity problem suffered from very poor conditioning of the resulting matrix
problem. In our early work we used the same number of basis functions to approximate
both the S- and P-waves. In this paper the conditioning problem is reduced by using
a basis that approximates the S- and P-waves in a balanced way. Particularly when
there is a large discrepancy in the wavenumber for the S- and P-waves this is essential
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to improve conditioning. Second, we require an absorbing boundary condition in
order to simulate elastic scattering problems. This is provided by special absorbing
boundary condition (ABC) for the elasticity problem developed in [14]. The ABC
provides a low order absorbing boundary condition appropriate for these equations.
It is also used to provide inter-element coupling.

The error analysis of the UWVF is not as well developed as the error analysis of
the finite element method. We report results in the context of the elasticity problem
in Section 5. Finally, in Section 6 we report a numerical study that shows why we
need to consider approximating the S- and P-waves in a balanced way and compare
the elastic UWVF to a classical piecewise linear finite element method. We also solve
a problem exhibiting Rayleigh waves and a transmission problem to illustrate the
method on more complex problems. These examples show that the the elastic UWVF
is worthy of future study.

We should mention that this study is not the first to advocate the use of plane
waves as part of an algorithm for the elasticity problem. Perrey-Debain et al. [21, 22]
describe a partition of unity type method for an integral equation for the time-
harmonic linear elastic wave problem. Their method shows considerable promise but
is aimed at solving for the field in a homogeneous isotropic medium with standard
boundary conditions whereas the UWVF can handle inhomogeneous material coeffi-
cients and mixed boundary conditions. An alternative approach would be to apply
the method of Babuska and Melenk [3, 19] to the elastic wave equation. This deserves
to be looked at but it seems to be more difficult to incorporate variable material
properties in this formulation.

2. The time-harmonic elastic wave equation. In this section we shall de-
fine the problem to be solved paying particular attention to boundary conditions.
As we discussed in the Introduction we are interested in studying two dimensional
linearized time-harmonic elastic wave propagation. Consider linearized elastic wave
motion in an inhomogeneous medium occupying a bounded Lipschitz polygonal do-
main Q C R2. We suppose that the elastic properties of the medium occupying € are
piecewise constant, functions of position. Thus we can write = UJ_, Q; where the
overline indicates closure, and {QJ-}JJ:1 is a collection of non-overlapping Lipschitz
domains. On each 2; the Lame constants A and p and the density of the medium p
are independent of position. Then the time-harmonic displacement vector u satisfies
the Navier equation [10]

(2.1) pAu+ A+ p)V(V-u) +w?pu=0 in Q;

for each 1;. Here w is the angular frequency of the field. The Lamé constants can be
expressed by means of the Poisson ratio v and Young’s modulus E as follows

_ E \— Ev
k=sa+oy T A+v(I-20)

In order to model dissipation we allow E to be complex valued and in particular
E =FE'—4E", (E', E" > 0) where E' is the standard Young’s modulus and E"
is often called the loss modulus and is a non-negative piecewise constant function of
position. We shall assume the density and frequency are real. Although we shall
formulate the UWVF for complex valued coefficients, our analysis and examples will
have real valued coefficients.

To complete the description of the problem we need a boundary condition on
the boundary of 2 denoted by I', and we need to make precise how the fields on the
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different subdomains (2; are related across interfaces between regions with different
elastic properties. Let n be a unit normal to a curve S. Then on S we define the
traction operator T(® formally by

Ou

(2.2) TM (u) = 2;;% +AnV-u+punxV xu

where the functions are evaluated on S. If the coefficients A and p are discontinuous
at S, the choice of the coefficients in T depend on which side of S the traction is
being evaluated. The operator T maps local displacements to local tractions on the
boundary S.

The Navier equation is assumed to be satisfied on each subdomain 2;, and across
subdomain boundaries continuity of the displacement u and the traction T ensures
that the global function solves the elastic wave problem. In particular, suppose sub-
domains (2, and §;, meet at a common edge ¥, ;, where ¥;, ;, = Q;, N€);,. Suppose
n;, is the unit outward normal to 2;,, £ =1,2. In Q;, and Q;, the Navier equation
(2.1) is satisfied using the appropriate elastic coefficients and density for that domain.
On the interface X;, ;, the continuity of the displacement and the stress leads to

transmission conditions

ll|Q. = 11|Q.

2.3 4 " Yol on X, ;
( ) T(“u)(u‘gh) = _T(ﬂm)(u|Qj2) } Ji,j2>
where T is given by (2.2) and the coefficients on €2, are used to evaluate T™¢) (u|q i)
£ =1,2. For the UWVF these transmission conditions are combined into Robin type
boundary conditions. Let ¢ denote a positive-definite real valued matrix function of
position on X;, ;, (we shall say how we choose ¢ in Section 2.1) and we demand that
on Xj j,

T(njl)(uk)jl ) + 'L'O'11|Qj1 = —T(nj2) (u|Qj2) + iUu|Qj2,

T(njl)(lllgh) - iau|Qj1 = —T(nj2)(u|gj2) - iou‘gh .

Obviously these transmission conditions are equivalent to the original pair.

For the boundary T of 2, we use a special type of boundary condition motivated
by previous work on the UWVF for the Helmholtz and Maxwell equations [4]. In
particular, let @ denote a scalar function of position on I' and let o € R2*2 denote
a real valued and symmetric positive definite matrix function of position on T' (both
functions need to have entries in L°°(T") and are assumed to be uniformly bounded).
Suppose I' has unit outward normal n. The boundary condition on I' is then written
as

(2.4) T™ (1) —iou = Q(-T™(u) —iocu) +g onT

where g € (L?(T))? is a given function providing the source term. With different
choices of () and o a variety of boundary conditions can be implemented. For example,
if Q = 1, we obtain the traction boundary condition

(2.5) T™ (u) = %g onT

whereas when () = —1 we obtain the displacement boundary condition

-1
(2.6) u= iUTg onT.



UWVF FOR ELASTIC PROBLEMS 5

When ) = 0 we obtain a Robin type boundary condition. With the choice o given
in Section 2.1 this provided a low order absorbing boundary condition for the elastic
wave equation.

We shall assume that the Lamé constants, angular frequency and functions @, o
and g have been chosen so that there is a unique solution u € (H'(£2))? of the Navier
equation (2.1) together with the transmission conditions (2.3) and the boundary con-
dition (2.4). Further assumptions on u will be made as we derive the UWVF.

Since @ and o can be functions of position the above boundary conditions (2.5)
and (2.6) can be mixed on a single surface or on different surface components. Ob-
viously we need a method for choosing ¢ and we consider this problem next. In
particular, in order to simulate scattering problems, we need an absorbing boundary
condition.

2.1. Absorbing boundary condition. In this section we shall briefly develop
the absorbing boundary condition of [14] since it does not appear to be well known.
Suppose that all the coefficients in the Navier equation are constant and real as will
usually be the case near the absorbing boundary. Let us consider a time-harmonic
elastic plane wave moving in a direction d with |d| = 1. The plane wave can be split
into two components

u = a;dexp(ikpx - d) + ayd” exp(ikgx - d)

where the wavenumbers kp and kg will be given shortly, a; and as are constants and
d-dt = 0. The first component denoted up = a;d exp(ikpx-d) is called the P-wave
and we see that V x up = 0 (interpreted in the scalar two dimensional sense) and
that up is a solution of the Navier equation provided the wavenumber kp = w/cp
where the wave speed for the P-wave is

[x+2
(2.7) cp = ’\J;f“.

Similarly the second component of the plane wave solution, called the S-wave and
given by ug = asd! exp(irksd - x) is a solution of the Navier equation if ks = w/cs
and the wave speed for the S-wave is given by

(28) ¢s = \/%

In this case V -ug = 0.

Thus we see that the two components of the wave travel at different velocities
and with different wavenumbers. An advantage of the UWVF is that these two waves
can be discretized independently.

We can now develop the absorbing boundary condition. Let us first consider a
simplified situation in which the domain 2 is a half space Q = {(z,y),z < 0} and the
boundary I'is the line z = 0. A time-harmonic elastic plane wave u = (ug,uy)?, where
the superscript 7' denotes transpose, traveling at normal incidence to the boundary
T (i.e. with d = (1,0)7) is perfectly absorbed if

Oug .

(2.9) 5p  PUs = 0,
Ou )

(2.10) 8—; —ikguy =0,
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since in this case up = (uz,0)T and us = (0,u,)T. These are the time-harmonic
forms of the widely used first order absorbing boundary conditions for elastic waves,
see e.g. [12] and [24].

The absorbing properties of (2.9) and (2.10) are conserved when we rewrite the
boundary conditions as

2 2
Ouy,  cp—2c§ Ouy

2.11 Ouy . _
( ) 6.73 C%D 6]/ IKpUg 07
(2.12) % %1;” —ikguy = 0.

These forms are particularly interesting since they allow us to relate the traction
operator (2.2) and the displacement vector u.

According to the definition of the boundary I' the outward normal in this simpli-
fied example is n = (1,0)T. It follows that the components of the traction operator
T(@0") (u) = (T, T,)T are then

Oug ou
(2.13) T, = pcp 9 p(cp - 2025)6—;
ou ou
2.14 T, = - 2.
( ) Y pcP( ox + Oy )

Combining equations (2.11)-(2.14) we formulate the absorbing boundary condition for
this case as

(2.15) T0) (4) — jou =0
where
o= [ wrep 0
0 wpeg )

Correspondingly the absorbing boundary condition for a general boundary T' with
normal n can be derived. In that case we get

(2.16) T® (1) —icu=0
where
(2.17) oc=wp(lcprn®n+csss)

and where s is the tangential vector to the boundary, and ® denotes the outer product

so that n ®@ n = nn7.

3. The ultra weak variational formulation of the Navier Equation. In
this section we shall detail the UWVF for the elasticity problem. As in the finite
element method, the UWVF starts by partitioning the domain Q into disjoint regular
finite elements Ky, k = 1,..., N of maximum radius h. We shall assume that the
mesh consists of triangles, but this is not essential. Quadrilaterals can also be used,
or even a mix of triangular and quadrilateral elements. The mesh must be chosen
so that the coefficients A, p and p are constant on each element (of course they
can be discontinuous across element boundaries). Since we let the domain Q consist
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of subdomains Q; (i.e. @ = U/_;Q;) in which material properties are constants,
we require that the boundaries of the subdomains 0€2; do not intersect any of the
elements Kj. In other words, we require that the element edges 0K}, coincide with
the subdomain boundaries 9€2;.

At this stage the UWVTF is just another variational formulation of the time har-
monic elasticity problem and hence is not fully discrete.

Ky
Ty

ng

Ficure 3.1. A summary of the notation used to describe the UWVF mesh. The edge T ;
separates elements Ky, and K; with normal ny. Boundary edges of Ky, lying on T’ (shown as a thick
line) are denoted Ty, with an outward pointing normal.

In describing the UWVF we shall need to refer to elements and normal vectors.
Let us denote by I'y, = 0K}, NI (of course I';, may be empty) and by X, ; = 0K;NOK;
with normal vector pointing from K} to K;. Let us also denote by n; the outward
unit normal to element Kj. Thus the normal to X ; is ng and to ¥ ; is nj = —ny.
For a graphical summary of this notation see Fig. 3.1.

Let us denote by uy, the restriction of u to Ky, so that

(3.1) u, = ulg,,

(3.2) Auy + w?ppup =0 in Ky,

where pr = p|k, and Ak, and p|g, are used in the application of A¢. In order to
provide an appropriate boundary condition for test functions (see (3.5)), we also need
to define the complex conjugate of the traction operator

ou

(3.3) T (u) = 21 o

+AnV-u+7mnxVxu

where the overline indicates complex conjugation. Thus T(®) (u) = T(® (7). We now
prove the following “Isometry Lemma”.

LEMMA 3.1. Suppose u, € (H'(K}))? is a solution of Navier’s equation (3.2) on
K}, such that

TO) (1) — iouy, € (L2(0K}))?.
Let the test function ey, € (H'(K}))? satisfy
(3.4) A8y, + w?pr€r =0 in Ky,
such that
(3.5) T) (e)) —ioey € (L2 (0Ky))>.
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Then

Z/m (=T (uy) — iouy) - (=T (e) — icex)

(36) = Z /8K (nk llk) - iUllk) - (W(ek) - iaek).

Proof. Simply expanding the left hand side we may write

D [ o7 T ) i) - (T — i)

—Z/ LT (1) — oy - (T (e) — ioey)

0Ky
- 2i/ (wy, - T (ef) — T™) (wy,) - &)
- oKy
As noted above T(®+)(ey,) = T(™) (&) so that using Betti’s third identity [17]

/ (ug - TO®) (&) — T™*) (1) - ;) = / (ug - A6 — & - A%uy),
BKIC Kk

and the fact that u, and €y satisfy the Navier equation we obtain

/ (ug - TOW) (&) — T () - &) :/ (uy - A% — 8 - Atuy,)
BK)C Kk

wzpk/ (ug - € —uy -€) = 0.
Ky

This completes the proof. a
By using (3.6) we can obtain the UWVF scheme. Suppose element K; shares a

boundary with element Kj. The transmission conditions (2.3) imply that

(3.7 TO) (u) —douy = —T®) (u;) —iou;, on Xy,

where we have taken into account that n; = —n; on X ;. Using the boundary

condition (2.4) on the exterior boundary T' and substituting these into (3.6) we obtain

(3.8) o X, - (= T(w) (ef) — ioeg) — o~ X, - (T (eg) — ioey)
Zk:/ e k) —ioey, z,;/zkj k) —ioey,

0K},

_ Z QU_IXk . (T(l’lk)(ek) — igek) = Z/ U_lg . (T(nk)(ek) — io-ek)
PR Tk

where X}, = —T(“k)(uk) —douy on OKjy. To clarify the variational formulation we

can define the test function ), = —T(mt)(ey,) —ioe; on OK}. and define the operator
Fy : (L?(0Ky))? — (L*(0K))?

(39) Fk()}k) = W(ek) - ioek
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on OK}. Then the above equation gives the UWVF of finding Xy € (L2(0K}%))?,
k=1,2,...,N such that

Z/aKk T - yk_ZZ/E o ;- Fi (V)

k,j

(3.10) —Z/ Qo "Xy - Fr(Vr) Z/ o 'g- F(Vk)

for all Yy € (L?(0Ky))?, k = 1,2,..., N. This makes it clear that the unknowns in
the UWVF are the traces X} on K. Of course, once these have been computed it
is possible to find u and T(™ (u) on dK, for any k. For example, if K and K; share
a common boundary Xy ; then

X — Xy

o A+ ;) and TE(u) = 5

(3.11) uly, , = %
A similar formula holds on the exterior boundary using the exterior boundary condi-
tion.

We have not yet given details of how to choose ¢ for each face. For some faces the
choice of ¢ may be dictated by modeling considerations. For most faces it needs to be
chosen as a positive definite matrix in a way that helps the conditioning of the linear
system resulting from the UWVF. There are many possible choices for the coupling
matrix o. In our experience the only requirement is that entries of o must be of the
order wp |c| where c is, for example, either c¢p or ¢g. Therefore on the boundary Xy ;
one could choose

(3.12) o =wpépl

where p and ép are mean values of p and |cp|, respectively, across the boundary and
I is the identity matrix. On the external boundaries p and ¢p can be replaced with p
and cp, respectively.

Another possibility, more in accordance with the original philosophy of the UWVF,
is to utilize the absorbing boundary condition derived in Section 2.1. Again on the
internal boundaries the coupling parameter is written by means of the mean values
of the moduli of the appropriate quantities if the coefficients are complex

(3.13) oc=wp(épn®n+ égs ®s).

On the exterior boundary this form reduces to (2.17) and the boundary condition
reduces to the absorbing boundary condition (2.16). This is the choice we use in our
codes.

4. Discretization of the UWVF. In this section we show how to discretize the
UWVF developed in the previous section. Clearly we need to discretize (L?(0K},))?,
1 <k < N, but we need a discretization that allows us to compute the operator F},
defined in (3.9) easily. We are thus lead to use a plane wave expansion.

On each element the solution of the adjoint Navier equation (3.4) can be separated
into two components using the Helmholtz decomposition

€y = €eg,p + €,s
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which satisfy V x ey, p = 0 and V - e; ¢ = 0. In a homogeneous medium (i.e. on any
Q;,j=1,...,J and hence on any element K}) the compressional (P) wave e, p and
shear (S) wave ey s satisfy the Helmholtz equations

(4.1) A%y p + kperp =0,
(4.2) Aeys + KR, =0,

in Kj with the wavenumbers kp = w/cp and ks = w/cg. The corresponding wave
velocities cp and cg are functions of the Lamé constants y, A and the density p on
K}, and are given, respectively, by (2.7) and (2.8). These two component waves prop-
agate independently in the homogeneous medium in K} but interact on the medium
interfaces.

Hence, we approximate the function X} using two sets of plane waves with the
wave numbers kp and kg

k
X = [mlﬁz (—T(“’“)(eie) — iaeﬁz) ]
=1

o~

Sk
(4.3) + [mf,e (—T("’“)(ef’e) —~ ioef’l) ]
=1
where
P _ ag.¢ exp(iﬁpak,g - X) in Ky,
(4.4) Gkt = { 0 elsewhere
l — .
s _ | apy, exp(iRgag -x) in Ky
(4:5) Skt = { 0 elsewhere

and where ay ¢ = (a; 4,03 o), |are| =1 and ag, = (—a 4,0 4)-
As advocated in earlier studies with the Helmholtz equation [5, 13|, we use equi-
spaced directions on the unit circle

(4.6) ag = (cos <2W€_Tl>,sin (2#%)), 1</l <q,

where ¢ is the number of directions (i.e. ¢ = s or ¢ = pg). This is a convenient choice
that guarantees convergence when the UWVF is used to approximate the Helmholtz
equation. It may be that a problem specific choice of directions might furnish a more
efficient basis, but this remains a topic for further research.

Fork=1,...,N,let

Vh,k = span{T(nk)(ef’e) + iaef,(f’ 1< V4 < Sk,
(4.7) T (ef ) +ivefy, 1 << pi}.

Then the discrete UWVF problem is to compute X, € Vig, K = 1,2,..., N, such

that
DB MESRINTED 3 B (e ¥R AN
L 0K & G Uk

(4.8) - Z Qo Xt Fx(Vn,x) = Z/ o 'g Fy(Vnr)
k Tk k YTk
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for all thg € Vth, k=1,2,..,N.

To obtain a discrete matrix problem corresponding to (4.8) we choose successively
Vi = ef, and Vi = e , for each k and £. Substituting these into (3.8), the discrete
elastic UWVF problem can be written in the matrix form

(4.9) (I-D'C)X=D""b
with
X= (mﬁ,...,mfpl,wfl ezl )T

The matrix D is a block-diagonal matrix in which each block D* consists of four
sub-blocks

Dt o0 ... 0

0 . 0 0

D = 0 D 0 0
0 0

where

with the elements

Dk, = / o (= TeL,) —ioel) - (— TOR(ef,) — ioef,).
k

Dk, = /6 o (T —oel) - (~ T (eL,) —iae),
k

Dhem= [ o7 (=T (ef,) ~ioef,) - (~ T (e ) — ioef)

Dz’f,z,m = /8K 0_1( — T("’“)(ef’m) — iaeim) . ( — T(“k)(ef’l) — iaef,l).
k

The matrix C is also a block matrix with the blocks C* on the diagonal and C*+/
off the diagonal where

ck ck > ) ( Ck’j Ck,j )
Ck — 1 , d Ck,] — 1 2 .
( Cé: Cf an Cé:ﬂ] Cfa]
The elements of the blocks are

Cﬁ[,m = g QO'_I( — T(“’“)(ekp’m) — iaeim) . (T("k)(eil) — iaeil),

M

Cf,z,m = . QU_I( - T(nk)(ef, ) —ioey m) (T("’“)(ek 0~ iaeig),
k

C:f,e,m = g Qafl( - T("’“)(ekp,m) - iaef;m) . (T("k)(ef’l) — iaef’z),

Chin = [ Qo7 (~ (e}, — o) - (T (ef,) — i),
k

IR}
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and

k. ~1(m(n . — ;
CYl,t?,m = /E g 1(T( k)(efm) - Zaefm) : (T( k)(eif) - 'Laeiié)a
kj

k,' _ _ n . n .
C2,g,m = /E o 1(T( ’“)(eim) - weim) . (T( k)(eil) - wef;f),
kj

k7' - n . n .
Cli= [ o (XL, — ioef,) - (T (e ) — i),
kj

kg ~1(p(n , ) ,
Cll= [ o (X0 (e5,0) — o) - (T (o) — o).
kj

The entries of the matrices C' and D can be computed exactly since they only involve
integrals of complex exponentials along lines. The linear system (4.9) is then solved
by applying the bi-conjugate gradient scheme.

After the vector X is computed, the solution X} on QK can be approximated
using (4.3) and the traction and displacement approximated by using (3.11).

5. Analysis of the elastic UWVF method. The method of analysis for the
acoustic UWVF presented in [5] applies to the elastic UWVF with very minor changes.
We now present an application of this theory to the elastic UWVF with sufficient
details to make this claim obvious. Unfortunately the final error estimate is not
currently available due to the need to analyze the approximation properties of the
elastic plane wave basis functions.

As in [5] we consider the simple case where all the coefficients in the problem are
real and constant. Thus we assume A, u, p and w are real and constant, and we choose
o = 1. The theory can be extended to more general piecewise constant coeflicients.
The domain Q is assumed to be a Lipschitz (and in practice a Lipschitz polygon).

First we need a global solution space. Thus we define V = IIYY_, (L*(0K}))? with
the inner product

N
(u,v)sz u-vds
k=1" 9K

and the norm |[ul|}, = y/(u,u)v. Even though this space depends on the mesh, we
do not indicate this explicitly since this is the space for the continuous solution of
(3.10). However the fact that V' depends on the mesh complicates the analysis. Now
we need a global operator F' : V — V defined such that if Y = (V1,...,Yn)T € V
then

F(Y)lox;, = Fe(Vk), 1<Ek<N,

where Fy, is defined in (3.9). Let ||F||y—v denote the operator norm of F. The main
result underlying the analysis is the following, which also explains why Lemma 3.1 is
called the “Isometry Lemma”.

LEMMA 5.1. Assuming that the coefficients in the elastic UWVF are real and
constant and that o = 1, the operator F is an isometry so that ||F|lyv_v = 1, and
F*F = I where F™* is the adjoint of F in the V-inner product.

Proof. Let us define e, € (H'(K}))? to be the weak solution of

Aep 4+ w?per, =0 in Ky,
R (ek) +iep ==Y, on 0Ky.
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Then using the Isometry Lemma, and noting that since all coefficients are real we can
remove the complex conjugation in (3.4) we obtain

N
IFONIY = D IT™ (er) — ierllizz(omy)y

k=1
N

=D |l = T™ (ex) — iexllfr2ok,))2
k=1
N

=3 IVltizomnye = VI
k=1

This proves the isometry and since this holds for all ) € V we obtain the property
that F*F = I. O

The final component of the analysis is an operator that corresponds to (3.7). Thus
we define 7 : V' — V such that if )V € V then

(5.1) Vs, = Vls,, for 1 <k,j <N, on interior edges,
(5.2) mY|r, = QY|r, for 1 <k < N, on the boundary T.

Thus, for an interior edge, 7 just swaps the boundary data across an edge, while on
the boundary I' the boundary data is used. With this definition we see that if G € V
is defined by

[ g onlyg .
g_{o ons,, LSKISN.

then we may rewrite (3.10) as the problem of finding X = (X;,...,Xn)T € V such
that

X, V)yv — (X, FQ))v =(G,F(Y))y forallYyeV.

Using the adjoint operator F* this can be written as the problem of finding X € V
such that

(I-F*r)X = F*G

and we can now see that, written as an operator equation, the elastic UWVF has the
same form as the acoustic UWVF in [5].

We next examine the properties of 7 defined in (5.1)-(5.2).

LEMMA 5.2. Provided |Q| < 1, the operator m satisfies the following estimate

IV = /F(IQI2 — DY ds + VI

The proof of this result follows exactly the corresponding result in [5]. The slightly
contractive property of @ when |@| < 1 allows us to prove error estimates on I'. Now
that we have verified all the properties of 7 and F' necessary for the UWVF theory
from [5] we may summarize a basic existence result for the continuous elastic UWVF
as follows.
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THEOREM 5.3. The continuous problem (3.10) has a unique solution provided
|Q| < 1. If |@Q| = 1 the problem has a solution provided w is not an eigenfrequency of
Q for the resonance problem associated with (2.1), (2.8) and (2.4).

We now consider the discrete solution of the UWVF problem. Let V}, = Hszlvh,k
where V}, 1 is given by (4.7) and we assume that the directions of the plane waves on
each element are uniformly distributed as in (4.6). Let P, : V' — V} denote the V
projection onto V}, so that for any Z € V|, we define P, Z € V} by

(PhZ - Z,yh)v =0 forall Y, € V.

The discrete elastic UWVF (4.8) may now be written as the problem of finding X}, €
Vi, such that

(X, Vn)v — (&, F(Vn))v = (G, F(Wn))v  for all Yy, € V4,
and in terms of operators can be written as
(I — PpF*m) Xy = Py F™(G).
Using the forgoing properties of F' and 7, the results of [5] show that if @ is chosen
so that there is a constant § such that |Q| < § < 1 then

||X — Xh||(L2(1"))2 < ||X — Ph/Y”V.

2
V1 — 42
On the one hand this estimate is lacking in that it does not allow us to estimate
the error of the discrete UWVF away from I' and it does not allow the important
case |@| = 1. On the other hand the constant in the estimate is quite specific.
Unfortunately the approximation properties of P, X are not available yet. We expect
that an estimate similar to that proved in [5] can be proved in this case by an extension
of the method there. However, in this paper we focus on the development of the
algorithm and numerical tests. In particular the numerical tests shown in the next
section suggest that || X' — A4l|(z2(r))2 = O(h*) for some constant a that increases as
the minimum number of directions per element increases. We hope to prove this in
future.

6. Numerical results.

6.1. Wave propagation. For first example we study elastic wave propagation
through a rectangular domain Q = [0, 1] x [0,1]. The exact solution is a plane wave
consisting both P- and S-waves

(6.1) u'™ = aaexp(ikpa - x) + fbexp(iksa - X).

The directions a and b are chosen so that «,3 € R and a-b = 0. This example is
chosen because it provides a very simple problem to test the accuracy of the elastic
UWVF for wave propagation.

Elastic properties of the medium occupying the domain ) are taken to be those
of steel (E = 200-10°, v = 0.3 and p = 7800). Hence, S- and P-wave speeds are cp =
5875 and c¢s = 3140, respectively. This gives a ratio cp/cs = ks/kp = 1.87. Single
frequency examples for this first model problem are computed with f = 2.0-10* which
corresponds to kp = 21.4. These parameters are not motivated by any particular
application but the ratio cp/cg is typical for a wide range of solid materials.
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The direction of the wave in all cases is a = (cos(w/§),sin(7/§))T where § =
max(py, Sk). This choice does not coincide with any of the directions of the plane
wave basis functions aj . Furthermore, we choose the amplitudes of the incident
waves in all examples to be & = 1 and § = 1. The source term can be given now in
the form

(6.2) g=1+Q)T™ ") —ioc(1-Q)u™ onT,

and we choose () = 0.1. The coupling parameter o is given by (2.17).

0.8

0.6

0.4

0.2

0 0.5 1 0.5 1
(a) (b)

FiGure 6.1. Left: A typical uniform mesh used in UWVF simulations. Right: A mesh for the
FEM simulations. For the material properties and frequency used in the wave propagation study,
the ratio of P-wavelength and mesh parameter Ap /h is 0.83 for the mesh (a) and 10.38 for the mesh

(b).

Typical meshes used in simulations are shown in Fig. 6.1. Obviously, in this
example, we use uniform meshes so the number of P- and S-wave basis functions per
element (pr and si) can be chosen independent of k. However, due to the difference
in the P- and S-wavenumbers, there may be an advantage to choosing different values
for pr and sg. Thus we begin by studying how the choice of basis affects the accuracy
and the stability of the elastic UWVF approximation. In this and later studies we
compute the error in a discrete relative least squares norm as follows. First we average
the UWVF results at the nodes to obtain nodal values of the displacement (this is
motivated by our desire to compare to the FEM later). The discrete least squares
norm error is simply the unweighted sum of the squares of the nodal error.

In the top panel of Fig. 6.2 we show the error in the computed solution using
the analytical solution u = u'™® (see (6.1)) with various ratios sy /py and increasing
the number of directions per element to give more degrees of freedom. The results
suggest that the ratio of the number of S- and P-wave basis functions (s /px) should
be approximately kg/kp in order to obtain the best accuracy. In addition the bottom
panel of Fig. 6.2 shows the conditioning of the I — D~'C corresponding to the
computations shown in the top panel. The choice that si/pg should be of the order
of kg/kp also improves the conditioning of the linear system in most cases (except
for very large numbers of degrees of freedom). Thus, both from the point of view of
accuracy and from the point of view of the stability of the method, we should choose
the ratio si/py in the manner just described.

The behavior of the error and conditioning as a function of 1/h for a fixed number
of basis functions per element (i.e. fixed py and s;) and variable mesh size is presented
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FIGURE 6.2. Relative error and condition number of I — D™1C as a function of the number
of degrees of freedom (DOF) per element for different ratios si/pr. Results are computed in the
mesh of Fig. 6.1 (a). The frequency is f = 2.0 -10* and ks/kp = 1.87. The eventual blowup of
relative error in the top figure is due to the increase in condition number with the number of degrees

of freedom.
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FIiGURE 6.3. Relative error (left) and condition number (right) as a function of the mesh
parameter 1/h. Results are computed with kp = 21.4, py, = 10 and s /pr = 1.5.

in Fig. 6.3. From the left panel we can see that the error decreases O(h?) for o = 6.4
provided h is small enough. From the right hand panel of Fig. 6.3 we can see that
the maximum condition number of the matrix blocks Dy gives a good indication of
the condition number of the system matrix I — D~1C and hence, can be used as a
predictor of the conditioning of the system matrix. Obviously it is much easier to
compute the condition number of the diagonal blocks of D than of the entire matrix



UWVF FOR ELASTIC PROBLEMS 17

I — D7'C. Previously, this property has been utilized for choosing a stable set of
basis functions for the Helmholtz problem [13]. In practice we use a similar approach
for the elastic UWVF.
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FIGURE 6.4. Relative error and condition number as a function of the wavenumber kp when
pr = 16 and sy /pr = 1.5. Results are computed in the mesh of Fig. 6.1 (a)

Next, in Fig. 6.4, we examine the behavior of the elastic UWVF on a fixed mesh
with a fixed basis, but varying w so that kp and kg both vary while keeping ks/kp
fixed. In particular we plot relative error and condition number as a function of
k. Note that in [19] a non-dimensional incremental wave number that includes both
the mesh size h and number of directions of the plane waves is proposed. For the
Helmholtz equation this incremental wave number is then related to the condition
number. We have elected to use the ordinary wave number k to present our results
since h, and the number of wave directions are fixed. In addition it is necessary to
study the relationship of the condition number and the incremental wave number
anew for elasticity which involves two wave-speeds.

For low kp the conditioning of the UWVF matrix I — D~1C is very poor since all
plane waves are almost constant on each element. As kp increases, the conditioning
improves and an accurate solution is obtained. As kp increases further, the error then
increases as can be expected from analyzing how a plane wave is approximated by a
sum of other plane waves not traveling in the same direction. It is again useful to
note (from the right hand panel of this figure) that the maximum condition number
of the blocks of D is a good estimate of the condition number of the overall system
matrix.

Finally, we compare the piecewise linear finite element method (FEM) with the
UWVF for the same wave propagation problem. In particular the FEM used here
is a displacement formulation using natural boundary conditions equivalent to (2.4).
The discrete relative least squares error in the FEM solution against the reciprocal
of the element size 1/h, for a fixed frequency and wavenumber, are shown in the left
hand panel of Fig. 6.5. The solution converges with an error that is O(h?) as is to
be expected for the piecewise linear FEM. Comparing the left panel of this figure
with the left hand panel of Fig. 6.3, it is obvious that much finer meshes are needed
in the finite element scheme than in the UWVF to obtain equal accuracy. In the
right hand panel we examine the dependence of the error of the FEM solution on
the wavenumber kp (keeping the ratio ks/kp fixed). As is to be expected, the error
increases with kp (due to accumulating phase error). Compared to the right hand
panel of Fig. 6.4 we see that the finite element method is free from the low frequency
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conditioning problem that afflicts the UWVF.

Even though the FEM requires a much finer grid than the UWVF to obtain
similar accuracy, we need to be careful in comparing the efficiency of the two schemes
because the UWVF has multiple degrees of freedom per element. To try to compare
the methods more directly, we show in Fig. 6.6 a plot of the error in the FEM and
UWVF schemes as a function of the number of non-zero entries in the resulting
matrices. We consider both the h-UWVF where we fix the basis on each element and
decrease the mesh size h to obtain an accurate solution, and the p-UWVF where we
increase the number of directions per element on a fixed mesh. Using either strategy
the resulting matrix system is more dense in the UWVF than in the FEM. However,
the overall storage needed to reach a desired accuracy is lower for the UWVF than
for the FEM (see Fig. 6.6). Perhaps this not surprising since the solution is smooth
and hence a higher order method (like UWVF) should be more efficient than a low
order method like FEM.
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Ficure 6.5. Left: A log-log plot of the relative error as a function of the mesh parameter 1/h
in the finite element scheme. Results are shown for f = 2.0 -10%, i.e. kp = 21.4. Right: Relative
error against the wavenumber kp in the mesh of Fig. 6.1 (b).
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FiGure 6.6. Relative error as a function of storage, i.e. the number of nonzero elements in
resulting matriz system. The abbreviation FEM refers to the piecewise linear finite element method;
h-UWVF to the elastic UWVF with constant number of basis functions (py = 10 and sy /px = 1.5)
and varying element size h; and p-UWVF to the elastic UWVF with fized mesh (the mesh of Fig.
6.1 (a) and sy /pr, = 1.5) and varying number of basis functions py. Results are for f =2 -10%.

The results from this example suggest a number of conclusions which we offer
under the caveat that they are not proven and are based on a small set of elasticity
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examples. However they are supported by our experience with the UWVF and FEM
for other problems:

e The UWVF compares well to the piecewise linear FEM.

e It is desirable to choose the number of S- and P-wave directions depending on
the ratio kp/ks to improve both the accuracy and conditioning of the elastic
UWVF.

e The conditioning of the linear system resulting from the UWVF can be esti-
mated from the conditioning of the diagonal blocks of D. Hence the basis on
each element may be chosen locally and still provide control over the overall
condition number.

e The accuracy of the UWVF, for a fixed mesh and element-wise basis, dete-
riorates as the frequency w increases, thus we see that the UWVF does not
escape from buildup of phase error that afflicts the FEM.

6.2. Rayleigh waves. Near material boundaries, edge or surface waves can
be generated. These waves travel along the boundary but decay rapidly into the
bulk. Perhaps the simplest example of surface waves are Rayleigh waves that can be
generated at a free surface (i.e. where T(™ (u) = 0).

Since discretization of the UWVF method in this study uses P- and S-plane waves
only, it is vital to investigate whether the method can resolve surface waves that are
not explicitly contained in the basis for the UWVF. To do this we study Rayleigh
waves on the surface of a semi-infinite elastic half-space. This is done by considering
a portion of the half-space and using appropriate boundary data. More precisely,
the computational domain is the square @ = [0,1] x [0,1] having Rayleigh waves
propagating along the y = 0 surface in the direction of the positive z-axis. The
material properties of the medium and the frequency of the wave field f = 2-10* are
the same as in the first test problem in Section 6.1.

The exact expression for the Rayleigh wave speed cg is somewhat complicated,
therefore we use the approximate value from [2] given by

087+ 1120
N 1+v

where v is the Poisson ratio. For our examples v = 0.3, and the accuracy of this
approximation is better than 0.5 %. In addition, we denote the Rayleigh wave number
by kg = w/cg. In this example, the wave speed cp and wave number kg are 2913
and 43.1, respectively.

The z and y components of the displacement field u = (u,u,)7 can be written
as follows (see e.g. [2] for details)

CR Ccs

—asy 25%! —apy iKRT
(6.3) Uy = ag qe MY — LT PV IFRT,
kgt ag
) 2apags i
(64) uy = 1KR {e—asy _ ﬁe—apy eme’
Ky + ag
where

This solution of the Rayleigh wave problem is shown in Fig. 6.7. The trajectories
of the particle motion in the field are ellipses whose major axes are normal to the
surface.
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Figure 6.7. The ezxact solution of the Rayleigh wave problem in the neighborhood of the free
surface.

The UWVF approximation of the Rayleigh wave solution (6.3) and (6.4) is ob-
tained by using the Rayleigh wave field as the incident field u'™ in equation (6.2)
taking ) = 0.1, except on the edge y = 0 where () = 1 in order to obtain a traction
free boundary condition there. This provides a boundary condition on the boundary
of the computational domain 2. In Fig. 6.8 we show the relative error of the UWVF
approximation of the Rayleigh wave as a function of the mesh size parameter 1/h. To
enable comparison with the previous computations, we also plot the error for approx-
imating the combined S- and P-wave solution from Section 6.1. The result clearly
shows that the S- and P-wave basis used in the UWVF can approximate Rayleigh
waves, even though Rayleigh waves are not contained in the basis. However, for a
given mesh, the accuracy is degraded compared to approximating a pure combination
of S- and P- waves (note that for this example the wavelength of the P-wave is roughly
twice that of the Rayleigh wave). The same reduced accuracy can be observed in the
plot of the error as a function of wave number kp (Fig. 6.9). These results suggest
that it may be useful to refine the grid or increase the number of plane waves in the
basis close to free boundaries, but this suggestion needs to be investigated further.

Relative error
=
o
8

)
w

10
—A— Rayleigh wave
» —-©— Plane wave
10
2 4 6 8 10
1/ h

Ficure 6.8. The accuracy of the UWVF approzimation for the Rayleigh and plane wave
solutions as a function of mesh size parameter 1/h. In both cases are computed with f = 2 - 104,
pr = 10 and si/pr = 1.5.
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FiGure 6.9. The accuracy of the UWVF approzimation for the Rayleigh and plane wave
solutions as a function of the wave number kp. The computations are done in the mesh of Fig. 6.1
(a) with pr = 16 and si/pr = 1.5.

TABLE 6.1
Material properties

Ex. Figs. Domain E v p cp cs cp/es
1 6.10-6.11 r<0.5 200-10° | 0.30 | 7800 | 5875 | 3140 | 1.87
0.5<r<1.0|200-10° | 0.47 | 7800 | 12413 | 2953 | 4.20
2 6.12-6.13 r <05 200- 109 | 0.30 | 7800 | 5875 | 3140 | 1.87
0.5<r<10| 14-10° | 0.25 | 1800 | 3055 | 1763 | 1.73

6.3. Transmission. As a third model problem we analyze the transmission of
elastic plane waves through a circular inhomogeneity with radius » = 0.5 embedded in
an infinite homogeneous background material. A similar problem has been studied,
for example, in [20]. Since the problem is physically unbounded, we truncate the
computational domain by another circle with radius » = 1 where we use the absorb-
ing boundary condition developed in Section 2.1. We analyze transmission in two
examples for which the material properties of the inhomogeneities and backgrounds
are shown in Table 6.3. In all simulations the frequency is f = 1.0 - 10%.

The incoming wave is of the form (6.1). In some examples, however, we study
separately cases with incident P- and S-waves. The direction of propagation of the
incident wave in both cases is a = (1,0).

We approximate the problem in the ultra weak scheme by using (2.17) as the
coupling parameter, setting () = 0 and

g = T™ (u'"®) — jou™ onT.

If we assume that the solution of the problem now consists of the incoming and
scattered fields u = u'™® 4+ u®, these particular choices correspond to the first order
absorbing boundary condition (2.16) for the scattered part u®°.

For comparison, an accurate approximation to the physical transmission problem
is computed using a truncated Fourier-Bessel series. This method is described in full
detail in [20]. We truncate the infinite Fourier series when the relative change of
solution due to an additional Fourier mode is less than 1075.

There are three sources of error in the UWVF calculation. First, we are computing
on a bounded domain with an absorbing boundary condition. This is probably the



22 T. HUTTUNEN, P. MONK, F. COLLINO AND J. P. KAIPIO

main source of error. Second, the interior circle is approximated using a polyhedral
approximation. In our work on the Helmholtz equation we have implemented the
UWVF with curved boundaries and that work needs to be extended to the elastic
UWVF. There is no fundamental difficulty with doing this except that during matrix
assembly integrals on curved sections need to be approximated by quadrature, so
slowing the assembly procedure. Finally, of course, there is the approximation error
due to discretizing the problem on the bounded domain by the UWVF. Due to the
first two approximations a discrepancy of the order 5 — 15% can be expected between
the UWVF and Fourier series approximations even for very fine grids or large numbers
of directions per element. In fact, we see that the asymptotic error of the method is
around 10%.

Because the mesh, shown in Fig 6.10, is unstructured and the elastic properties
depend on position it is helpful to vary the total number of basis functions, and the
ratio of S- and P-wave basis functions element by element. Since the accuracy of the
UWVF approximation depends on both of these factors, we analyze them separately.
In the first part of the study, we fix the ratio of the S- and P-wave basis functions, and
seek a feasible method to choose the total number of basis functions in each element.
In the second part of the study, we show the effect of the S- and P-wave composition
of the basis functions on the UWVF approximation.

Solution for incident (P+S)-wave

1
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

FiGure 6.10. Left: The mesh used for the transmission problem. Bottom right: The real
part of the solution of the transmission problem with the incident wave consisting of both P- and
S-components.

The results of the wave propagation example (Section 6.1) suggest that the ratio
of S- and P-wave basis functions sy /py should be about the local ratio of the wave
numbers kg /kp. By setting s, /pr = ks/kp, we compare two approaches for choosing
the total element by element number of basis functions. The first, and the most
obvious method, is to use an equal number of P-wave basis functions in all elements.
Naturally, the total number of basis functions is then defined by the local ratio sy /pr =
ks/kp. The second method is to choose the total number of basis functions for
each element K}, so that the condition number of the corresponding matrix block Dy,
is below a user supplied allowed limit. More precisely, we use the highest number
of P-wave basis functions which results in the condition number below this limit.
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This approach is similar to that used in [13] for the ultra weak approximation of
the Helmholtz problem. By varying the desired condition number we can vary the
number of directions per element. Although only offering an indirect control over
the accuracy of the solution, this pragmatic approach helps ensure that the iterative
scheme converges. The mesh is fixed (Fig. 6.10) so we are essentially using the p-
UWVF studied in Fig. 6.6. In particular the polygonal approximation of the circular
scatterer does not improve with more degrees of freedom.

In this part of the study we use the material parameters listed for Ex. 1. in Table
6.3. Note that the inhomogeneity and the background materials have a remarkably
different ratios cp/cs. Accordingly, the ratio si/pr has the same variation between
the two domains. The solution of the problem for (P+S)-wave incident field (i.e.
a=1,8=1in (6.1)) and for f = 1.0-10* is shown in Fig. 6.10.

The error and the maximum condition number of Dy, as a function of the number
of degrees of freedom (DOF) for, respectively, a fixed and a non-uniform distribution
of the number of P-wave basis functions per element are shown in Fig. 6.11. In
this figure, the relative error refers to the difference between the UWVF solution
and the analytic Fourier series solution. We note that using a uniform distribution
of the number of P-wave basis functions per element results in a rapid deterioration
of the conditioning of the problem which causes a blow-up of the error. Therefore,
in the remaining examples, the number of basis functions is chosen according to the
conditioning of Dy as described above.

1 - 1015
— Uniform P,

o8ll - Nonuniform P,

= = 10

2 a10

@ <1

o c

g o

R S

0] = 5

4 S 1
< 0

0

0 10
2000 3000 4000 5000 6000 2000 3000 4000 5000 6000
DOF DOF

Figure 6.11. Comparison of two approaches for choosing the total number of basis functions.
The nonuniform number of P-wave basis functions py for the element K} is chosen based on the
condition number of the matriz block Dy. In both cases the number of S-wave basis functions is
defined by the local ratio of wavenumbers as sy /py = Ks/Kkp.

Although the wave propagation example indicates that the ratio of S- and P-wave
basis functions should be about equal to the ratio of the S- and P-wavenumbers, it
is worthwhile to confirm this hypothesis also for a more complex problem. As in
the previous section, we study next the effect of the choice of the ratio si/py of the
basis functions on the accuracy of the elastic UWVF approximation. To obtain an
almost homogeneous ratio of the wave numbers in the whole computation domain,
we use the material parameters of Ex. 2. from Table 6.3. The wavenumbers for
the two subdomains are different, causing significant scattering of waves from the
interface, but the ratio cp/cg is approximately equal for both materials. This allows
a straightforward comparison between the ratios s;/pr and ks/kp; and performance
of the UWVF.
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Since the number of basis functions for each element is chosen now according to
the condition number of Dy, we show the relative error as a function of the maximum
allowed condition number in Fig. 6.12. The composition of the basis is varied by
changing the ratio of S- and P-wave basis functions sy /py. The results are computed
for both P- and S-wave incident fields.
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FiGure 6.12. Relative error as a function of mazimum condition number of the blocks Dy .
Each curve shows the error for a fized ratio of sj/py. The mazimum accuracies for the incident P-
and S-waves are 8% and 15% respectively. The discrepancy of this order between the Fourier series
and UWVF approzimations are due to low order absorbing boundary condition and the approzima-
tion of the curved boundary by the UWVEF.

The error for the same set of simulations is shown as a function of the number
of degrees of freedom in Fig. 6.13. It is notable that the error in the solution can be
controlled by choosing the desired maximum condition number (this in turn effects
the convergence rate of the bi-conjugate gradient scheme which may not converge if
the condition number is chosen too large). Of course the asymptotic error in the
computed solution is different for S- and P-incident waves because of the differences
in the scattered wave in each case.

7. Conclusions. We have formulated a discrete UWVF scheme for approximat-
ing the time harmonic elastic wave equation in two dimensions. The method obviously
extends to three dimensions. This requires, however, an additional set of S-wave basis
functions, since in three dimensions the elastic wave consists of the P-wave and two
polarizations of S-waves known as horizontal (SH-) and vertical (SV-) waves. Based
on our experience with the Helmholtz equation in two and three dimensions we expect
the method to compare favorably to a low order finite element scheme (see [4] for work
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Ficure 6.13. Relative error as a function of the number of degrees of freedom.
estimates).

Our numerical results in 2D show that the method can compare favorably to
low order finite element methods, and that potential conditioning problems can be
controlled by choosing the plane wave basis in the right way. Ultimately our goal,
to be reported in a future publication, is to use the elastic UWVF together with
acoustic-UWVF to obtain a high order coupled fluid-structures code.

The theoretical analysis of the elastic UWVF (and other UWVF methods) needs
more work. The current analysis of the elastic UWVF only proves that a discrete
solution exists, and we are working to provide an error analysis. Finally the elastic
UWVF needs further testing on wide range of practical problems (incorporating, for
example, edge effects) in order to more completely validate the method.
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