
Solving Maxwell's Equations Using the Ultra Weak
Variational Formulation

T. Huttuneny, M. Malineny andP. Monk z

yDepartmentof AppliedPhysics,University of Kuopio,P.O.Box1627,70211Kuopio,Finland
zDepartmentof MathematicalSciences,University of Delaware, Newark,Delaware, 19711,USA

Weinvestigatetheultraweakvariationalformulationfor simulatingtime­harmonic

Maxwell problems. This studyhastwo main goals. First, we introducea novel

derivationof theUWVF methodwhichshows thattheUWVF is anunusualversion

of thestandardupwinddiscontinuousGalerkin(DG)methodwith aspecialchoiceof

basisfunctions.Second,we discussthepracticalimplementationof anelectromag­

neticUWVF solver. In particular, we proposea methodto avoid theconditioning

problemsthatareknown to hampertheuseof theUWVF for problemsin general

geometriesandinhomogeneousmedia.In addition,we show how to implementthe

PML in theUWVF to accuratelyapproximatephysicallyunboundedproblemsand

discusstheparallelizationof theUWVF. Threedimensionalnumericalsimulations

areusedto examinethefeasibilityof theUWVF for simulatingwavepropagationin

inhomogeneousmediaandscatteringfrom complex structures.

1. INTRODUCTION

We are concernedwith developing a �e xible method for approximatingthe time-

harmonicMaxwell systemat resonancefrequenciesfor complex geometriesandmedia.

Becauseof theneedto allow avariablerefractiveindex, wedecidedto useavolumebased

method.In furthernarrowing down our requirementswe think thatasuccessfulnumerical
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2 HUTTUNEN, MALINEN, KAIPIO

schemefor approximatingthetime-harmonicMaxwell systemneedsto addressa number

of sometimescon�icting requirements:

� The schemeshouldbe ableto handlecomplex geometry. Applicationsmay include

scatteringfrom aircraft, computationof antennapatternsor predictingthe interactionof

radiationwith biological tissue(suchasthehumanhead).This requirementsuggeststhe

useof anunstructuredgrid.

� Thealgorithmshouldbeableto handledifferentmaterials(includingsuddenjumpsin

theelectromagneticparametersatmaterialinterfaces)includingdielectricsandconductors.

In additionit needsto beableto handlesurfacecoatingsvia theimpedanceor conducting

boundarycondition.

� Mostscatteringproblemsareposedonunboundeddomains.

� Many problemsrequirecomputingtheelectromagnetic�eld in domains(or for objects)

that spanmultiple wavelengths.Thusgooddispersionaccuracy is desirable.The focus

of this paperis neitheron very low frequency problemsin which the objectsarea small

fractionof awavelength,or onveryhighfrequency problemsin whichobjectsaremany of

wavelengthslong. This is thesocalled“resonanceregion” of scatteringtheory.

� The methodshouldgive a linear systemthat canbe solved easily, and the method

shouldbeeasyto program!

Of courseit would beeasyto addto this list (for exampleno mentionis madeof wiresor

adaptivity) but, for ourproject,theabovesummarizesthemaindesigngoals.

Thereis no uniquechoiceof methodgiventheaboveconstraints.However, takinginto

accountthesegoalswedecidedto useavolumebased�nite elementlikeproceduredueto

CessenatandDespŕes[5, 6] calledtheUltra WeakVariationalFormulation(UWVF). This

methodcanbe implementedon a tetrahedral�nite elementgrid, so providing geometric

�e xibility . It alsohandlespiecewiseconstantmediaandimpedanceboundaryconditions

andwehave implementedaconductingboundarycondition,althoughweshallnotdiscuss

thathere. ThebasicUWVF approximatesunboundeddomainsvia a low orderabsorbing
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SOLVING MAXWELL 'S EQUATIONSUSING THE UWVF 3

boundarycondition and this is a weakness.One goal of this paperis to show how to

implementtheperfectlymatchedlayer(PML) of Bérenger[2] in theUWVF to giveabetter

absorbingboundary. TheUWVF usesa planewave basison eachelementandhencewe

hopehasgooddispersionbehavior althoughthishasyettobeestablishedrigorously. Finally,

dueto theexcellentappendicesin Cessenat's thesis[5], thebasicUWVF is relatively easy

to program,andthelinearsystemcanbesolvedby a simpleiterative scheme(in our case

BiCGStab)whichmakesparallelizationrelatively simple.

Of coursetherearemany othermorecommonlyencounteredcompetitorsto theUWVF.

BoundaryIntegralEquation(BIE) techniqueshandletheunboundeddomainwithout trou-

ble,andcanalsohandlecomplex geometry(seefor example[9]). Theirmaindisadvantages

arethatpenetrablemedianeedto be implementedeitherby systemsof integral equations

oneachinterfacebetweenpiecewiseconstantregionsor via volumeintegralequations(al-

ternatively boundaryelementand�nite elementmethodscanbecoupled- seefor example

[14]). In addition, to solve the resultinglinear system(which also requiresto evaluate

singularintegralsin acarefulway) it is necessaryto usea fastoperatorevaluationstrategy

like theFastMultipole Method(FMM) [12]. On thebasisof easeof implementationwe

electednot to pursuethis directionalthoughsuchmethodsarejusti�ably very popularin

computationalelectromagnetism.Elsewhere,oneof us (Monk) andE. Darrigrandhave

startedto testcouplingboundaryintegral equationsusingtheFMM andtogetherwith the

UWVF to provideanalternativemeshtruncationprocedure[11].

Anothercompetitoris the�nite elementmethod(FEM).Typicallyedgeelementsareused

todiscretizetheelectromagnetic�eld [19]. TheFEMhasthesameadvantagesastheUWVF

regardinggeometric�e xibility andthehandlingof penetrablescatterers(however, unlike

the UWVF, functionally gradedmaterialswherethe refractive index variescontinuously

canbehandledby theFEM). It facesthesamedif�culties regardingmodelingunbounded

media.Thetheoreticalanalysisof theconvergenceof theFEM is muchbetterunderstood

thanfor the UWVF andprogrammingparadigmsarewell known. However, in orderto

obtaingooddispersionbehavior, it is necessaryto usehigherorderelementswhich are
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quite complicatedto program. In addition the solutionof the resultinglinear systemis

dif�cult (multigrid is no longeranoptimalstrategy dueto limitationson thecoarsestgrid

thatcanbeused).This wasthemainreasonfor rejectingtheFEM at thetime this project

wasstarted.Recentadvancesin hierarchicedgebasisfunctions[1] andnon-overlapping

Schwarz solutionmethods(seefor example[8]) makes the FEM approachincreasingly

useful. Although extremely complex, perhapsthe ultimate schemeof this type is an

hp-�nite elementmethod(seefor example[13]).

Finally we mention the popular Finite Integration Method (FIT) [22, 23]. This is

essentiallya volume based�nite differenceschemeso the representationof curved or

complicatedboundariesrequiresspecialcare.Theimplementationof impedanceboundary

conditionsis theneven morecomplex. Of coursethe simplestructuredmeshof a �nite

differencemethodimpliesa moreef�cient codeandpotentiallyspecialsolutionmethods

whencomparedto similar �nite elementmethods.

Of coursetheUWVF is no panacea.First of all thetheoreticalconvergenceproperties

of the UWVF arenot aswell understoodasfor the the othermethodsmentionedabove.

Furthermorethemethodcansuffer from badconditioningproblemsif thebasisor grid is

notchosencarefully. Finally thesolutionis notcomputedeverywherebut only onthefaces

of thetetrahedralmesh(termedthe“skeleton”of themesh)andrequiresapost-processing

stepto obtainthesolutionawayfrom theskeleton.Howeverthefar �eld patterncaneasily

becalculateddirectlyfrom theUWVF solution[5]. A goalof thispaperis to show practical

waysto avoid or controltheaboveproblems(weshallnotaddresstheoreticalaspectshere

beyondpresentinganovelandunifyingderivationof themethod),aswell asshowinghow to

handleunboundedmediabetterthanthebasicUWVF. In particularweshallpresentanovel

derivationof theUWVF thatshows it is a standardupwindDiscontinuousGalerkin(DG)

methodwith a specialchoiceof degreesof freedomandapproximatingbasisfunctions.

After thisderivationweshalladdressseveralpracticalissuesrelatedto usingtheUWVF as

follows:
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SOLVING MAXWELL 'S EQUATIONSUSING THE UWVF 5

� We shall discussthechoiceof thenumberof basisfunctionsperelementto balance

thecompetingneedsof accuracy andconditioning.

� Weshallshow how to implementaPML in theUWVF anddemonstratethatit provides

enhancedperformancecomparedto thebasiclow orderboundaryconditionin thestandard

UWVF.

� We shall show how to post-processthe computationalresultsto approximatethe

solutionaway from themeshskeleton.

� We shall show that the methodcan solve “complex" scatteringproblemssuch as

scatteringin a layeredmediumand scatteringfrom a spherewhereexact solutionsare

available.We shallalsoshow how to implementa pointsourcein themethod.

As partof theseinvestigationswe shall alsoexhibit theperformanceof the linearsystem

solver (just theBiCGStab),andinvestigatethefrequency dependenceof thesolution. We

shalltry to show thattheUWVF is aviableandusefulMaxwell solver.

We �nish this introductionby describingin detail the Maxwell systemandboundary

conditionsapproximatedby thebasicUWVF of CessenatandDespŕes[5, 6]. Suppose


is a boundedpolyhedraldomainin R3. We want to approximatetheelectric�eld E and

magnetic�eld H thatsatisfythefollowing time-harmonicMaxwell system

� i! � E � r � H = 0 in 
 ; (1)

� i! � H + r � E = 0 in 
 : (2)

Here! is thetemporalfrequency of the�eld, and� and� arerespectively thepermittivity

(complex valued in general)and permeability (real valued) of the material in 
 . In

particular, for � , the real part < (� ) is boundedandstrictly positive. The imaginarypart

= (� ) is boundedandnon-negative. Finally � is real, boundedandstrictly positive. The

�eld is supposedto satisfythefollowing generalizedimpedanceboundarycondition

� E � n + � (H � n ) � n = Q(E � n + � (H � n ) � n ) + g on � = @
 (3)
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6 HUTTUNEN, MALINEN, KAIPIO

whereQ is a realfunctionof positionon theboundarywith jQj � 1, n is theunit outward

normalon � andg is a tangentialvector�eld giving theboundarycondition. Finally we

useapositiveparameter� de�nedontheboundary� (bewarethis is not theconductivity!).

Often� = j
p

� j=j
p

� j, but moregenerallywe allow � to beany boundedstrictly positive

realfunctionon � .

Notethat theboundarycondition(3) is rathergeneralandfor specialchoicesof Q can

be usedto implementseveral standardboundaryconditions. ChoosingQ = 1 we get

E � n = � 2g whichis thestandardperfectelectricallyconductingboundarycondition.If

Q = 0 weobtaintheimpedanceboundarydata.� E � n + � (H � n ) � n = g andwith an

appropriatechoiceof � =
p

� 0=
p

� 0 where� 0 and� 0 aretheelectromagneticparameters

of freespace(real)wehavethelowestorderabsorbingboundaryconditionthatcanbeused

to truncatethecomputationaldomainin a scatteringcalculation.Finally Q = � 1 givesa

magneticwall conditionusefulfor approximatingsurfaceswith veryhighpermeability(or

to implementa symmetryboundarycondition).

2. DERIVATION OF THE UWVF

In this sectionwe shall derive the UWVF for the basicMaxwell system(1)–(3). Our

derivation,whichdiffersfromthatof CessenatandDespŕes[5, 6], highlightstheconnection

betweenthe UWVF and the classical�ux splitting discontinuousGalerkin methodfor

symmetrichyperbolicsystems(seefor example [18]). In fact we shall show that the

UWVF canbeviewedasadiscontinuousGalerkinmethodwith aspecialchoiceof testand

trial space.

Let � h = f K gdenotearegular�nite elementmeshof elementsK of maximumdiameter

h covering 
 . In principle, this meshcanbe quite generalallowing for mixing various

elements(cubes,tetrahedra,prismsetc), but in our implementationwe usea tetrahedral

�nite elementmeshsinceit is easyto generateand�ts generalboundariesreasonablywell.

HenceweshallassumethateachelementK is atetrahedronandhencehastriangularfaces

(sosimplifying someintegralsthatneedto beperformedduringthecalculation).
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SOLVING MAXWELL 'S EQUATIONSUSING THE UWVF 7

We now proceedalong standardlines to derive a discontinuousGalerkin methodfor

the Maxwell systemrecalling �rst the integrationby partsidentity that for any a andb

suf�ciently smoothonK

Z

K
r � a � bdV =

Z

K
a � r � bdV +

Z

@K
n K � a � bdA

wherethe over-line representscomplex conjugateandn K is the unit outwardnormalto

theboundary@K of K . Now let � K and K denotesmoothtestvectorfunctionson an

elementin themesh.Multiplying (1) and(2) by thecomplex conjugateof � K and K and

integratingover K usingthe above integrationby partsidentity to move the curl off the

trial functionswe obtain

Z

K

�
� i! � E � � K � H � r � � K

�
dV =

Z

@K
n K � H � � K dA;

Z

K

�
� i! � H �  K + E � r �  K

�
dV = �

Z

@K
n K � E �  K dA:

Adding thetwo equationsandreorderingtheleft handsideweobtain

Z

K

�
E � (i! � � K + r �  K ) + H � (i! �  K � r � � K )

�
dV

=
Z

@K

�
n K � H � � K � n K � E �  K

�
dA

wherewehaveusedthefactthat� is assumedto berealvalued.Usually, in thederivation

of thediscontinuousGalerkinmethod,wewouldnow specifyhow to computethe“�ux es"

or surfacecurrentsn K � E andn K � H from approximatediscontinuous�elds, but in

thiscasewenow makeanimportantassumptionthatis theessentialpartof theUWVF. We

assumethat� K and K satisfythefollowing adjointMaxwell systemonK :

i! � � K + r �  K = 0 in K ; (4)

i! �  K � r � � K = 0 in K : (5)

With this assumptiontheabove identity for (E ; H ) onK reducesto

Z

@K

�
n K � H � � K � n K � E �  K

�
dA = 0 (6)
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We now apply theusualdiscontinuousGalerkinupwindsplitting methodto this identity.

Let

u K =

0

B
@

E jK

H jK

1

C
A and� K =

0

B
@

� K

 K

1

C
A

then(6) becomes

Z

@K
D K u K � � K dA = 0 (7)

wherethematrixD K is givenby

D K =

0

B
B
@

0 (Z K )T

Z K 0

1

C
C
A andZ K =

0

B
B
B
B
B
@

0 nK
3 � nK

2

� nK
3 0 nK

1

nK
2 � nK

1 0

1

C
C
C
C
C
A

:

NotethatZ K a = � n K � a for any vectora andZ K = � (Z K )T .

Flux splitting now amountsto a suitablefactoringof D K into positive and negative

semi-de�nite partscorrespondingto left and right going waves. To obtain the general

UWVF we usea slightly moregeneralfactorizationthanusual. Let � > 0 bede�ned on

thefacesof themesh(on theboundaryfacesit is thefunction� appearingin (3), for other

facesweshalldiscussthechoiceof � laterin thispaper).To de�ne thesplittingof D K let

L K; � =
1

p
2�

�
Z K ; � � (Z K )2�

andde�neD K; � = � (L K; � )T (L K; � ). A simplecalculation,usingthefactthat(Z K )T (Z K )2 =

(Z K )T thenshowsthatD K = D K; + + D K; � with D K; + positivesemide�niteandD K; �

negativesemide�nite. An importantpropertyof thesplitting thatwe shalluselater is that

if elementsK andK 0 sharea commonfacethenon K 0 \ K we have (usingthefact that

n K = � n K 0
)

L K; � =
1

p
2�

�
Z K ; � � (Z K )2�

= �
1

p
2�

�
Z K 0

; � (Z K 0
)2

�
= � L K 0;+ :
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SOLVING MAXWELL 'S EQUATIONSUSING THE UWVF 9

Usingthesplittingof D K andthefactorizationof eachtermin thesplittingwemayrewrite

(7) as

Z

@K

�
(L K; + u K ) � (L K; + � K ) � (L K; � u K ) � (L K; � � K )

�
dA = 0: (8)

ThediscontinuousGalerkin�ux splittingapproachis thentocouplethesolutiononadjacent

elementsusingthesecondterm in theabove equation.Thusif K 0 is an elementsharing

a facewith K we have (using the continuity propertiesof the solutionsof Maxwell's

equationsacrossaninterfacein theabsenceof surfacecharges)

L K; � u K = � L K 0;+ u K 0
(9)

on the commonface. For faceson the boundary� we usethe boundarycondition (3)

written in theconvenientform

L K; � u K = � QL K; + u K � ĝ on@K \ �

whereĝ = (1=
p

2� )g. Equation(8) thenbecomes

Z

@K
(L K; + u K ) � (L K; + � K ) dV +

X

K 0;@K 0\ @K = f 6= ;

Z

f
(L K 0;+ u K 0

) � (L K; � � K ) dA

+
X

@K \ �= f 6= ;

Z

f
(QL K; + u K + ĝ) � (L K; � � K ) dA = 0(10)

This is essentiallytheUWVF of CessenatandDespŕesbeforediscretizationbut to make

theconnectionmoreobviouswe de�ne

X K = L K; + u K j@K ; YK = L K; + � K j@K andFK (YK ) = � L K; � � K j@K :

Then(10) becomestheproblemof �nding X K on thefaces@K of eachelementK such

that

Z

@K
X K � YK dA �

X

K 0;@K 0\ @K = f 6= ;

Z

f
X K 0

� FK (YK ) dA

�
X

@K \ �= f 6= ;

Z

f
QX K � FK (YK ) dA =

Z

@K
ĝ � FK (YK ) dA (11)
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10 HUTTUNEN, MALINEN, KAIPIO

for all appropriateYK . This is theUWVF for Maxwell'sequationsbeforediscretization.

A naturalquestionis what is thecorrectspacefor thetrial andtestfunctions. It turnsout

thatif L 2
t (@K ) denotesthespaceof squareintegrable�elds on@K thataretangentto @K

thenwecanseekX K 2 L 2
t (@K ) oneachK suchthat(11)holdsfor all YK 2 L 2

t (@K ) and

all elementsK . Theonly dif�culty is to seethatin thiscase,givenany YK 2 L 2
t (@K ), we

can�nd asolution� K (in H (curl; K )2) of (4)–(5)thatsatis�esthegeneralizedimpedance

boundaryconditionL K; + � K = YK on @K andfurthermorethat FK (YK ) 2 L 2
t (@K ).

Thiscanbeprovedasusualby studyingtheimpedanceproblemonaboundeddomain(see

[5, 19]).

It canbeshown [5] that(11)hasexactlyonesolutionfor any ĝ 2 L 2
t (�) andthatif u K

is computedelement-wiseusingthe Maxwell system(1)-(2) togetherwith the boundary

conditionL K; + u K = X K , then the resultingpiecewise de�ned function is exactly the

solutionu thatsatis�es(1)–(3).

We remark that the above derivation of the UWVF extendsin a simple way to the

equationsof elasticityandto theHelmholtzequationwrittenasa�rst ordersystem(indeed

to a generalclassof symmetrichyperbolicequations).

It remainsonly to discretizetheUWVF andherewe follow exactly [5]. Hencewe only

give enoughdetailsto make this paperself containedandrefer the readerto the original

sourcefor a detaileddiscussionof thediscreteproblem.

The key to CessenatandDespŕes' discreteUWVF is to choosethebasisfunctionsfor

X K andYK in a way that allows the actionof the operatorFK to be computedeasily.

Variouschoicesarepossible,but for themall it is necessaryto assumethat � and� are

piecewiseconstanton themesh. We shall assumethis from now on in thepaper. Under

this restrictionwe useplanewave solutionsto approximate� K . In practice,following

[5], a suitablefamily of planewavesaregeneratedon K by choosingpK directionsdK
` ,

jd` j = 1, 1 � ` � pK (weusetheoptimalsphericalcodesfrom thewebsite[21]), andthen

de�ning a unit realpolarizationvector K
0;` orthogonalto d` . Fromthis we computethe
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complex polarizations

F K
` =  K

0;` + i K
0;` � dK

` andGK
` =  K

0;` � i K
0;` � dK

` ; 1 � ` � pK :

It is theneasyto verify thatthefunctions(� F ;K
` ;  F ;K

` ) givenby

� F ;K
` =

p
� K F K

` exp(ikdK
` � x ) and F ;K

` = i
p

� K F K
` exp(ikdK

` � x )

wherek = !
q

� K � K satisfytheadjointMaxwell system(4)-(5)onK . Similarly, thepair

(� G;K
` ;  G;K

` ) givenby

� G;K
` =

p
� K GK

` exp(ikdK
` � x ) and G;K

` = � i
p

� K GK
` exp(ikdK

` � x )

areanindependentsetof solutionsof theadjointMaxwell system.Thesefunctionsin turn

generateplanewaves

� F ;K
` =

0

B
@

� F ;K
`

 F ;K
`

1

C
A and� G;K

` =

0

B
@

� G;K
`

 G;K
`

1

C
A

for 1 � ` � pK . The reasonfor this somewhat complex choiceof planewave is that

� G;K
` � � F ;K

` 0 = 0 for any 1 � `; `0 � pK which providessomeextra sparsenessin certain

matricesto bede�ned shortly. We cannow de�ne theapproximationto X K denotedX K
h

andgivenby

X K
h =

pKX

` =1

xK
` L K; + � F ;K

` + xK
pK + ` L

K; + � G;K
` :

To computetheunknown expansioncoef�cients f xK
` gpK

` =1 for eachelementK in themesh

we follow the usualGalerkin approachof substitutingX K
h in placeof X K in (11) and

choosingthe testfunctionsYK to be successively thebasisfunction YK = L K; + � F ;K
` ,

1 � ` � pK andYK = L K; + � G;K
` , 1 � ` � pK . We notethatFK is easyto computefor

thesebasisfunctionssince

FK (L K; + � F ;K
` ) = � L K; � � F ;K

`

andsimilarly for the“G" basisfunctions.By enumeratingthethetetrahedrawe canform

a vectorof unknowns~x of lengthM =
P

K 2 � h
2pK containingxK

` , 1 � ` � 2pK in the
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12 HUTTUNEN, MALINEN, KAIPIO

sameorderastheelementsarenumbered.This vectorsatis�esthatmatrix equation

(D � C)~x = ~f (12)

whereD is theblock diagonalHermitianM � M matrix resultingfrom the�rst termon

the left handsideof (11), C is the sparseM � M matrix resultingfrom the remaining

two termson the left handsideand ~f is theloadvectorgivenby theright handsideafter

choosingYK to beeachof thediscretebasisfunctions.

In orderto computethesematrices,integralsneedto beperformedover thefacesof the

tetrahedrain themesh.For example,in orderto computethematrix D we mustevaluate

integralsof theform
Z

@K
(L K; + � F ;K

` ) � (L K; + � F ;K
` 0 ) dA

for 1 � `; `0 � pK and similar integrals involving the “G" basisfunctions(as well as

integralsinvolving both “F" and“G" basisfunctionsfor othertermsin (11)). Using the

de�nition of theoperatorL K; + andthebasisfunction� F ;K
` weseethat

L K; + � F ;K
` =

1
p

2�

� p
�Z K F K

` + i
p

� K (Z K )2F K
`

�
exp(ikdK

` � x )

with a similar expressionfor (L K; + � F ;K
` 0 ). On eachplanarfacef of K thematrix Z K is

constant,andwealsoassumethat� is alsoconstanton f thus

Z

@K
(L K; + � F ;K

` ) � (L K; + � F ;K
` ) dA =

X

f � @K

1
2� jf

� p
�Z K F K

` + i
p

� K (Z K )2F K
`

� �
�
�
f

�
�

p
�Z K F K

` 0 + i
p

� K (Z K )2F K
` 0

� �
�
�
�
f

�

Z

f
exp(ik(dK

` � dK
` 0 ) � x ) dA

The vectorpart of this expressionis easyto computeandrelatively cheapsincethe dot

productmustbe doneonceper face. The main dif�culty in computingthis term is the

complex exponentialintegral. Fortunately, Cessenat[5] shows that the integral over the

facecanbecomputedin closedform asadifferenceof sincfunctions.Althoughsomecare

needsto betakento avoid cancellationerrorsthis integral is theneasyto implement.
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Theremainingintegralsin (11) canbecomputedin thesameway. Theresultis thatwe

cancomputeablockdiagonalinnerproductmatrixD correspondingto the�rst termonthe

left handsideof (11). This matrix is Hermitianandpositive de�nite (aslong asthewave

directionsaredistinct),but maybecomeseverelyill-conditionedif toomany directionsare

used.We shall returnto this point whenwe discussthenumericalimplementationof the

methodin Section3. We alsoconstructa matrix C correspondingto theremainingterms

on the left handsideof (11). This is a moregeneralmatrix that couplesthe expansion

coef�cients on a tetrahedronK to theexpansioncoef�cients on tetrahedraK 0 thatsharea

facewith K .

Theright handsidein thematrix equation(12) canalsobecomputedin thesameway

providedthesourcevector~g involvesonly complex exponentials(suchasis thecasewhen

solvingscatteringproblemswhena planeincidentwave strikesa givenscattererandit is

desiredto computethe scattered�eld). Otherwisequadratureis neededto computethe

right handside.This is ratherexpensivedueto theoscillatorynatureof thebasisfunctions

andourcurrentimplementationdoesnotallow generalboundarydatafor this reason.

In other applicationsof the UWVF in two dimensionswe have found that when the

boundaryof thedomainis smooth,theaccuracy of theUWVF canbeimprovedby using

curvededgesto theelementsadjacentto theboundary. This requiresusingquadratureto

computetheintegralsonsuchcurvededges.Sofar we havenot implementedthis scheme

in 3D but a future improvementto our UWVF codewould be to improve the accuracy

of theboundaryrepresentationin this way (at thecostof an increasein computertime to

computethematricesD andC). Currentlyweuseare�ned grid nearto curvedboundaries

andallow theelementsto grow rapidlyaway from theboundary.

3. IMPLEMENT ATION

In theprevioussectionwe provideda novel derivationof theUWVF andsummarized

how, afterchoosingthenumberof planewavedirectionsoneachelement,wecancompute

a matrix system(12) thatmustbesolved in orderto obtainthecoef�cients of thesurface
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14 HUTTUNEN, MALINEN, KAIPIO

unknown X K
h . In this sectionwe discussseveralpracticalchoicesneededto improve the

basicUWVF.

3.1. Choiceof the planewavedir ections

The choiceof the numberand directionsof the planewaves on eachelementhasa

critical in�uenceontheaccuracy of thediscreteUWVF. Choosingtoomany directionsona

givenelementcanresultin averypoorlyconditionedmatrixD (introducedin theprevious

section).Sinceour inversionschemerequiresto computeD � 1 this cancausetheiterative

methodto fail to converge.Thusthechoiceof thenumberof directionsonagivenelement

requiresa balancebetweenaccuracy andconditioning.

CessenatandDespŕessuggesttheuseof a�x ednumberof directionsonall theelements

in themesh.In this casewerecall thebasicconvergenceresultdueto Cessenat[5].

Theorem 3.1. Suppose� = � = 1 and that p directionsare usedon each element

in a quasi­uniformand regular mesh. Thenthere is a setof directionsf dn gp
n =1 , where

p = (N + 1)(N + 3) such that if jQj < 1 on@
 then

kX � Xh kL 2 (@
) � ChN +1 =2

asthemeshsizeh decreases,providedthesolutionis suf�ciently smooth.

This theoremtells usthat,at leastfor smoothsolutionsto theMaxwell system,we can

increasethe orderof convergenceof the methodby increasingthe numberof directions

p perelement(similar to anh-�nite elementmethodwherethedegreeof thepolynomial

basisgovernstheorderof convergencefor smoothsolutions).In additionit wasshown in

[10] thatfor any �x edmesh,kX � Xh kV ! 0 asp ! 1 for any electromagnetic�eld in

H (curl; 
) (againassuming� = � = 1) providedthedirectionsarechosento besuitable

quadraturepointson theunit sphere.Theseresultssuggestthatchoosingp largemaybe

advantageousfor accuracy.
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SOLVING MAXWELL 'S EQUATIONSUSING THE UWVF 15

UsingtheUWVF for acousticproblems,wehavefoundthatauniformchoiceof p across

all elementsmay leadto pooraccuracy on largeelements,or poorconditioningon small

elements[17]. In [17] we advocatedthepracticalchoiceof settinga maximumallowable

conditionnumberandchoosingthe numberof directionspK for eachelementK to be

thelargestnumbersuchthattheblock of D associatedwith K hasconditionnumberat or

below thecutoff. Thuswe emphasizedthepracticalneedfor convergenceof the iterative

schemeat the expenseof indirect control over accuracy. This choiceworks well for a

serialprogram,but whenwe cometo implementa parallelcodewe would like to predict

approximatelythenumberof directionsperelementquickly to help loadbalancing.This

choicecanlaterbere�ned elementby elementafter theparalleljob hasbeenallocatedto

theprocessorsaslong asthenumberof directionsperelementdoesnotchangegreatly.

We have adopteda heuristicfor choosingthe numberof directionsper elementbased

on the analysisof the error in using planewaves to approximatean independentplane

wave not in thebasis.This analysisdoesnot includepolarizationeffectsat this stageand

is thereforeincomplete,but it doessuggestwhy planewavesareessentiallyequivalentto

Besselfunctionsfor building thebasis.Anotherlimitation of theanalysisis thatit doesnot

applyto evanescentwaves.

Supposewe wish to approximatea planewave exp(ikx � d), jdj = 1, usinga sumof

planewaves in the directionsd1; � � � ; dpK on an elementK . We choosethe origin of

the coordinatesystemto be at the centerof the inscribedsphere(having radius� K ) and

denoteby hK themaximumdistanceof pointson @K from this inscribedcenter. In fact

hK is roughlytheradiusof theelementif theelementsareregular. Theassumptionbehind

the analysiswe shall now give is that k� K is large so that the inscribedsphereis many

wavelengthsacross(andof coursekhK is still larger). For any point on thesurfaceof the

element� K � jx j � hK Thuswe canseekto approximateexp(ik d � x ) to error � in the

maximumnormfor largekjx j � k� K . CarayolandCollino [4] show thatif

L K � khK +
1
2

�
2
3

� 3=2

W 2=3
�

2khK

3� 2

�
(khK )1=3 �

1
2

+ termsvanishingin khK : (13)
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16 HUTTUNEN, MALINEN, KAIPIO

whereW is theLambertW functionde�ned on [1=e; 1 ) by W (t) exp(W (t)) = t, then

for largekhK wecantruncatetheJacobi-Angerexpansionto error� using(L K + 1)2 terms

in thesum.UsingthefactthatL K is anincreasingfunctionof khK andkjx j is alsolarge

on thesurfaceof theelementwe have

exp(ikd � x ) � 4�
L KX

` =0

X̀

m = � `

i` j ` (kjx j)Y m
` (x̂ )Y m

` (d)

to error� wherex̂ = x =jx j, j ` is the`th sphericalBesselfunctionandY m
` is thespherical

harmonicof index ` andmomentumm. Thesameholdsfor eachof thedirectionsd j and

thuswe canwrite

exp(ikx � d) �
pKX

n =1

cn exp(ikx � dn )

� 4�
L KX

` =0

X̀

m = � `

i` j ` (kjx j)Y m
` (x̂ )

 

Y m
` (d) �

pKX

n =1

cn Y m
` (dn )

!

to accuracy (1 +
P pK

n =1 jcn j) � when kjx j is large and wherethe cn , n = 1; � � � ; pK

aresuitableexpansioncoef�cients. Theright handsidewill vanishif we canchoosethe

coef�cients cn suchthat

Y m
` (d) =

pKX

n =1

cn Y m
` (dn )

for 0 � ` � L K and� ` � m � `. For a givenchoiceof d andapproximatingdirections

this is a systemof (L K + 1)2 equationsin pK unknowns(thecn 's). We thuscanchoose

pK = (L K + 1)2 andthenchoosethedirectionsf dn gpK
n =1 sothatthey form afundamental

systemfor thegivensetof sphericalharmonics(this is alwayspossiblesincethespherical

harmonicsarelinearly independent)[24]. This guaranteesthe invertibility of the matrix

thatwould ariseif we wishedto computethecoef�cients cn . Hencetheaboveequationis

solvable.Varioustablesof fundamentalsetsof directionsfor L K = 1; � � � ; 29aregivenin

[20] (optimalwith respectto differentcriteria). Note that theneedfor a fundamentalset

of directionsis alsosuggestedby thestatementof theerrorestimatein Theorem3.1where

only certainchoicesof directionsgivea gooderrorestimate.
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SOLVING MAXWELL 'S EQUATIONSUSING THE UWVF 17

TABLE 1

Factor
�
1 +

P p K
n =1 j cn j

�
appearing in the error analysis as a function of L K

computedfr om 10,000randomly chosend vectorson the unit sphere.

OrderL K 1 2 3 4 5 6 7 8 9 10

DimensionpK 4 9 16 25 36 49 64 81 100 121

Factor
�
1 +

P pK
n =1 jcn j

�
3 4.2 4.6 2 � 1010 20 11 16 25 58 39

Thereremainsthe possibility that (1 +
P pK

n =1 jcn j) might grow very rapidly with pK

andhencemake theabove estimatesmeaningless.We usethedirectionsf dn gpK
n =1 (from

pK = 4 to pK = 121or L K = 1; � � � ; 10) for theoptimalsphericalcodesfrom thewebsite

[21]. For thesedirectionswehavecomputedtheexpansioncoef�cients cn , n = 1; � � � ; pK

for pK = (L K + 1)2 andL K = 1; � � � 10 testedat 10,000randomlychosenpointson the

unit sphere.Theresultsareshown in Table1 andshow thatthefactorgenerallydoesgrow

for thevaluesof L K usedhereIn factthegrowth (ignoringL K = 4) is consistentwith an

exponentialgrowth (proportionalto exp(0:35L K )). We have no explanationfor thelarge

valuefor L K = 4.

In conclusion,if wecomputeL K via (13)andsetpK = (L K + 1)2 wecanapproximate

thetraceof theplanewave on theboundaryof theelementK to accuracy approximately

� provided the elementis non-degenerateandkjx j is large on the facesof the element

(i.e. for exampleif theelementcontainsa spherethatmany wavelengthsacross)andthe

directionsarechosento bea fundamentalset. In practiceweuseestimate(13) to motivate

aheuristicfor calculatingL K evenfor elementsthataresmallcomparedto thewavelength

of the radiation,but this needsto be improved. Note that, even for large elements,this

procedureonly concernsthe local approximationof planewavesanddoesnot guarantee

gooddispersionerroror goodapproximationerrorfor moregeneral�elds.
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18 HUTTUNEN, MALINEN, KAIPIO

Notethatif khK is large,dueto theslower thanlogarithmicgrowth of W , we havethat

L K � CkhK + 1=2

for any �x edC > 1 andfor khK largeenough.Thisavoidsthe(simple)taskof computing

W . Thus,in practice,weallow theusertochoosecoef�cients A j , j = 0; 1; 2, thencompute

pK = A2(khK )2 + A1khK + A0

andsetpK to be thesmallestinteger greaterthan( ~L K + 1)2. This givesthe numberof

directionson K andthe actualdirectionsaredrawn from the tableof sphericalcodesas

mentionedabove. No restrictionis placedon the choiceof pK other than the practical

restrictionthat3 � pK � 130soadjacentelementsmayhave widely differentnumberof

basiselements.Weshallpresentmoredetailsof thisapproachandsomenumericaltestsin

Section4.

3.2. Adding a PML layer

The �rst order absorbingboundarycondition obtainedby setting Q = 0 and � =

p
� 0=

p
� 0 in (3) requiresthe absorbingboundaryto be far from the scattererto obtain

reasonableaccuracy. It is thusdesirableto beableto usemoreef�cient meshtermination

methods.In [16] weshowedhow to implementthePerfectlyMatchedLayer(PML) in the

UWVF for acoustics.A similar approachcanbe taken for the Maxwell systemandwe

now outlinethatapproachhere.ThePML is appliedto theMaxwell systemin freespace

where� = � 0 and� = � 0. For simplicity we shallassumethat thePML is appliedwhen

jx i j = x0;i > 0 sothestandardMaxwell systemgovernsthe�eld in thebox jx i j � x0;i ,

i = 1; 2; 3 which containsthescatterer. ThePML will occupy theregion outsidethebox

andwithin thebox� x0;i � L i < x i < x0;i + L i , i = 1; 2; 3. ThusthePML hasthicknessL i

in thedirectionx i alongthei th coordinateaxis. Our experiencewith theacousticUWVF

is that, unlike standard�nite elementmethods,the UWVF works well with a constant

absorptionin the layer. As we shall seethis allows the analytic calculationof certain

integralsin thetheory, andtheconstantPML doesnotcauseunacceptablere�ectionsat the
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SOLVING MAXWELL 'S EQUATIONSUSING THE UWVF 19

PML boundary. A key assumptionis thattheplanesx i = � x0;i , i = 1; 2; 3 at theinterface

betweenthePML andthe ordinaryMaxwell region of thecomputationaldomainarethe

unionof facesof elements(i.e. theplanescoincidewith boundariesbetweenelements- any

elementis eitherentirely in thePML or entirely in theMaxwell partof thecomputational

domain).

In orderto de�ne thePML we usea complex stretchingof thespatialvariables[7, 19]

sothatwede�ne

~x i =

8
><

>:

x +
i� 0

k
jx i � x0;i j

L i
forjx i j > x0;i

x i for jx i j < x0;i

(14)

for i = 1; 2; 3 wherek = !
p

� 0� 0, L i is thepreviouslyde�ned thicknessof theabsorbing

layerin thei th directionand� i; 0 > 0 is theconstantPML absorptionparameterin thei th

direction.Replacingx i , formally, by ~x i in (1)-(2)de�nesthenon-physicalelectromagnetic

�eld denoted ~E and ~H which satisfy the Maxwell systemwith respectto the “tilde"

variables:

� i! � 0
~E � ~r � ~H = 0;

� i! � 0
~H + ~r � E = 0;

in the PML where ~r� denotesthe curl in “tilde” variables. We now usethe de�nition

of the“tilde" variablesto changevariablesbackto realcoordinatesx i , i = 1; 2; 3. De�ne

di = 1 + i� i; 0=(kL i ) andlet thematricesA andB begivenby

A =

0

B
B
B
B
B
@

1=(d2d3) 0 0

0 1=(d1d3) 0

0 0 1=(d1d2)

1

C
C
C
C
C
A

andB =

0

B
B
B
B
B
@

d1 0 0

0 d2 0

0 0 d3

1

C
C
C
C
C
A

thenafterthechangeof variablestheaboveequationsbecome

� i! � 0
~E � Ar � B ~H = 0;

� i! � 0
~H + Ar � B E = 0:
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20 HUTTUNEN, MALINEN, KAIPIO

De�ning thecomputed�elds in thePML denoted,in anabuseof notation,by E = B ~E

andH = B ~H we obtainthefollowing systemfor thenon-physicalelectromagnetic�eld

in thePML:

� i! � 0A � 1B � 1E � r � H = 0; (15)

� i! � 0A � 1B � 1H + r � E = 0: (16)

Thusde�ning the non-physicalanisotropicelectromagneticparametersin the PML by

� B = � 0A � 1B � 1 and � B = � 0A � 1B � 1 we seethat in the PML the �elds satisfy the

Maxwell system(1)-(2) with � and� replacedby � B and� B respectively (the subscript

B refersto J.P. Bérengerwho �rst proposedthePML in 1996[2]). Note thatnow � B is

complex valued,and� B and� B aresymmetricbut notHermitianmatrices.

Thus,within the PML region, the derivation of the UWVF in Section2 applies. The

only changeis to allow � to becomplex sothattheadjointproblembecomes

� i! � B � K � r �  K = 0; (17)

� i! � B  K + r � � K = 0; (18)

in eachelementK in thePML. The sameboundaryconditioncanbe usedon the outer

surfaceof the PML, and since the matrix B is continuouswithin the PML, the same

matchingconditionand�ux computationcanbeusedacrossinter-elementboundaries.

At theboundarybetweenthePML andMaxwell (vacuum)regionsthesamematching

of �elds betweenadjacentelementscanalsobeperformed.This is becausetheboundaries

betweenthePML andMaxwell regionsarecoordinateplanesthataretheunion of faces

in themesh.For examplesupposewe have onetetrahedronK in thevacuumregion,and

anotherK 0 in thePML meetingat a commonfaceon thesurfacex1 = x1;0. Acrossthe

interface(i.e. onf ) thechangeof variablesapproachimpliesthatE jK � n K = ~E K 0 � n K .

But d2 = d3 = 1 in K 0andonly d1 6= 1. Sinceonly tangentialcomponentsof the�eld are

continuousacrossf wehavealsoE jK � n K = (B ~E K 0) � n K = E K 0 � n K . Similarly

H � n K is alsocontinuousacrossf . Thusthe�ux matchingequation(9)holdsbetweenK
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andK 0 sincebothsidesonly involve tangentialcomponentsof therelevant�elds. We can

concludethattheUWVF equation(11)holdsthroughouttheMaxwell regionandthePML

regionsof the computationaldomain,provided the modi�ed adjoint equations(17)-(18)

areusedin calculatingFK for elementsin thePML.

The PML can be discretized,because,by construction,planewave solutionsof the

adjointsystem(17)-(18)canbederivedfrom standardplanewave solutionsin the“tilde"

coordinatesvia thechangeof variables(14).

3.3. Point sources

In Section4 we shall investigate�elds originatingfrom anelectricdipolesourceat the

point x 0 2 
 . The dipole point sourcecanbe de�ned as the solution of the Maxwell

system

� i! � E � r � H = j in 
 ; (19)

� i! � H + r � E = 0 in 
 :; (20)

wherej = I a� x 0 andwhereI anda, jaj = 1 denotetheamplitudeandpolarizationof

thedipole. In addition,� x 0 denotestheDirac deltafunction. Following theprocedureof

Section2, it is easyto show thattheright handsideof equation(19)providesa termto the

right handsideof theUWVF equation(11). For thepoint sourcein theelementx 0 2 K ,

theadditionaltermis simplyas

� 2
Z

K
j � E jK = � 2I a � E (x 0): (21)

3.4. Reconstructionwithin elements

Sincethe UWVF methodprovidesan approximationfor the function X K (which is a

functionof E andH ) on eachelementface@K , but not a directsolutionfor theelectric

�eld E andthe magnetic�eld H , a post-processingstepis neededto resolve E andH

within elements.TheapproximationX K
h for thefunctionX K is constructedbyusingplane
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22 HUTTUNEN, MALINEN, KAIPIO

waves� F ;K
` and� G;K

` which in turn aresolutionsof theadjointMaxwell system(4) and

(5). It is clearthat in the absenceof absorption,thepermittivity � andthe wave number

k arereal valuedandtheadjoint system(4) and(5) is thesameasthephysicalMaxwell

equations(1) and(2). Consequently, for realvalued� , theplanewavebasisfunctions� F ;K
`

and� G;K
` aresolutionsof the local Maxwell equationsin thecorrespondingelementK .

Therefore,it is easyto observe that for any elementK in a non-absorbingmedium,the

approximationu K
h for u K is

u K
h =

pKX

` =1

xK
` � F ;K

` + xK
M k + ` �

G;K
` : (22)

Resolvingthe�eld u K for elementsin anabsorbingmedium(i.e. � is complex valued)or

within thePML requiresadifferentapproach.Themethodusedhereis analogouswith the

UWVF post-processingtechniqueintroducedfor theHelmholtzproblemin [16]. Namely,

we want to approximatethe �elds E andH in a planewave basiswhich is a solutionof

theactualMaxwell system(1) and(2) (or (15)and(16) in thePML), ratherthanusingthe

adjoint planewave basisof the discreteUWVF. Therefore,we de�ne a new setof plane

wavesbasisfunctionsas

�̂
F ;K
` =

0

B
@

�̂
F ;K
`

 ̂
F ;K
`

1

C
A and �̂

G;K
` =

0

B
@

�̂
G;K
`

 ̂
G;K
`

1

C
A

wherethepairs(�̂
F ;K
` ;  ̂

F ;K
` ) and(�̂

G;K
` ;  ̂

G;K
` ) aresolutionsof thephysicalHemlholtz

system(1) and(2) ((15)and(16) in thePML) sothat

�̂
F ;K
` =

p
� K F K

` exp(ik̂dK
` � x );  ̂

F ;K
` = i

p
� K F K

` exp(ik̂dK
` � x ; )

�̂
G;K
` =

p
� K GK

` exp(ik̂dK
` � x );  ̂

G;K
` = � i

p
� K GK

` exp(ik̂dK
` � x );

wherek̂ = !
p

� K � K . For theelementsin thePML, thepermittivity � K andpermeability

� K aretaken asthe modi�ed parameters� K = � B and� K = � B which alsoleadsto a

matrix valuedwavenumber̂k.
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The next stepis to computenew coef�cients yK
` , 1 � ` � 2pK for this new basis

correspondingto thecoef�cients xK
` of thediscreteUWVF problem.In particular, in each

elementin an absorbingmedium(a physicalinterpretationof the PML is an anisotropic

absorbingmedium)wewantto approximatethesolutionu K as

u K
h =

pKX

` =1

yK
` �̂

F ;K
` + yK

M k + ` �̂
G;K
` : (23)

In thecontext of theUWVF, thecoef�cients yK
` for theelementK arenaturallyobtained

asa solutionof theequation

~yK = D̂ � 1
K DK ~xK ; (24)

wherethevectors~yK and~xK containthecoef�cients yK
` andxK

` , 1 � ` � 2pK for the

elementK . The2pK � 2pK matricesD̂ k andD k areassembledasthediagonalblocksof

D in thediscreteUWVF equation(12). However, dueto thetwo typesof planewavebases

involvedin thepost-processing,thematrix D̂K is computedusingintegralsof theform

Z

@K
(L K; + �̂

F ;K
` ) � (L K; + �̂

F ;K
` 0 ) dA;

i.e. usingthephysical(non-adjoint)planewavesonly. Similar integralsareneededfor the

basisfunctionsinvolving “G” basisfunctionsaswell asboth“F” and”G” functions.The

integralsfor thematrix D K includebothadjointandnon-adjointbasisfunctionsbeingof

theform

Z

@K
(L K; + � F ;K

` ) � (L K; + �̂
F ;K
` 0 ) dA:

In essence,the post-processingstep for a non-absorbingmediumis trivial sincethe

solutionfor E andH canbeextendeddirectlywithin elementsusingthesameplanebasis

functionsandcoef�cients neededto approximatethe UWVF function X , seeEq. (22).

For elementsin anabsorbingmediumor in thePML, theextensionof thesolutionin the
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elementscan be computedsimilarly (seeEq. (23)) but by de�ning a new non-adjoint

planewave basisandby resolvingcoef�cients for thenew basisusinga relatively simple

UWVF-type�tting (24).

3.5. Iterati vesolution and parallelization

In his thesisCessenat[5] suggeststo solve theUWVF equation(12)by writing it as

(I � D � 1C)~x = D � 1 ~f (25)

andapplyinga dampedRichardsonscheme.Note that D � 1 is easyto computesinceD

is block diagonal,so theactionof D � 1C on any vectorcanbecomputedat theexpense,

essentially, of multiplying by C. We have foundthatthestabilizedbi-ConjugateGradient

scheme(BiCGStab)is faster, andweusethatmethodin all theexamplespresentedhere.

TheUWVF hasbeenparallelizedusingthesametechniqueusedtoparallelizetheacoustic

UWVF in [15]. A domaindecompositionstrategy is used.Themeshis decomposedinto

collectionsof elementsusingMETIS. Becausethenumberof basisfunctionsperelement

differswidely, thepredictednumberof basisfunctionsper elementis usedto weight the

METIS graphnodesto improve load balancing. Note that elementsareonly connected

throughfaceswhichsimpli�es theconnectivity graphanddecreasesthenumberof elements

in onesub-domainthatareconnectedto anothercomparedto a FEM solution.

Once the meshis partitioned,eachpartition is sent to a processor(using MPI) and

the processorperformsthe conditioningcheckandadjuststhe numberof unknownsper

element(asdescribedin Section3.1). ThelocalmatrixD isalsocomputed.Thisrequiresno

communication.ThenthematrixC is computedrequiringcommunicationto determinethe

directionson elementsneighboringeachpartition(throughfaces).Finally ~f is computed

locally. Then the bi-conjugategradientschemeis parallelizedin the usualway using

parallelmatrixmultiply.

4. NUMERICAL RESULTS
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To investigatethe UWVF methodfor simulatingactualproblemsinvolving the time-

harmonicMaxwell problems,we study the methodfor threedifferent model casesfor

which theexactsolutionis known. In the�rst caseweapproximatethe�eld emittedby an

electricdipolein free-space.Sincethedomainof theproblemis physicallyunbounded,an

absorbingboundarycondition(ABC) isneedontheexteriorboundaryof thecomputational

domain.We comparetwo ABCs of which the�rst is obtainedby choosingQ = 0 in (3).

This condition is referredto asABC in the following sections. The secondmethodto

truncatethedomainis theperfectlymatchedlayer(PML) outlinedin Section3.2.

Second,we approximatethe�eld emittedby thedipole in aninhomogeneousmedium.

In particular, whenthedipoleis locatedovera layeredmaterialfor whichanexactsolution

is availablevia the Sommerfeldintegral [19]. The third modelproblemis the scattering

of a planewave from a perfectlyconductingsphere.In this case,theprincipal interestis

in thecomputationof thefar-�eld patternandin theef�ciency of theparallelizedUWVF

code.However, prior to proceedingto speci�c modelcasesweshalloutlinethemethodfor

selectinga stablebasisfor thediscreteUWVF.

Finally we providesomesolutionsusingtheNASA Almond andcomparetheresultsto

resultsin theliterature.

4.1. The choiceof basis

Sinceit is known from the previous UWVF studiesthat the methodcan suffer from

instability if the planewave basisis not carefully chosen[17], we begin this study by

examiningamethodfor selectingabasisoneachelement(i.e. apossiblydifferentnumber

of directionson eachelement)which leadsto stablesolutionof theUWVF problem.The

stabilityof theproblemis in particularimportancesinceweusetheBi-CGstabiterationfor

solvingtheUWVF matrixsystem.

As wasnotedin 2D UWVF simulationsof theHelmholtzequationin [17], if thenumber

of basisdirectionsis too large, the matrix (I � D � 1C) may becomeill-conditioned. It

was also observed that by controlling the condition numberof matrix blocks D K it is
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possibleto have controlover theconditioningof theoverall UWVF matrix system.More

precisely, a largetoleranceis setandthecomputationof thematrixblocksD K is begunby

usingarelatively smallnumberof basisfunctionsperelement.After theassemblyof D K ,

its conditionnumberis computed. If the conditionnumberis below the predetermined

tolerance,the local basisdimension(numberof directions)is increasedand the matrix

DK is recomputed.This procedureis repeateduntil thelargestnumberof basisfunctions

giving aconditionnumberbelow thetolerancefound. Ourexperienceis thatthisapproach

ensuresthat the iterative schemefor solving (25) convergesprovidedthe toleranceis not

chosentoo large. Accuracy canbe improvedby choosingthe tolerancelargerwithin the

overall constraintof requiringtheiterativemethodconverge.

While in 2D it is possibleto makearelatively poorinitial guessfor thebasisdimension,

dueto thewiderrangeof possiblebasisdimensionin 3D,abetterapproachfor 3Dproblems

is needed.Theanalysisof Section3.1showedthatwhenkhK is large,theapproximation

error for pK planewaves is relatively a simple function of kK hK . On the other hand,

numericalexperimentsfor the3D Helmholtzproblemin [15] show thatby constrainingthe

conditionnumberof D K leadsto almostlinearrelationof scaledwavenumberkK hK and

the basisdimensionpK . Despitethe fact that the relationshipbetweenthe conditioning

andtheerror is not yet properlyunderstood,we focuson thecontrollingtheconditioning

sinceill-conditioning leadsto divergentBi-CG iterations.

Let kre denotetherealpartof thewave numberk. In Fig. 1, thebasisdimensionpK is

plottedasa functionof krehav
K whenthemaximumconditionnumberof thematrix blocks

DK is limited by the tolerances105, 107 and 109. The elementsize parameterhav
K is

de�ned asa meandistanceof theelementverticesfrom its centroidby

hav
K =

1
4

4X

j =1

jx K
CM � x K

j j;

wherex K
CM is thepositionof thecentroidof thetetrahedronK andx K

j , j = 1; :::4 arethe

coordinatesof thevertices.
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FIG. 1. Thenumberof basisfunctionspK asa functionof kK hav
K whenthebasisdimensionis chosenby

constrainingthemaximumconditionnumberof D k .

As in the Helmholtzcase[15], we seean almostlinear relationshipbetweenthe basis

dimensionandtheelementsizescaledwavenumberkrehav
K . Motivatedby thisobservation

andour accuracy considerationsin Section3.1, we supposethat thebasisdimensioncan

beapproximatedby usingaquadraticpolynomialof theform

pK = round(A2(krehav
K )2 + A1krehav

K + A0): (26)

The coef�cient A2, A1 andA0 computedusinga least-squares�t to dataof Fig. 1 are

listedin Table2.

TABLE 2

Parametersfor the basispolynomials

Max(Cond(D K )) A 2 A 1 A 0

1e5 0.3175 6.9819 7.1573

1e7 0.2578 10.7795 10.0676

1e9 0.0053 15.5926 13.5771

We note that sincethe estimate(26) usesthe real part of the wave numberonly, the

absorptionis not taken into account. However, numericalsimulationsshow that the ab-

sorptionhasa strongeffecton theconditionnumberof D K . Sincewe wantto investigate

the performanceof the PML (which generatesan absorption),the estimate(26) for the
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elementsin thePML is misleading.Consequently, thebasisestimate(26) is usedmainly

for choosingthe initial basisfor theconditioningbasedselection.In particular, to give a

fair comparisonbetweenthePML andABC, thesamestrategy for choosingthebasismust

be used. We shall show, however, in Section4.6 that in the absenceof absorption,the

estimatesof (26)aredirectlyapplicable.

4.2. Electric dipole in fr ee­space

The�rst modelproblemwe investigateis to computethe�eld dueto anelectricdipole

which we get by choosingequation(21) as the right handside of the UWVF. In the

free-space,theexactsolutionof theproblemsis

E ex = i! I � (x ; x 0)a �
I

i! �
r x (r x � � a); (27)

where

� (x ; x 0) =
exp(i!

p
� jx � x 0 j)

4� jx � x 0j
:

Thegeometryandthemeshusedin thefree-spacedipolesimulationsareshown in Fig.

2. To avoid possiblespuriousaccuracy due to symmetry, the point sourceis locatedat

the point (0.2,0.2,0.2)of the 1:0 � 1:0 � 1:0 cubecenteredat the origin . The cubeis

surroundedby 0.1 thick PML. Dueto thepresenceof thesingularityat thelocationof the

pointsource,themeshis re�ned nearthepoint (0.2,0.2,0.2).

In all simulationsfor this problem,thebasisis chosenby limiting theconditionnumber

of thematrix blocksD K . Theinitial guessfor thebasisis madeusingthepolynomialsof

Fig. 1. During theassemblyof matrix D , the largestnumberof planewaveswhich give

theconditionnumberof D K below thepredeterminedlimit is chosen.TheBi-CGstabis

terminatedwhentherelativeresidualis below 10� 5.

Fig. 3 showsthatall threeconditionnumberlimits usedin Fig. 1 leadto convergentBi-

CGstabiterationwhentheangularfrequency is ! = 10� andtheABC is used.Subsequent

simulationsshow that the condition numbersbelow 105 give a suf�ciently large basis

dimensionfor accuracy in thefrequency rangeusedin thisstudy(to bequanti�ed shortly).
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FIG. 2. Left: Thedomainenclosingthepoint sourceat (0.2,0.2,0.2)(markby a smallsphere).Theactual

region of interestis the1:0 � 1:0 � 1:0 cubesurroundedby a 0.1 thick PML. Right: Themeshfor theproblem

consistingof 22620elementsand4430vertices.Themeshis re®nednearthelocationof thepoint sourcesothat

elementssizeincreaseswith distancefrom thesourcer as5r 2 .
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FIG. 3. Theconvergenceof theBi-CGstabfor differentconditionnumbersat ! = 10� .

Therefore,it is usedin therestof thesimulations.Hence,thenumberof basisfunctionsin

eachelementareapproximatelythesameasshown in thelowestgraphof Fig. 1,depending

onthelocalwavenumberandsizeof theelement.Wewantto note,howeverthattheactual

numberof basisfunctionscanhavesmallvariationbetweenelements,despitethesamelocal

wave numberkK andelementsizeparameterhav
K , sincetheconditioningis alsoaffected

by the shapeof the elements.And asnotedearlier, the absorptionin the PML elements

reducesthe numberof basisfunctionsascomparedto the estimatesof Fig. 1 which are

computedfor anon-absorbingmedium.
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4.2.1. Theeffectof thePML

Oneobjectiveof thisstudyis to investigatetheperformanceof thePML in theUWVF as

amethodfor eliminatingspuriousre�ectionsarisingfrom thetruncationof waveproblems

on unboundeddomains.Fig. 4 shows thesolutionfor thefree-spacedipoleat theangular

frequency ! = 30� .
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FIG. 4. UWVF approximationfor thefree-spacedipoleat ! = 30� . Theexactsolutionis computedusing

equation(27). TheUWVF-ABC correspondsto theabsorbingboundarycondition(3) with Q = 0 andg = 0.

The approximationwith the PML is for the decayparameter� 0 = 0. The top row shows the realpartsof the

z-componentof theelectric®eld. Themiddlerow shows thefull amplitudeof theelectric®led E . Thebottom

row presentsthedistributionof theerrorin theUWVF-ABC andUWVF-PML solutions.Theerrorsfor theABC

andPML approximationsare6.69%and2.63%,respectively.

Theeffectof thePML decayparameter� 0 ontheaccuracy of theUWVF approximation

is investigatedin Fig. 5. Sincethe boundaryconditionon the exterior boundaryof the

PML is equation(3) with Q = 0 andg = 0, thecase� 0 = 0 correspondsto thelow order
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absorbingboundaryconditionreferredtoasABC in thisstudy. Simulationarecomputedfor

threedifferentangularfrequencies! = 10� ; 20� and30� . Thecorrespondingwavelengths

are� = 0:2; 0:1and0:0667, sothethicknessof thePML in termsof wavelengthsis 0:5�; �

and3=2� . Thesame�gure alsoshowsthenumberof Bi-CGstabiterationsneededto reach

therelative residualbelow 10� 5.
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FIG. 5. Left: Error asa functionof thePML decayparameter� 0 at thepoint (-0.2,-0.2,-0.2).Right: The

numberof BiCGstabiterationsasa functionof � 0 in thesameproblem.

Theseresultssuggestthat theUWVF approximationusingthePML becomesunstable

at low frequency causinganincreasednumberof iterations.On theotherhand,thereis a

window of valuesfor � 0 which improve theaccuracy of theUWVF-PML in comparison

to the UWVF-ABC. Whenthe decayparameteris too large, the error increases.This is

causedby thereducednumberof basisfunctionsin thePML elementsresultingfrom the

condition numberbasedcriterion for choosingthe basis. More precisely, we limit the

maximumconditionnumberof blocksD K below 105. At large� 0 this criterionis metor

evenexceededwhenthenumberof planewavesin thePML elementsis only three.

Theinstabilityof theUWVF-PML approximationatlow frequenciesisseenmoreclearly

in Fig. 6 in which the error andthe numberof degreesof freedom(DOF) areplotteda

function of the frequency. The axis on the top of the error plot shows the ratio of the

maximumelementsizehmax andthe wavelength� . The PML leadsto pooreraccuracy

thanthe ABC at the lowestfrequency ! = 5� after which the performanceof the PML

improves.Resultssuggestthattheuseof thePML athigherfrequencieshastwoadvantages,

First, it reducestheerror. Second,dueto thesmallernumberof basisfunctionsneededfor
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FIG. 6. Left: Error asa functionof theangularfrequency ! at thepoint (-0.2,-0.2,-0.2).The top axisof

the®gureshows thenumberof wavelengthsper largestelementedgelengthin thenon-PMLregion h = 0:17.

Right: Thenumberof degreesof freedom(DOF) asthefunctionof ! .

theelementsin thePML, it alsoreducesthesizeof theproblem(of course,thePML would

alsoallow us to reducethesizeof thecomputationaldomainwhich would further reduce

thesizeof theproblem).

4.2.2. Field nearthesingularity

Sincethe �eld of thedipolehasa singularityat its origin, it is importantto investigate

theerrorof theUWVF approximationsasa functionof thedistancefrom thesingularity.

Fig. 7 presentsthe error for approximatingthe solutionusingthe UWVF-ABC andthe

UWVF-PML alongthediagonalof thecubiccomputationaldomain. Theerror is plotted

on the line from thepoint (-0.5,-0.5,-0.5)to (0.5,0.5,0.5).As is to beexpected,theerror

peaksstronglyat locationof thedipolewherethe true solutionis unbounded.While the

solutionwith the ABC haswavy spuriousre�ections, the error for the PML is smoother

within thecomputationaldomain.However, thePML erroralsoincreasesrapidlynearthe

cornerof theactualcomputationaldomain.This suggeststhatthePML still inducesweak

re�ectionsbackto thecomputationaldomain.

4.3. Layeredmedia

TheUWVF methodcaneasilybeusedfor problemsin aninhomogeneousmedium.Fig.

8 shows the UWVF approximationsfor a dipole sourceabove a layeredmedium. The
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FIG. 7. The error on the diagonalof the computationaldomain(along the line from (-0.5,-0.5,-0.5)to

(0.5,0.5,0.5)).Thedashedline is theerrorfor theABC andsolid line shows theerrorwhenthePML is used.The

PML simulationsarecomputedusingthedecayparameter� 0 = 2:0. Thepeakin theerror is at the locationof

thedipoleat (0.2,0.2,0.2).

upperdomainz > 0 hasn = 1 andin the region z < 0 n = 2. Resultsareshown for

! = 30� . As in thecaseof thehomogeneousmedium,theuseof thePML reducesspurious

re�ectionsfrom theexteriorboundary. Thiscanbeshown by comparingtheresultsfor the

ABC andthePML with a analyticalsolutionof theproblemwhich is outlinedin [19]. In

Fig. 9 weplot the�eld jE j alongtheline z = � 0:2 in thex = 0 plane.Thewavy spurious

re�ection of theABC arealmostextinguishedwhenthePML is used.Consequently, the

erroris reducedfrom from 3.4%to 0.8%.

4.4. Scattering fr om a sphere

The third modelproblemwe study is the scatteringof a planewave from a perfectly

conductingspherewith radiusR = 0:5. The actual region of interestis a cubewith

D R A F T January 18, 2006, 10:14am D R A F T



34 HUTTUNEN, MALINEN, KAIPIO

y

z

real( E
3
 ), UWVF�ABC

�0.4 �0.2 0 0.2 0.4

0.4

0.2

0

�0.2

�0.4
�15

�10

�5

0

5

10

y

z

| E |, UWVF�ABC

�0.4 �0.2 0 0.2 0.4

0.4

0.2

0

�0.2

�0.4
0

5

10

15

20

y

z

real( E
3
 ), UWVF�PML

�0.4 �0.2 0 0.2 0.4

0.4

0.2

0

�0.2

�0.4
�15

�10

�5

0

5

10

y

z

| E |, UWVF�PML

�0.4 �0.2 0 0.2 0.4

0.4

0.2

0

�0.2

�0.4
0

5

10

15

20

FIG. 8. TheUWVF-approximationsfor adipolein a layeredmediumwhen! = 30� . ThePML improves

thesolution.

�0.5 �0.4 �0.3 �0.2 �0.1 0 0.1 0.2 0.3 0.4 0.5
4

6

8

10

12

14

y

| E
 |

Exact
UWVF�ABC
UWVF�PML

FIG. 9. The®eld jE j alongtheline z = � 0:2 in thex = 0 plane.ThePML reducestheerrorfrom 3.4%

to 0.8%.Theexactsolutionfor theproblemis formulatedin [19].

side length0.55. This domainis surroundedby a 0.2 thick PML. The meshusedin all

simulationsof this sectionis shown in Fig. 10. It hasmaximumlengthof an element

edgehmax = 0:196. To ensureanaccurategeometricrepresentationof thesurfaceof the

sphere,themeshis re�ned nearthescatterer. Wecomputesolutionat! = 30� whichgives

�=h max = 0:340, i.e. approximatelythreewavelengthsperelement.
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FIG. 10. Themeshusedin thescatteringfrom thespheresimulations.Themeshconsistsof 12176vertices

and45461tetrahedra.To betterapproximatethe sphere,the meshis relatively ®ne on nearthe surfaceof the

scatterer.

Theproblemcanbedecomposedinto thescatteredpartE sc andthe incidentpartE in .

The incident �eld is a y-directionpolarizedplanewave propagatingin the direction of

positive x-axis. Theproblemis formulatedfor thescattered�eld only. In theUWVF, we

setQ = 1 andg = (1=2)n � E in (seeEq. (3)) onthesurfaceof thesphere.Ontheexterior

boundarywe have Q = 0, � =
p

� 0=
p

� 0 andg = 0 which correspondsto the low-order

ABC. We alsocomputetheelectricfar-�eld patternE 1 de�ned in sphericalcoordinates

(r; � ; � ) as

E (r; � ; � ) � E 1 (� ; � )
ei!

p
� 0 � 0 r

r
;

whenr ! 1 . Thecomputationof thefar-�eld fromtheUWVF approximation ispresented

in [5]. In all far-�eld simulationsof this study, the integralsfor theresolvingthefar-�eld

arecomputedover theexteriorboundaryof thecomputationaldomain.

Fig. 11showsthenear-�eld UWVF-PML approximationswith � 0 = 2:0for thescattered

�eld E sc . Thetotal �eld E sc + E in is shown ontheright. Theelectricfar-�eld patternfor

thesameproblemis plottedin Fig. 12. The�gure showsUWVF approximationsusingthe

ABC andthePML which bothcomparewell with theanalyticalMie seriessolution(the

PML solutionis almostindistinguishablefrom theexactsolution).
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thespherein wavelengths).
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FIG. 12. The far-®eld patternjE1 j for the scattered®eld from the sphereat ! = 30� . The UWVF

approximationsarein goodagreementwith theMie seriessolution.

Theerror in thefar-�eld andthenumberof degreesof freedom(DOF) asa functionof

theangularfrequency ! is shown in Fig. 13. Theaxison thetop of theerrorplot shows

theratioof themaximumelementsizehmax andthewavelength� .

4.5. NASA almond

The last modelproblemis thescatteringof a planefrom theNASA almondfor which

experimentaldatais publishedin [25]. Theperfectlyconductingmetallicalmond-shaped

scattereris 25:2 cm long. Thecoordinatesystemis chosenso that the longestdimension

of thealmondis in thex-directionandthesmallestin thez-direction. Thecomputational

domainis40� 40� 40cm3 cube.Theobjectis illuminatedbyplanewaveswhichpropagate

in (x; y)-planeandarevertically polarized(i.e. theVV-polarizationin [25]). Hence,the
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FIG. 13. Left: Error in thefar-®eldpatternasthefunctionof theangularfrequency ! . Right: Thenumberof

degreesof freedom(DOF)asafunctionof ! . Notethatthesamemeshis used.Thusas! increasesthegeometric

error in representingthe spherewill dominateandwe expectthe PML andABC solutionsto have roughly the

sameerrorathigh frequency.

formulationof theproblemfor thescattered�eld E sc is identicalwith thatof thespherein

theprevioussection.

For eachplanewave, the back-scatteredradarcrosssection(RCS) is computed. We

simulatetwo of themeasuredfrequencies.At 1.19GHz,thewavelengthis � = 25:2 cm

and9.92GHzcorrespondsto � = 3:0 cm.

FIG. 14. Two meshedusedin theNASA almondsimulations.Thecoarsemeshconsistsof 12715tetrahedra

and3658vertices. The ®ne meshis constructedfrom 44903tetrahedraand9130vertices. Despitethe large

differencein thenumberof elements,thesurfacedicretizationis almostequalfor bothmeshes.Thesurfaceof

thealmondis representedusing5486trianglesin thedensemeshand5278trianglesin thecoarsemesh.
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In Fig. 15 we compareUWVF approximationfor the RCSwith the simulationcom-

putedusingtheelectromagneticsmoduleof theCOMSOLMultiphysics3.2(ComsolAB,

Stockholm,Sweden).TheUWVF approximationsarecomputedonthemeshesof Fig. 14.

Weusethesame�ne UWVF mesh(with hmax = 0:072) alsofor the�nite elementmethod

(FEM) simulationsusingCOMSOLMultiphysics3.2. In thatcase�=h max = 3:5 which

canbeexpectedto be neartheminimumthatcanbehandledby COMSOLMultiphysics

dueto thelimitationsof theunderlying�rst orderedge(vector)edgeelementmethod.An

additionalFEM simulationis computedusinga meshwith hmax = 4:0 cm which gives

�=h max = 6:3 (the meshconsistsof 72 559 tetrahedraand14306verices). All UWVF

andFEM resultsarecomputedusingthe samelow-orderABC on the truncatedexterior

boundary(i.e. Q = 0, � =
p

� 0=
p

� 0 andg = 0 in Eq. (3)).
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FIG. 15. A comparisonof theUWVF andCOMSOLMultiphysics3.2simulationsfor theNASA almondat

1.19GHz(VV-polarization).Experimentaldatain every 10degreesis extractedfrom Fig. 3 of thereference[25].

A comparisonof the resultswith Woo's experimentaldata(measureddatais extracted

every10degreesfrom theenlargenedFig. 3 of [25]) showsthatall simulationsarein good

agreementwith the measurements.However, despitethe equalaccuracy in the surface

triangulationandthesamestatementof theproblem,theCOMSOLandUWVF solutions

differ slightly neartheminimaat 45� and135� angles.A detailedinspectionwith Fig. 3

of the reference[25] suggeststhat the locationof the minima andthe valueof the RCS

at the minima arecapturedmoreaccuratelyby the UWVF. The re�nement of the mesh

improvedtheaccuracy of theFEM approximationbut further re�nementwasimpossible
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dueto the limited memoryin our workstation(COMSOLMultiphysicswasrun on a 3.0

GHz Pentium4 processorhaving 3.0GBRAM).

It is evidentthattheUWVF is notveryef�cient for solvingproblemsat low frequencies

(suchasthealmondproblemat1.19GHz)whenthedetailedrepresentationof thegeometry

requiresthe useof a meshcontainingmany small elements.Namely, despitethe dense

meshnearthescatterer, theUWVF basisshouldconsistsof at leastthreeplanewavesper

elementwhichinevitably increasestheoverallnumberof degreesof freedom.In thecoarse

mesh,thenumberof planewavesin theUWVF basisvariesfrom 3 to 22,thecorresponding

DOF being222236. Thesolutionrequired476MB memory.

However,agreatadvantageof theUWVF isthatasinglemeshcanbeusedfor simulations

over a wide rangeof frequenciesby increasingthenumberof basisfunctionsalongwith

the frequency (asshown in Fig. 1). To demonstratethis featureof themethod,we solve

theRCSfor thealmondat 9.92GHz usingthecoarsermeshof Fig. 14. The resultsare

shown in Fig. 16. We notethateventhoughthesolutionfor thecoarsemeshhasseveral

wavelengthsper elementsize (�=h max = 0:21), the methodcan accuratelyresolve the

RCS.In this case,thenumberof basisfunctionsvariesfrom 4 to 130andthenumberof

DOF is 657,538.Thesolutionneeded7.73GB memory. To verify theconvergenceof the

solution,wealsoplot thesamedatathatis computedon the�ne meshof Fig. 14. Thetwo

solutionsarealmostindistinguishablebetweenangles55� and180� but differ in angles

below 55� whenthebackscatteredsignalis extremelyweak.

Due to the divergentPML solutionsat low frequencies,the PML could not be used

for theUWVF simulationsat 1.19GHz. However, thePML is fully functionalat higher

frequenciesand thereforewe alsoplot the RCScomputedusingPML in Fig. 16. The

meshusedwith the PML is relatively coarse(hmax = 14:5 cm) andit is constructedby

surroundingthe40� 40� 40cm3 computationaldomainby a5 cmthick PML. Themesh

consistedof 14,211tetrahedraand3,943vertices.Thedecayparameteris setto � 0 = 2:0.

Theapproximationwith thePML is againin goodagreementwith the two UWVF-ABC

solutionsbut differ mostin theanglesbelow 55� .
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A comparisonof UWVF approximationswith theexperimentaldata(measureddatais

extractedin �v e degreesspacingfrom the enlargedFig. 6 of the reference[25]) shows

thatall simulationscomparewell with measurementsin angleslargerthan55� . At smaller

anglesthebackscatteredwave weakensandthedifferencesin theUWVF approximations

increases.It is dif�cult to judgewhich onethe threesimulatedRCSbestcorrespondsto

the measurements.However, the UWVF-PML simulationgivesthe bestapproximation

for theRCSwhenthe target is illuminatedfrom theanglezero. In addition,the location

of theminima in theRCSaresomewhatcorrectlycapturedusingthePML. However, the

deepnessof the minima differs from themeasurements.The differencesin two UWVF-

ABC solutionscanarisefrom theapproximationerroror in smalldifferencesin thesurface

representation.
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FIG. 16. UWVF approximationsfor the RCSfrom the NASA almondat 9.92 GHz (VV-polarization).

Experimentaldatafor theproblemcanbefoundfrom Fig. 6 in [25].

4.6. Parallel ef�ciency

In the�nal partof thisstudy,weinvestigatetheparallelef�ciency of theUWVF code. The

problemusedhereis scatteringfrom theconductingsphereat ! = 10� . Thecomputation

of thefar-�eld patternis not includedinto thecomputationtime sinceit is doneasa post-

processingstepon a singleprocessor. In Fig. 17, we plot theCPU-timeasa functionof

processornumberwhenthesolutionis computedusingtheABC andPML. In bothcases,

the scalability compareswell with the ideal speed-up1=np wherenp is the numberof

processors.
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FIG. 17. TheCPU-timeasa functionof thenumberof processors.Left: Thecomputationtimeswhenthe

conditionnumberbasisselectionandthePML is usedat ! = 10� . Right: Ef®ciency for the directuseof the

estimate(26)andtheABC. Solid linesshow theidealspeed-up1=np wherenp is thenumberof processors.

For Fig. 17, the UWVF-ABC solutionis computedusingthe numberbasisfunctions

whichis obtaineddirectlyfrom theestimateof Fig. 1 for theconditionnumber105 (i.e. the

numberof basisfunctionsis notchangedduringtheassemblyof matrixD). Thisapproach

is feasiblewhenthereis nostronglyabsorbingmaterialsor thePML in thecomputational

domain. Theaccuracy of thesolutionis almostequalwhenthebasisis chosenusingthe

estimateof Fig. 1 or whenthebasisis chosenby constrainingtheconditionnumberduring

the assemblyof matrix D . The errorsfor thesetwo approachesare1.33%and1.19%,

respectively. The correspondingDOFsare1,658,908and1,892,382.Whenthe PML is

used,the error is reducedto 0.23%but thenthe basismustbe selectedduring assembly

which leadsto 1,740,922DOFs.

Fig. 18showshow theCPU-timeis distributedbetweendifferentsub-proceduresduring

thecomputation.The majordifferencebetweentheABC andPML simulationsis in the

assemblyof the matrix D but the reasonfor this obvious. The fastestway is to usethe

pre-selectednumberof basisfunctions(the�gure in themiddle). In thetwo othergraphs,

the numberof basisfunctionsfor eachelementis chosenduring the assemblyof D by

constrainingtheconditionnumberof thematrix blocksD K (seeSection4.1). Theinitial

numberof basisfunctionsis chosenusingtheestimatesof Fig. 1. Sincetheestimatedoes

not take into accounttheeffectof absorptionin thePML onthenumberof basisfunctions,
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theinitial basismustbecorrectedduringtheassemblymorefor thePML thanin thecase

of theABC, which is seenin thelongerCPU-time.

Running Bi�CGstab: 99.2 s

Assembling C: 93.7 s

Assembling D: 390.8 s

Initialization: 1.5 s

Running Bi�CGstab: 100.8 s

Assembling C: 93.6 s

Assembling D: 97.7 s

Initialization: 1.8 s

Running Bi�CGstab: 105.3 s

Assembling C: 94.8 s

Assembling D: 318.4 s

Initialization: 1.6 s

FIG. 18. Thedistribution of theCPUtime for two strategiesfor choosingthebasis.Top: Thecomputation

time whentheconditionnumberbasisselectionandthePML is usedat ! = 10� with 22processors.Mid: The

sameplot for thedirectuseof theestimate(26) andtheABC. Bottom: Thedistribution of theCPU-timewhen

theconditionnumberbasisselectionandtheABC is used.

5. CONCLUSION

We have investigatedthe feasibility of theultra weakvariationalformulation(UWVF)

for solvingtime-harmonicMaxwell problems.In the�rst partof thepaper, theUWVF was

shown to bea upwinddiscontinuousGalerkin(DG) methodwith a specialchoiceof basis

functions.Namely, whenthebasisis a solutionof thelocal adjointMaxwell equation.
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The main goal of this studywas to presenta practicalimplementationof the UWVF

method. A parallel procedurefor solving the UWVF approximationswasoutlined. In

addition, we introduceda methodfor choosingthe numberplanewave basisfunctions

for the UWVF, so that the resultingmatrix equationis solvableusingstandarditerative

methods(we usedstabilizedbi-conjugategradientiteration). The ideais to constrainthe

conditionnumberof local (element-wise)matrixsystemwhichprovidesacontrolover the

conditioningof the whole UWVF matrix equation. We showed that the in the absence

of theabsorption,thestablenumberof basisfunctionscanbeestimatedfor eachelement

basedon thelocal wave numberandtheelementsize. Numericalexamplesin 3D showed

thefeasibilityof theproposedcomputationalmethod.

Potentialfuturedevelopmentsof theUWVF include:

1. Theoreticalestimatesfor theerrorandconditionnumberfor theUWVF (ourmethod

was basedon the useof experimentalsimulationsfor providing the information on the

conditionnumberandaccuracy).

2. Reductionin the numberof directionsin the planewave basisby alteringalsothe

directionsof the planewaves elementby element(only the numberof equidistributed

directionsas was varied in this study. This will require the useof information of the

dominantdirectionsof thesolution.

3. A betterparametrizationof surfacesor interfacesin thecomputationalmeshto avoid

theneedof usingdensemeshesnearboundaries.This would alsoreducethesizeof the

problemby reducingthenumberof elementsin themesh. For examplecurvedelements

havebeenusedonacircularscattererin 2D UWVF simulation[17].

4. To improve theaccuracy of theUWVF nearsingularities.Despitethere�nementof

themeshnearsingularities,theUWVF approximationsfailednearthepointsource.It may

be possibleto improve the accuracy thereby usingsingularbasisfunctions(suchasthe

Besselfunctions)or by couplingtheUWVF with a polynomialDG methodwhich canbe

usednearsingularities.
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