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SUMMARY

We investigate the feasibility of using the perfectly matched layer (PML) as an absorbing boundary
condition for the ultra weak variational formulation (UWVF) of the 3D Helmholtz equation. The
PML is derived using complex stretching of the spatial variables. This leads to a modified Helmholtz
equation for which the UWVF can be derived. In the standard discrete UWVF, the approximating
subspace is constructed from local solutions of the Helmholtz equation. In previous studies plane wave
basis functions have been advocated because they simplify the building of the UWVF matrices. For
the PML domain we propose a special set of plane wave basis functions which allow fast computations
and efficiently reduce spurious numerical reflections.
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propagation, Helmholtz equation

1. Introduction

The ultra weak variational formulation (UWVF) has been proposed as a promising alternative
to finite element methods for large-scale wave propagation and scattering problems. In the
UWVF, a priori information about the solution is included in the approximation subspace.
Therefore, it may reduce the computational burden associated with wave problems at high
wave number.

Originally, Cessenat and Després applied the UWVF method to the Helmholtz and Maxwell
equations [7, 6] in 2D and 3D, respectively. Furthermore, the UWVF for the Helmholtz problem
in an inhomogeneous media was derived in [6] while no numerical experiments were performed.
Subsequently, numerical results for inhomogeneous medium in 2D were given in [21]. Recently,
the UWVF method has been extended also to 2D elastic wave problems [20].

The UWVF relies on the decomposition of the original wave problem into set of subproblems
which are connected via impedance-like boundary conditions. For the geometric partitioning
of the problem, the method can utilize a standard finite element mesh provided the material
parameters in each element are homogeneous. Including a priori information of the local
solutions of the problem and using suitable integration by parts, the UWVF can be derived
as a variational problem over element interfaces. Moreover, by discretizing the UWVF with
properly chosen plane wave basis functions, the resulting UWVF integrals can be computed
in a closed form which makes the assembly of appropriate matrices very fast.

In many applications, it is essential to replace a physically unbounded wave problem by
a bounded one and to use an absorbing boundary condition (ABC) to restrict spurious
numerical reflections from the artificial exterior boundary. In general, exact absorbing
boundary conditions are non-local and therefore, involve large computational effort. To simplify
computations, various approximate schemes has been studied [15]. Traditionally, absorbing
boundary conditions are approximated with local differential operators (see. e.g [12] or [19]).
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Low order operators are simple to implement but do not necessary give an acceptable accuracy,
unless the artificial boundary is far from the scatterer [22]. General drawbacks of accurate high
order differential operators are their limitation to certain boundary geometries and that they
perfectly annihilate waves only in certain incident directions [19].

Partly due to the special treatment of the boundary conditions in the UWVF scheme,
only low order absorbing boundary conditions have been used to truncate the computational
domain with this method. Their implementation is straightforward but in many cases, they
lack sufficient numerical accuracy. Higher order ABCs might improve accuracy but those have
not been yet developed for the UWVF method. An alternative to high order ABCs for reducing
the boundary reflections is the perfectly matched layer (PML).

In [3] Bérenger proposed a computational damping layer, namely the perfectly matched
layer, which surrounds the actual computational domain and efficiently absorbs waves from
the computational domain. Originally, the PML was developed for Maxwell’s equations but it
has also been extended to problems generated by the Helmholtz equation [17, 24]. The PML
has been used successfully with the finite difference and finite element methods. An attractive
property of the PML is its applicability to very general geometries. A drawback is that the
damping layer increases the size of the computational domain and therefore, the number of
degrees of freedom in the problem.

In this study, the PML is applied as an absorbing boundary condition for UWVF
computations. Since the approximating subspace for the UWVF is chosen utilizing information
on local solutions of the problem, it is vital to understand how the PML changes the original
equation to be solved. We analyze the PML for the inhomogeneous Helmholtz equation and
derive the PML equations using the change of variables method. This approach is due to [8]
and has been applied previously for example in [9, 10]. The idea of the PML is to add a complez
stretching function to spatial variables. This leads to a modified Helmholtz equation for which
the UWVF can be derived. Furthermore, plane wave solutions for the Helmholtz-PML equation
can be used as basis function for the discrete UWVF.

It is known from previous studies with the finite difference method that the damping
coefficient in the PML must increase at least linearly inside the layer to obtain satisfactory
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results. A higher order increase has been shown to further reduce the spurious reflections [3].
We show that in the UWVF scheme, even a low order constant PML gives accuracy sufficient
for most engineering applications.

This article is organized as follows. Section 2 discusses the derivation of the PML using
the change of variables approach. The ultra weak variational formulation for the modified
Helmholtz equation is derived in Section 3. Finally, we present three dimensional numerical

simulations in Section 4, and in Section 5 we discuss the results and draw some conclusions.

2. Derivation of the PML using a change of variables

We consider the inhomogeneous Helmholtz equation
1 2
V-(—V)u-l-m—u:f (1)
p p

with spatially variable density p = p(r) and wave number k = k(r). The wave number is
defined as k(r) = w/c(r) + ia(r) where w is the angular frequency, ¢(r) the speed of sound
and a(r) absorption coefficient. To allow us to apply the UWVF, we assume that both x and

p are piecewise constant.

Let us utilize the change variables scheme and introduce a complex stretching of the spatial

variables r(z,y, z) = (z,y, z) given by

7: xr
o+ 2 [ ovalls] = z0)"da, [o] 2 w0,
Ilfl — K zo (2)

T, |.’L'| < Zo,

4 Z Y
g+ / Go(lyl = 90)"dy, 1yl > vo,
ks (3)

Y, |y‘ < Yo,

\

4 . z
1
att / co,x(|2] — z0)"dz, |2] > 20,
2= K Jzo 4)

2, |z| < 20.

\

In addition, we define ' = (z',3/, 2').
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To simplify notation we also define

0¢(§) = 00|l —&)",  E=2,y,2 (5)

where 0 ¢ is a constant and n is an integer. Moreover, let us define

1—}-10'35(1'), |$| > To,
K

dy () = (6)
1, |.73| < Zg,
142 ), lyl>y
— 0y ) = Y0,
dy(y) = Kk (7)
17 |y| < Yo,
1
1+ —0.(2), |2]> 20,
d.(z) = K (8)
1, |2| < 2.
Now we observe that the derivative of the stretched variable z' is
oz’
— =d, 9
= d,(2) ©)
with similar expressions for %—yyl and %—ZZI. This allows a straightforward substitution
0 0 190
= 5 2 - = 10
ox ox' d; Ox (10)

To simplify notation, we have omitted the explicit spatial dependence of d,, d, and d, from

here on. We can then rewrite the Helmholtz equation in stretched variables as

ii 1 % +i£ L@ +i£ 1 @ +K'_2u—f (11)
dy Oz \ dyp Oz dy Oy \ dyp Oy d, 0z \d.p 0z p

In a more compact form Equation (11) can be written as

2,2

V. (1Aw) + By — a2, (12)
P P

where 7? = d,d,d. and

dyd, dyd, dgcdy) 13)

ol = ( d, " dy

It is obvious that the standard inhomogeneous Helmholtz equation (1) is obtained from (12)

by choosing 7 = 1 and A = I where I is the identity matrix. Or, in other words, Equation (1)

follows if one chooses ' = z, y' = y and 2’ = z. Therefore, to simplify following discussion we

do not distinguish PML and non-PML regions. Instead, we present our study using the more
general equation (12).
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THE PML FOR THE UWVF 5
3. The ultra weak variational formulation for the Helmholtz-PML equation

In this section we outline the ultra weak variational formulation for the Helmholtz-PML
equation (12). In this study, the matrix A and parameter 7 are obtained via the complex
stretching of the spatial variables. Since a thorough derivation of the UWVF for the
inhomogeneous Helmholtz problems has been given in [6], we present only a short review
omitting the details.

Let us first partition the domain 2 into disjoint elements {Q; }X . We assume that the mesh
is chosen such that the parameters p and & are constant on each element and define py = plq,
and K = K|o,. For two elements Q and Q; we define Xj; = 0Q; N 0Q; with normal pointing
from Qy, into Q; if X; # 0. A face of 2 on the exterior boundary is denoted by 'y, = I'N 9,

with unit outward normal vy.
[Figure 1 about here.]

In this study, tetrahedral finite elements are used for partitioning. Although the UWVF
method itself is not limited to any special element shape, this choice has been made due to
abundance of tetrahedral finite element mesh generators. Use of other types of elements is
possible but this topic is not studied here.

For the UWVF scheme, we decompose the Helmholtz equation (12) into subproblems for

each element Q, k = 1,--- , K and define a collection of coupled problems as
1 2,2
V- <—A,Nuk> g Sk, = 2 in Q, (14)
Pk Pk
up = u; on Xj, (15)
1 1
— v - (Akvuk) =——v;- (AJVUJ) on Ekj, (16)
Pk Pj
1 1
(p—yk - (AxVug) — icuk) =Q ( — p_Vk - (AgVug) — i§uk) +g on Iy, (17)
k k

where ug, = ulo,, @ € C, |Q| < 1 and ¢ is a positive real valued on UX_, 9. We have also
denoted Ay = A|q, and n = n|q,- Note that Ay, is either identity and 7 = 1 or the element
is in the PML.

The boundary conditions (15) and (16) guarantee the continuity of the acoustic pressure
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6 T. HUTTUNEN, J.P.KAIPIO, P. MONK

and normal particle velocity, respectively, across the element interfaces. The exterior boundary
condition allows the implementation of various types of boundary conditions. For example, if
@ = 1, equation (17) reduces to the Neumann type boundary condition vy, - (AxVur) = prg.
Whereas ) = —1 produces the Dirichlet condition uy = i g- A source term can be implemented
with the help of the functions f and g.

Following [2], the transmission conditions (15) and (16) on the interface X;; may be written

as impedance-like boundary conditions

1 1

—vp - (A Vug) —isuy = ——vj- (A;Vuy;) —icuj, and

Pk Pj

1 1

p—l/k - (AgVuyg) +icu = —p—l/j . (A]VUJ) + icu;. (18)
k J

As proposed in [2] and used in previous UWVF studies [21], the coupling parameter ¢ is given

as

1/R Re(k;
¢ = —( e(ﬁk) + e(,i])> on Ekj. (19)
2\ e Pj
This is the mean value of Re(x)/p on the interface Xj;. On the exterior boundary I, the
boundary parameter ¢ is chosen consistent with the exterior boundary condition. In all

simulations of this study we use

¢ = Re(lik) on Fk- (20)
Pk

Provided that Q@ = 0, ky € R, Ay, = I, g = 0 and ¢ is given (20), the exterior boundary
condition (17) corresponds to the zeroth order (i.e. Sommerfeld type) absorbing boundary
condition

0
6—1:: —ikgur =0 on Ty (21)

This form is used in the numerical examples of Section 4 where the performance of the PML
compared with the zeroth order absorbing boundary condition. Particularly, Ay = I if we
choose gg¢ =0, £ = 2,y, 2.

For the formulation of the UWVF we define an operator

Fy : Lz(aﬂk) — L2(8Qk) (22)
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THE PML FOR THE UWVF 7

such that if y, € L2(0Qy) then Fi(yx) € L*(09Q4) is given by

1 _
Fi(yr) = (p_Vk - (ARV) — i§) vy on Oy (23)
k
where v, € H'(Qy,) satisfies
V - AV, + kinitr =0, in Q, (24)
and
1 _
(—p—l/k - (AR V) — ic) v =y on 0. (25)
k
In addition, we define the unknown impedance function x on 9 by
Xk = ((—il/k-(AkV)—ig)uk)‘ , 1<k<K. (26)
Pk [2197% -

Using integration by parts, the exterior boundary condition (17) and the coupled boundary
conditions (18), the UWVF problem can be derived and is the problem of finding x, €
L2(00%), k=1,2,..., K such that

Z/ CXkT — ZZ/

_XJFk Yr) Z/ = xkFi(yx)
k=1 j=1 Zk: L

11— 9
—gF + = / 25 27
k;/rk ~9F () /’kk; Qkfnk k (27)

for all y, € L2(0Q4), k = 1,2,... K. The derivation of (27) follows step by step the scheme

developed by Cessenat and Després in [7].

3.1. Discretization

In order to discretize (27) we use a plane wave basis. We introduce a set of directions {ax, ¢}~

on €y (with |ag,¢| = 1). Then the plane wave basis functions are
on,f — eiﬁkak,Z'F’. (28)

where 7 = (z',7',Z'). Note that this special basis is a solution of the adjoint problem (14) on
Q. when either Ay = I or when we are in the PML. Similar plane wave basis functions have
been used, for example, in the discontinuous Galerkin method for the 2D Helmholtz problem
[13].
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8 T. HUTTUNEN, J.P.KAIPIO, P. MONK

The discrete form of the UWVF is obtained via the substitution vy = ¢y, and

Pk

1
Xk = Z (Xk,z( T (ArV) — i§)90k,€); 1<k<K. (29)
=1

The unknown discrete impedances xy,¢ are computed from (27). Directions for the plane waves
ay,¢ are chosen from optimized spherical coverings [18]. The number of directions per element
is allowed to vary from 1 to 130. We shall describe shortly how the number is chosen.

Following [6] and [7], the discrete UWVF can be formulated as the matrix equation
(I-D7'C)X =D (30)

from which the weight vector X = (X115 X1,p1,X2,1,--)% can be resolved. Here D is the
block diagonal matrix arising from the first term on the left hand side of (27). As proposed in
[21], we employ the dynamic method for building the matrix D and choosing a stable number
of basis functions py for each element. More precisely, the diagonal of the matrix D consists
of K blocks Dy, i.e. one block per each element Q. We choose the largest p; for which the
condition number of Dy, is below a user specified limit. This preconditioning approach allows
the use of a relatively simple bi-conjugate gradient iteration for solving (30) for the weight
vector X.

It is noteworthy that the PML with the zeroth order damping coefficient (n = 0 in equations
(2)-(3)), results in matrices D and C with entries that can be computed analytically whereas
for higher order layers the integrals must be computed with a quadrature. Recalling that
the integrands are severely oscillatory, the use of the quadrature increases dramatically the
computational complexity of the UWVF-PML. In that case, it might be possible to develop
a semi-analytical integration scheme, such as in [5], to speed up the integration. This topic,

however, is not studied further here.

3.2. Resolving the field from the impedance data

The discrete UWVF gives an approximation to v and g—’; on 0f), for each k. However, away
from 0y, a direct approximation is only given when there is no absorption in the problem.
Since elements )y, are typically large compared to the wavelength of sound, we need to compute
the field away from 0} when medium is absorbing. We discuss a procedure to do this next.

Copyright © 2003 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2003; 00:0-0
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THE PML FOR THE UWVF 9

Provided that Ay, is identity matrix, k, € R and r' € R® in Qy, equations (14) and (24) are
identical. Therefore, it easily follows from (26) and (29) that

Pk

ulq, = Zxk,wk,e- in Q. (31)
=1

In the case of absorbing medium, the extension of the field into the element requires a new
post-processing step. (Note that this is not necessary during the solution of (30) but only for
obtaining the field away from UK_ 09,.)

Analogously with the original UWVF discretization (26) and (28), we utilize plane wave
solutions to construct a new set basis functions. Unlike in the discrete UWVF, however, the

plane waves are now solutions of the local Helmholtz equation (14) of the form
e = eimrone’ (32)

Rewriting the impedance equation (29) with the new set basis functions we obtain

Pk

v =3 (e~ pikuk (V) —i)gie), 1<k<K. (33)

=1
To approximate the solution using the new basis, we need to compute the weights 1y ¢,
1 < { < py, for which 9} = x¢.
In the UWVF context, the weights can be easily obtained for each element Qj, 1 < k< K

as a solution of

i/ ¢k e — —ka (ArV) — i§)¢k,z) (( - pikl/k (ApV) — i§)¢k,m)

—Z/

O,

Xk,e( — —ka (ArV) — iC)SOk,l) (( - pik’/k - (AkV) - ig)qﬁk’”)’ (34)

for all 1 < m < py. For each element, the equations (34) can be written in the form of matrix

equation

Y = Dy (bk,0, Ok,m) Dk (0k,0, ieym) Xk (35)

where X = (Xk,15 - Xk )~ and Y, = (Vg1 .o ¥k,p )L - The entries for the matrix Dy, are

Dy bk, Pk,m) = /

a

(=00 S 9= 9enn). 0
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10 T. HUTTUNEN, J.P.KAIPIO, P. MONK

where 1 < ¢,m < pi. We note that in the case of k; € R and ' € R® in Qy, the term
D;l(gﬁk,g, &k,m)Dr(Pr,e, Pk,m) = I and no post-processing is needed.

After the coefficients v, are found, the approximation for the field in each element is
obtained as

Pk
wlo, =Y Yredre in Q. (37)

=1
4. Numerical studies

To investigate the feasibility of the UWVF-PML method for large-scale wave field simulations,
we now perform a series of numerical experiments concerned with the propagation and
scattering of time-harmonic acoustic waves. It is known from experience with finite difference
and finite element methods that the PML parameters n, oo, and the thickness of the PML
must be properly adjusted to reduce numerical reflections to an acceptable level. We analyze
the effect of the PML-parameters to the accuracy of the UWVF-PML approximation. Since
in the simulations, the decay parameter og ¢, £ = x,y, 2 has identical growth rate with respect
to all directions z, y and 2, we denote it simply by o¢ = 0¢¢. Relative errors presented in the
following sections are computed using the discrete L?-norm.

As noted in Section 3.1, the directions for the plane wave basis functions are obtained from
optimized spherical coverings [18]. The number of basis functions for each element is chosen
based on the condition number of the matrix block Dy, [21]. The maximum allowed condition
number in all simulations is set to 10%. According to our experience, when the element size
of the mesh is not very large compared to the wavelength (e.g. A/h < 0.3 in this study) this
choice provides an accuracy which is limited by the spurious boundary reflections. However, as
was shown in [21], the condition number limit must be set higher for coarser meshes in order
to maintain the same level of accuracy.

The number of basis functions per element in our code is limited to between 1 and 130.
The element size is chosen so that the upper limit for the number of basis functions is not
exceeded. More precisely, at most 92 basis functions per element is needed in the simulations of
this study. The discrete problem (30) is solved by the stabilized bi-conjugate gradient iteration
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THE PML FOR THE UWVF 11

which is truncated when the relative residual reaches a value below 10~6. Typically 100-300
iterations are required to reach the termination criterion.

The computer code used in this study is written in Fortran90 and parallelized using MPI
(Message Passing Interface). The computations are done with Beowulf PC clusters consisting
of either 11 1.8 GHz Pentium 4 processors and having 11.5 GB total RAM; or 24 2.6 GHz
Pentium 4 processors and having 48.0 GB total RAM.

4.1. A point source

The first test problem consists of a point source

1 ein|r7r0|
u(r,ro) = P — (38)

in a cubic computational domain centered at the origin. The location of the source is off-
centered at ro = (10,10,10) mm and r = (z,y, z) is an observation point. The domain consist
of two concentric cubes with side lengths 30 and 40 mm. The region outside the smaller cube
constitutes the PML (see Fig. 2).

In all examples for this model problem we have set ¢ = 1500 m/s, p = 1000 kg/m® and
w = 2m - 500 kHz. Hence, the wavelength is A = 3.0 mm. Fig. 2 also shows a cross-section of a
typical mesh used in simulations. The longest edge of a tetrahedron in that mesh is h = 7.2
mm which is over twice the wavelength. In terms of wavelengths, the size of the non-PML
region is 10 x 10 x 10 wavelengths.

The PML is chosen to be 1% wavelengths thick and consists of 1-2 layers of elements. The
thickness of the layer is similar to that used in FDTD studies [3], but in the FDTD method
it is usual to have 8-10 elements in the layer. In contrast the UWVF allows larger elements
having multiple degrees of freedom per element,

In the UWWTF, a point source is obtained by setting g = 0 and f = §(r — ro) in (14)- (17)
where §(r — rp) is the Dirac delta function. The right hand side for Equations (27) and (30) is

thus
K
21 2% .
bre = Z/ [P, = —e trrareo 39
Pr = I P Pk (39)
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[Figure 2 about here.]
[Figure 3 about here.]

The UWVF-PML approximations are computed for the zeroth order damping layer (i.e.
n = 0) and by varying the damping coefficient g¢ = 0. We note that the decay function o
is of the form o¢(€) = 0o(|¢| — &)™, & = ,y, 2z where [£] — & in this study is typically 0.005
m. This necessitates a quite large value of the parameter oy.

For the exterior boundary condition (17), we have set @ =0, g = 0 and the parameter ¢ is
given in (20). We note that in the case of g9 = 0, the exterior boundary condition corresponds
to the zeroth order absorbing boundary condition (21). The exact solution and UWVF-PML
approximations with different oy are shown in Fig. 3. Relative errors in the x = 0 mm plane
inside the inner cube are listed in Table I. We list also the variation in the number of basis
function per element pg, the number of degrees of freedom in the problem (DOF) and variation
in parameter </6py % where hy, is the longest edge of the tetrahedron Q. This parameter can
be considered as an indicator to the needed number of degrees of freedom per wavelength. The
UWVF uses values /6py % < 6.7 that are below the rule of thumb % ~ 10 typical for low
order finite elements. Despite that the error of the UWVF-PML approximations is below 1
%.

[Table 1 about here.]

The same mesh (Fig. 2) is used in all the simulations reported in Table I. It consists of 2
558 vertices and 12 521 tetrahedra. However, since the number of plane wave basis functions
in each element ) is chosen according to the condition number of the corresponding matrix
block Dy, the choice of the decay parameter o affects the number of basis functions in the
PML elements.

The smallest errors occurs with the value oo = 500. A larger o¢ results in a slightly poorer
accuracy. This is most likely due to the conditioning based method for choosing the number
of basis functions for each element. More precisely, increasing oo deteriorates the conditioning
of the matrix blocks Dy, and thus reduces the number of basis functions per element. The

Copyright © 2003 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2003; 00:0-0
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THE PML FOR THE UWVF 13

smaller number of plane wave basis functions weakens the matching of the UWVF impedance
functions across elements faces and naturally increases the error. On the other hand, for the
lower o¢ the reduced number of basis functions in the PML decreases the number of degrees
of freedom for the problem while oq is large enough that high accuracy still remains. A plot

along y-axis shows the rapid decay of the field in the PML (Fig. 4).
[Figure 4 about here.]

To investigate the higher order PML (i.e. n > 0), we show two n = 2 examples with
oo = 6-107 and og = 8- 107 in Fig. 5. The values of oy are chosen so that the integrals
of the stretched variables (2)-(4) are comparable with the best performing n = 0 examples.
The errors for og = 6- 107 and g9 = 8 - 107 are 1.76 % and 0.62 %, respectively. In the same
problem, the error for n = 0 and g9 = 500 is 0.38 % which is slightly smaller than obtained
with the higher order n = 2 layer. In addition, note that the disadvantage of using n > 0 is a

much greater time for matrix assembly without a marked improvement in accuracy.
[Figure 5 about here.]

Results of Table I show that compared to the Sommerfeld-type ABC (op = 0), the PML
reduces the error. However, the Sommerfeld-type condition becomes more accurate if the
absorbing boundary is moved farther from the point source. Then, a question arises whether
it is more efficient to use the PML than the ABC to obtain a desired level of accuracy. This
is examined next by using the same test with the point source at (10,10,10) mm as in the
previous paragraphs.

The efficiency of the PML method is compared with the zeroth order absorbing boundary
condition in Table II. The PMLO example with n = 0 and ¢ = 500 is the same as in Table I;
and Figs. 3 and 4. The second order PML (PML2 in the table) corresponds to the case n = 2
and oo = 8- 107 in Fig. 5. To reduce the error, the size of the computational domain in the
case of the Sommerfeld-type condition is 70 x 70 x 70 mm. In the table we list, for example,
the number of stabilized bi-conjugate gradient iterations (Iter), the memory requirement in
gigabytes (Mem) and the total computation time ¢ using a Beowulf PC cluster with 24 2.6
GHz Pentium 4 processors and 48.0 GB total RAM.

Copyright © 2003 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2003; 00:0-0
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14 T. HUTTUNEN, J.P.KAIPIO, P. MONK

[Table 2 about here.]

Despite the larger computational domain, and therefore increased memory need and CPU time,
the accuracy of the zeroth order ABC remains lower than the accuracy of the PML method.
The error of the second order PML is comparable with the n = 0 case but the computation

time is huge due to the numerical integration needed in the matrix assembly.

We also studied the error of UWVF-PML approximations as a function of the source - PML
separation. For this experiment the point source (38) is located at the origin (ro = (0,0,0))
and the PML is defined between two concentric cubes as in Fig. 2. The side length of the
non-PML domain varies from 4 to 25 mm. The thickness of the PML in all simulation is 5
mm. Figure 6 plots errors using the PML parameters oo = 0 and o¢ = 500 in the case of n = 0.

All errors are computed in the 1.9 x 1.9 mm region in the = 1.9 mm plane.

[Figure 6 about here.]

The accuracy with o9 = 500 remains somewhat independent of the nearness of the PML
while the error for oy = 0 decreases with the distance of the exterior boundary. A reason for
the unevenness of the error maybe a variation in the mesh quality. We note that the meshes
in the case of 09 = 0 and oy = 500 are identical for a fixed size of the computational domain,
however, the number of basis functions in the PML elements varies. Since the thickness of
the PML (5 mm) corresponds to almost two wavelengths, the zeroth order ABC (i.e. g9 = 0)

performs relatively well.

The overall errors in the case of o9 = 0 are smaller than in the first test problem (Table I).
This is due to the location of source at the origin. Namely, waves hit the exterior boundary
at relatively small angles resulting in diminished numerical reflections from the absorbing
boundary condition (21). On the other hand, the field inside the computational domain is
more symmetric than in the case of off-centered source. This may also reduce the effect of
spurious reflections.
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4.2. Inhomogeneous and absorbing medium

For the second example we divide the computational domain into two parts with the plane
z = 0. The material properties for the upper (z > 0) and lower (2 < 0) half spaces are
(k1,p1) and (ks2, p2), respectively. We use complex wave numbers k; and k2, i.e. the materials
have non-zero absorption coeflicients a; = 20 Np/m and as = 40 Np/m. The other material
parameters are ¢; = 1500 m/s, c2 = 2000 m/s, p; = 1000 kg/m? and p» = 1200 kg/m?. These
result in wavelengths Ay =3 mm and A2 = 4 mm for upper and lower half spaces.

As in the first example, the field is emitted by a point source located at the point (0,0, h)

where h = 10 mm. An analytical solution for the field is [11]

ik Rt ik1R™ 0o .
e+ - B / Jo(CR)e—mt+n __SH2dC
u(r,p) = ATR - AmRT 2w o cdc (B2 + ) (40)
il J(CR euzz—mh)i’ 2 <0
o /0 o(CR) e

where R = /22 +y2, R* = \/m and B = pa2/p1. The Bessel function of order zero
is denoted by Jo and p; = /A2 — n?, j = 1,2. The integrals of (40) can be easily approximated
with the trapezoidal rule. Since integrands of (40) decay rapidly, the upper bound of the integral
can be chosen so that no significant truncation errors occur from replacing the infinite limit

by a finite value.

As discussed in Section 3.2, equation (31) should not be applicable to approximate the field
inside elements where the wave number is complex and an additional post-processing step
is required. Since Equation (31) remains valid on the element interfaces 0y, it is useful to
estimate the error that follows from the use of (31) for the elements in the absorbing media.
Therefore, we compare in Table III the accuracy of the fields computed using (31) and (37). The
corresponding UWVF approximations and the exact solution for the problem are presented in

Fig. 7. It is clear that the use of (37) improves the accuracy of the scheme.

[Table 3 about here.)

[Figure 7 about here.]
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4.8. Uniformly oscillating surface on a rigid baffle

The third test problem is typical for many applications of acoustics. We study a field generated
by a rigid infinite surface of which a finite region S is oscillating with normal velocity amplitude
vp. The field generated by such a source in a homogeneous fluid can be computed using the

Rayleigh integral

'ilip’Un ez’n|r7r0\
= ds 41
w=ge [ as) (1)

where we now denote by 7o a point on the oscillating surface. In addition, we assume that
the velocity amplitude v, is uniform throughout the surface S. The region of interest has
dimensions 30 x 95 x 30 mm which is surrounded by a 5 mm thick damping layer (see Fig. 8).
We use the zeroth order PML (n = 0). Although the optimal value of the damping parameter o
is case dependent [9], from the point of view stability and accuracy, the numerical simulations
of Sections 4.1 and 4.2 suggest that oo should be as high as possible but not too high which may
deteriorate the conditioning of the problem. This argument motivates us to choose g9 = 500.

The material parameters for the medium are identical to those for the first test problem.
The angular frequency used in this problem is w = 27 - 500 kHz. Hence, the wavelength is
A =3 mm and the size of the non-PML region is 10 x 31% x 10 wavelengths.

The oscillating and rigid boundaries are obtained using Neumann type boundary conditions
in the UWVF. More precisely, in the y = 0 plane, we choose @ = 1, f = 0 and ¢ as in (20). In
addition, we set g = —2iwv,, and g = 0 for the oscillating and rigid boundaries, respectively.
The rectangular face in the y = 0 plane with the side length of 20 mm acts as the source while
the rest of the plane is modeled as a rigid surface (see Fig. 8).

The fields are presented in Fig. 9. Use of the PML reduces the error from 8.18% to 1.54%
compared to the case 09 = 0 which corresponds the zeroth order ABC. The variability in the
number of basis functions per element was 42-85 for g = 0 and 10-84 when o9 = 500. The

benefit of the damping layer can be seen more clearly on the central axis of the source (Fig.10).
[Figure 8 about here.]

[Figure 9 about here.]
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[Figure 10 about here.]

5. Discussion

We have studied the feasibility of the perfectly matched layer absorbing boundary condition for
the three dimensional ultra weak variational formulation of the Helmholtz equation. The PML
was derived using complex stretching of spatial variables. This led to the modified Helmholtz
equation for which the UWVF was formulated.

The suitability of the method for the large-scale numerical modeling of acoustic fields
was investigated with computational experiments. In comparison with a low order absorbing
boundary condition, the zeroth order (n = 0) PML showed significant improvement in
accuracy. In all problems studied, the accuracy of the UWVF-PML approximation could
be adjusted to obtain an error of the order 1 %. Which is sufficient accuracy for most
engineering applications. We also studied higher order PML (i.e. n > 0). However, for the
model problems of this study, this did not cause an improvement in accuracy. Instead, the
building of the UWVF matrices required numerical integration which dramatically increased
the computational burden.

It is notable that the thickness of the PML in the simulations of this study is relatively large.
One might expect that this results in an unnecessarily large storage requirement. However,
due to the relatively small number of basis functions per element in the PML, the storage for
PML elements is smaller than for the elements in the non-PML region. This also explains the
reduction in the number of degrees of freedom with the increase of the decay parameter og, see
Table I. On the other hand, since the PML consist of 1-2 layers of elements, a thinner PML
might lead to smaller elements near the edge of the non-PML region which might not reduce
the over-all storage requirement of the problem. This is because, at least in 2D, it is beneficial
to use as large elements as possible and a large number of basis functions per elements [21].

Compared to a low order finite element method (FEM), numerical studies in 2D suggest
that the UWVF method reduces the overall storage needed for a problem [20]. It is likely
that the number of degrees of freedom in the 3D UWVF is also lower than needed for the
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18 T. HUTTUNEN, J.P.KAIPIO, P. MONK

FEM. However, a rigorous assessment of the UWVF compared to other 3D method remains
to be done. A drawback of the UWVF method is the difficulty of finding the right number of
plane basis functions for each element. Namely, the computation time needed for assembling
the matrix D and choosing the number of plane waves for each element is strongly dependent
on the initial guess of the number of directions py. In a typical simulation of this study, the
building of the matrix D took over a half of the total CPU time.

Another drawback of the UWVF method is its limitation to the piecewise constant material
properties. More precisely, the density of the medium and wave number must be constant
in a single element. This limits the feasibility of the method for problems in which these
parameters are smooth functions of position. However, a method for constructing 2D plane
wave basis functions for linearly varying material parameters has been developed in [4]. A
similar technique may be possible also with the 3D UWVF method.

Although this study is dedicated to studying the performance of the perfectly matched layer,
it is interesting to investigate alternative methods for reducing numerical reflections. In this
regard an important family of boundary conditions are the Higdon-type conditions [19] which
are exact for plane waves propagating to known directions and may therefore be effective with
the UWVF method which uses plane wave basis functions. On the other hand, other high-order
methods, such as discussed in [1, 16], may improve the accuracy of the UWVF method.

The directions for the plane wave basis functions in the UWVF were uniformly distributed
on the unit sphere and the number of directions per element were chosen according to a
conditioning based criterion. The maximum allowed condition number for the matrix blocks Dy,
in all simulations was set to 108. Using this scheme, the accuracy of the UWVF approximation
in all numerical examples was mainly limited by the absorbing boundary condition. However,
when the PML parameter og was chosen very high, it resulted in an insufficient number of
basis functions for PML elements, decreasing the accuracy of the UWVF approximation.

Since directions for the basis functions were distributed uniformly on the unit sphere, they
did not include any a priori information about the direction of propagation of the field to be
solved. It is obvious that if the directions could be matched a priori with the solution field, a
significant reduction in the number of basis functions needed would occur. In a finite element
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scheme, this kind of approach has been implemented using a ray method for determining the

optimized directions [14]. Another alternative is to use an adaptive method, such as discussed

in

10.

11.

12.

13.

14.

[23]. We are now considering such an approach.
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Figure 1. Notation for the finite element partition of the domain 2. The edge X; separates elements
Q. and Q; with outward normal v;. Boundary edges of Q2 lying on the exterior boundary I' are
denoted I'g.
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Figure 2. Geometry and a cross-section of the mesh for the model problem 1. A point source is located
at ro = (10,10, 10) mm
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Figure 3. The absolute value of the exact field in the plane = 0 (top row). The UWVF approximation

with a zeroth order (n = 0) PML having different damping coefficients 9,6 = 0o are shown in the

remaining panels. Note that the field is shown in the non-PML region. The boundary condition (21)
is used on the exterior boundary.
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Figure 4. The amplitude of the acoustic field as a function of y for various damping parameter values.

The fields along the y-axis decay inside the PML damping layer |y| > 15 mm. Outside the PML

the field computed using o¢ = 500 is indistinguishable from the exact solution. For a large damping

coefficient, the adaptive choice of the plane wave basis functions in the UWVF allows only a small

number directions for the elements in the PML. This is most likely a reason for the slightly reduced
accuracy of UWVF approximation in the case of the largest oo.
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Figure 5. Two UWVF approximations with the second order (n = 2) PML with different damping
coeflicients 0¢ ¢ = 00. Figures show the field inside the non-PML region in the x = 0 plane. The results
are agreeable to the n = 0 case when o¢ = 500 but take longer to compute.
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Figure 6. The error of the UWVF-PML with n = 0 as a function of side length of the non-PML region

which measures the source-PML separation. The side length of the computational domain is for the

cube forming the non-PML region. For this example there is little need to have the PML far from the

source, but the accuracy of the zeroth order absorbing boundary condition (i.e. oo = 0) is markedly
degraded if the absorbing boundary is placed too close to the source.
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Figure 7. The exact solution (top row), the UWVF approximations when computed with equation
(31) (middle row) and the UWVF approximations using Equation (37). Figures show the field inside
the non-PML region in the x = 10 mm plane.
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Figure 8. Geometry of the third model problem. The field is generated by a uniformly oscillating rigid
surface S in the plate y = 0. The rest of the y = 0 face is modeled as a perfectly rigid surface. The
region between the inner and outer cubes constitutes the PML.
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Figure 9. Rayleigh integral (top), the UWVF-PML approximation with ¢ = 0 (middle) and with
oo = 500 (bottom). The case of a9 = 0 corresponds to the zeroth order absorbing boundary condition
(21). The PML starts when |z| = 15 mm and when y = 95 mm.
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Figure 10. Comparison of the Rayleigh integral, the UWVF-PML with oo = 0 and with o9 = 500 on
the central axis of the source. The region y > 95 mm constitutes the PML.
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Table I. Summary of the results of point source simulations

oo Pk DOF &/6pk % Err%

0 40-84 707744 3.22-6.62 9.95
100 37-84 669306 3.22-6.42 4.55
500 10-84 549029 2.35-6.28 0.38
1000 1-84 422666 1.09-6.28 0.62
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Table II. Comparison of the PML and the zeroth order absorbing condition. PMLO corresponds to the
parameters n = 0 and oo = 500; and PML2 the parameters n = 2 and go = 8 - 10".

Method Domain (mm?) Dk DOF Iter Mem (GB) t(s) Err%
PMLO 50 x 50 x 50 10 - 84 549 029 140 3.9 399 0.38
PMIL2 50 x 50 x 50 9-84 580 103 868 4.2 13 323 0.62
Sommerfeld 70 x 70 x 70 46 - 92 2918 501 216 19.0 1088 2.31
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Table III. Simulations for inhomogeneous absorbing medium

Approximating Eq. a9 Err%

(31) 0 554
500  3.37
(37) 0 451
500 0.41
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