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Weinvestigataheultraweakvariationaformulationfor simulatingime-harmonic
Maxwell problems. This study hastwo main goals. First, we introducea novel
derivationof the UWVF methodwhich shavs thatthe UWVF is anunusuablersion
of thestandardipwinddiscontinuoussalerkin(DG) methodwith aspeciakhoiceof
basisfunctions. Seconde discusghe practicalimplementatiorof anelectromag-
netic UWVF solwver. In particular we proposea methodto avoid the conditioning
problemsthatare known to hamperthe useof the UWVF for problemsin general
geometrie@ndinhomogeneoumedia.ln addition,we shav how to implementthe
PML in the UWVF to accuratelyapproximatephysicallyunboundedgroblemsand
discusshe parallelizationof the UWVF. Threedimensionahumericalsimulations
areusedto examinethefeasibility of the UWVF for simulatingwave propagatiorin

inhomogeneoumediaandscatteringrom comple structures.

1. INTRODUCTION
We are concernedwith developing a e xible method for approximatingthe time-
harmonicMaxwell systemat resonancdrequenciefor complex geometriesand media.
Becausef theneedto allow avariablerefractve index, we decidedo useavolumebased

method.In furthernarronving down our requirementsve think thata successfuhumerical
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2 HUTTUNEN, MALINEN, KAIPIO

schemdor approximatinghetime-harmonidViaxwell systemneedgo addressa number

of sometimegon icting requirements:

The schemeshouldbe ableto handlecomplex geometry Applicationsmay include
scatteringfrom aircraft, computationof antenngpatternsor predictingthe interactionof
radiationwith biologicaltissue(suchasthe humanhead). This requiremensuggestshe

useof anunstructuredyrid.

Thealgorithmshouldbeableto handledifferentmaterialgincludingsudderjumpsin
theelectromagnetiparameteratmaterialinterfacesjncludingdielectricsandconductors.
In additionit needgo be ableto handlesurfacecoatingsvia theimpedancer conducting

boundarycondition.
Most scatteringproblemsareposedon unboundediomains.

Many problemgequirecomputingheelectromagnetield in domaingorfor objects)
that spanmultiple wavelengths. Thusgood dispersionaccuray is desirable. The focus
of this paperis neitheron very low frequeng problemsin which the objectsarea small
fractionof awavelengthor onvery highfrequeng problemsn which objectsaremary of

wavelengthdong. Thisis thesocalled“resonanceegion” of scatteringheory

The methodshouldgive a linear systemthat can be solved easily and the method

shouldbe easyto program!

Of courseit would be easyto addto this list (for exampleno mentionis madeof wiresor
adaptvity) but, for our project,the abore summarizeshe maindesigngoals.

Thereis no uniquechoiceof methodgiventhe above constraints.However, takinginto
accounthesegoalswe decidedto useavolumebasednite elementike proceduredueto
CessenaandDespgés|5, 6] calledthe Ultra WeakVariationalFormulation(UWVF). This
methodcanbe implementedn a tetrahedralnite elementgrid, so providing geometric

e xibility. It alsohandlespiecavise constanimediaandimpedancéoundaryconditions
andwe have implementeda conductingooundarycondition,althoughwe shallnotdiscuss

thathere. The basicUWVF approximatesinboundedlomainsvia a low orderabsorbing
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SOLVING MAXWELL'S EQUATIONS USING THE UWVF 3

boundarycondition and this is a weakness. One goal of this paperis to shov how to
implementheperfectlymatchedayer(PML) of Bérengef2] in the UWVF to give abetter
absorbingooundary The UWVF usesa planewave basison eachelementandhencewe
hopehasgooddispersiorbehavior althaugh this hasyetto beestallishedrigorously. Finally,
dueto the excellentappendicefn Cessenasthesig[5], thebasicUWVF is relatively easy
to program,andthelinear systemcanbe solved by a simpleiterative schemg(in our case

BiCGStab)which makesparallelizatiorrelatively simple.

Of coursetherearemary othermorecommonlyencounteredompetitorgo the UWVF.
Boundaryintegral Equation(BIE) technique$iandlethe unboundediomainwithout trou-
ble,andcanalsohandlecomplex geometry(seefor example[9]). Theirmaindisadwantages
arethatpenetrablamedianeedto be implementeckeitherby systemf integral equations
on eachinterfacebetweerpiecavise constantegionsor via volumeintegral equationgal-
ternatvely boundaryelementand nite elementmethodscanbecoupled- seefor example
[14]). In addition,to solve the resultinglinear system(which also requiresto evaluate
singularintegralsin acarefulway)it is necessaryo useafastoperatorevaluationstrateyy
like the FastMultipole Method (FMM) [12]. On the basisof easeof implementatiorwe
electednot to pursuethis directionalthoughsuchmethodsarejusti ably very popularin
computationaklectromagnetismElsevhere,one of us (Monk) and E. Darrigrandhave
startedto testcouplingboundaryintegral equationsusingthe FMM andtogetherwith the

UWVF to provide analternatve meshtruncationprocedurg11].

Anothercompetitoiisthe nite elemenmethodFEM). Typically edgeelementareused
todiscretizaheelectromagnetield [19. TheFEM hasthesameadvantagsastheUWVF
regardinggeometric e xibility andthe handlingof penetrablescattererghowever, unlike
the UWVF, functionally gradedmaterialswherethe refractive index variescontinuously
canbehandledby the FEM). It facesthe samedif culties regardingmodelingunbounded
media. Thetheoreticalnalysisof the corvergenceof the FEM is muchbetterunderstood
thanfor the UWVF and programmingparadigmsare well known. However, in orderto

obtain good dispersionbehavior, it is necessaryo usehigherorder elementswhich are
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4 HUTTUNEN, MALINEN, KAIPIO

quite complicatedto program. In additionthe solution of the resultinglinear systemis
dif cult (multigrid is no longeranoptimal strategy dueto limitations on the coarsesgrid
thatcanbe used). This wasthe mainreasorfor rejectingthe FEM at thetime this project
wasstarted. Recentadvancesn hierarchicedgebasisfunctions[1] and non-overlapping
Schwarz solution methods(seefor example[8]) makesthe FEM approachincreasingly
useful. Although extremely comple, perhapsthe ultimate schemeof this type is an

hp- nite elementmethod(seefor example[13]).

Finally we mentionthe popular Finite Integration Method (FIT) [22, 23]. This is
essentiallya volume based nite differenceschemeso the representatiorof curved or
complicatedboundariesequiresspeciakare. Theimplementatiorof impedancéoundary
conditionsis theneven morecomplex. Of coursethe simple structuredmeshof a nite
differencemethodimplies a moreef cient codeandpotentiallyspecialsolutionmethods

whencomparedo similar nite elemenimethods.

Of coursethe UWVF is no panacealFirst of all thetheoreticalcorvergenceproperties
of the UWVF arenot aswell understoodasfor the the other methodsmentionedabove.
Furthermorehe methodcansuffer from bad conditioningproblemsif the basisor grid is
notchosercarefully Finally thesolutionis notcomputedeverywherebut only onthefaces
of thetetrahedramesh(termedthe“skeleton” of the mesh)andrequiresa post-processing
stepto obtainthe solutionaway from the skeleton.Howeverthefar eld patterncaneasily
becalculateddirectlyfrom theUWVF solution[5]. A goalof thispapelisto show practical
waysto avoid or controlthe above problems(we shallnot addressheoreticabspectdiere
beyondpresentingnovelandunifying derivationof themethod) aswell asshaving how to
handleunboundednediabetterthanthebasicUWVF. In particularwe shallpresenainovel
derivationof the UWVF thatshowsiit is a standardupwind DiscontinuousGalerkin(DG)
methodwith a specialchoiceof degreesof freedomand approximatingbasisfunctions.
After thisderivationwe shalladdresseveralpracticalissuegelatecto usingthe UWVF as

follows:
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SOLVING MAXWELL'S EQUATIONS USING THE UWVF 5

We shall discussthe choiceof the numberof basisfunctionsper elementto balance

the competingneed=f accurag andconditioning.

Weshallshav how toimplementa PML in theUWVF anddemonstratéhatit provides
enhancegerformanceomparedo thebasiclow orderboundaryconditionin thestandard

UWVF.

We shall shov how to post-procesghe computationalresultsto approximatethe

solutionaway from the meshskeleton.

We shall shov that the methodcan solve “complex" scatteringproblemssuch as
scatteringin a layeredmediumand scatteringfrom a spherewhere exact solutionsare

available. We shallalsoshov how to implementa point sourcein the method.

As partof theseinvestigationsve shall alsoexhibit the performanceof thelinear system
solver (justthe BiCGStab),andinvestigatehe frequeny dependencef the solution. We
shalltry to shaw thatthe UWVF is aviable andusefulMaxwell solver.

We nish this introductionby describingin detail the Maxwell systemand boundary
conditionsapproximatedy the basicUWVF of CessenaandDespgs[5, 6]. Suppose
is a boundedpolyhedraldomainin R2. We wantto approximatethe electric eld E and

magneticeld H thatsatisfythefollowing time-harmonidVlaxwell system

il E r H = 0in ; 1)
i!@ H+r E = 0in : (2)
Here! isthetemporalfrequeng of the eld, and and arerespectiely the permittivity
(complex valued in general)and permeability (real valued) of the materialin . In
particular for , therealpart<( ) is boundedandstrictly positve. The imaginarypart

=( ) is boundedandnon-ngyative. Finally is real, boundedandstrictly positve. The

eld is supposedo satisfythefollowing generalizedmpedancdoundarycondition

E n+ H n) n=QE n+ (H n) n)+gon =@ (3)
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6 HUTTUNEN, MALINEN, KAIPIO

whereQ is arealfunctionof positionontheboundarywith jQj 1, n is theunit outward
normalon andg is atangentialvector eld giving the boundarycondition. Finally we
useapositive parameter de nedontheboundary (bewarethisis nottheconductvity!).
Often = jp *j:jp “j, but moregenerallywe allow to be arny boundedstrictly positive
realfunctionon .

Note thatthe boundarycondition(3) is rathergeneralandfor specialchoicesof Q can
be usedto implementseveral standardooundaryconditions. ChoosingQ = 1 we get
E n = 2gwhichisthestandargerfectelectricallyconductingpoundarycondition. If
Q = Oweobtaintheimpedancéoundarydata. E n+ (H n) n = gandwithan

=P _O:p "o where ¢ and ( aretheelectromagnetiparameters

appropriatechoiceof
of freespacgreal)we havethelowestorderabsorbingboundaryconditionthatcanbeused
to truncatethe computationalomainin a scatteringcalculation.Finally Q = 1 givesa
magnetiovall conditionusefulfor approximatingsurfaceswith very high permeability(or

to implementa symmetryboundarycondition).

2. DERIVATION OF THE UWVF

In this sectionwe shall derive the UWVF for the basicMaxwell system(1)—(3). Our
derivation,whichdiffersfromthatof CessenandDespes[5, 6], highlightstheconnection
betweenthe UWVF and the classical ux splitting discontinuousGalerkin methodfor
symmetrichyperbolic systems(seefor example[18]). In fact we shall shav that the
UWVF canbeviewedasadiscontinuougalerkinmethodwith aspecialchoiceof testand
trial space.

Let = fK gdenotearegular nite elemenmeshof element¥K of maximumdiameter
h covering . In principle, this meshcanbe quite generalallowing for mixing various
elementqcubes,tetrahedraprismsetc), but in our implementationwe usea tetrahedral
nite elementmeshsinceit is easyto generatand ts generaboundarieseasonablyvell.
Hencewe shallassuméhateachelemenK is atetrahedrorandhencehastriangularfaces

(sosimplifying someintegralsthatneedto be performedduringthe calculation).
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SOLVING MAXWELL'S EQUATIONS USING THE UWVF 7

We now proceedalong standardines to derive a discontinuousGalerkin methodfor
the Maxwell systemrecalling rst the integrationby partsidentity that for any a andb

sufciently smoothonK
z Z z
r abdv= ar bdv+ nX a bdA
K K @
wherethe over-line representgomplex conjugateandn ¥ is the unit outward normalto
the boundary@ of K. Now let ¥ and ¥ denotesmoothtestvectorfunctionson an
elemenin themesh.Multiplying (1) and(2) by thecomplex conjugateof  and ¥ and

integratingover K usingthe above integrationby partsidentity to move the curl off the

trial functionswe obtain

Adding thetwo equationsandreorderingheleft handsidewe obtain

4

E ('~ K+r KYy+H @0 X Ky dv
K z

K H % n¢ E X dA

wherewe have usedthefactthat is assumedo berealvalued.Usually, in thederivation
of thediscontinuoussalerkinmethod we would now specifyhow to computethe” ux es"”
or surfacecurrentsn®  E andnX  H from approximatadiscontinuouselds, but in
this casewe now make animportantassumptiornhatis theessentiapartof the UWVF. We

assumehat © and * satisfythefollowing adjointMaxwell systemonK :

it= K4y K 0inK; (4)

it Koy K 0inkK: (5)

With this assumptiotheabove identity for (E ; H ) onK reducego

n“ H X nk E X dAa=0 (6)
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8 HUTTUNEN, MALINEN, KAIPIO

We now apply the usualdiscontinuougsalerkinupwind splitting methodto this identity.

Let
0 1 0 1
Ejx . «
uk = %) X and X = ?@ X
H i «
then(6) becomes
Z
DKuk XdAa=0 7
@

wherethematrix DK is givenby

0 0 1
nK
‘ (z K )T 2
DK = % andZK nk
zK 0
nk 0
NotethatzKa = nK aforaryvectoraandzX = (ZK)T.

Flux splitting now amountsto a suitablefactoringof DX into positive and negative
semi-de nite parts correspondingo left and right going waves. To obtainthe general
UWVF we usea slightly moregeneraffactorizationthanusual. Let > 0 bede ned on
thefacesof themesh(ontheboundaryfacest is thefunction appearingn (3), for other

faceswe shalldiscusghechoiceof laterin this paper).To de ne thesplittingof DX let

LK; = pJZ.— ZK, (ZK)2

andde neDX = (LK )T(LX ). Asimplecalculationusingthefactthat(Z* )T (zX)? =
(z¥)T thenshawvsthatDX = DK * + DK with DX * positive semide niteandD ¥
negative semide nite. An importantpropertyof the splitting thatwe shalluselateris that

if elementK andK °sharea commonfacethenon K °\ K we have (usingthe factthat
K; 1 K K2 1 K° K %2 K%+
L™ = p—z_ zZ%, (Z2%) = p—z_ Z% 5 (2% ) = L° 7
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SOLVING MAXWELL'S EQUATIONS USING THE UWVF 9

Usingthesplittingof DX andthefactorizatiorof eachtermin the splittingwe mayrewrite
(7) as
z

LR uk) (LS* Ky Lk UKy (LK Ky da= o (®)
@

Thediscontinuousalerkin ux splittingapproacths thento couplethesolutiononadjacent
elementsusingthe secondtermin the above equation. Thusif K ©is an elementsharing
a facewith K we have (using the continuity propertiesof the solutionsof Maxwell's

equationsacrossaninterfacein theabsencef surfacechages)
LKy = KO gK® 9)

on the commonface. For faceson the boundary we usethe boundarycondition (3)

writtenin the corvenientform
LK uk = QLK*uk gon@\

whereg = (1:p 2 )g. Equation(8) thenbecomes

z X z
(LK;+UK) (LK;+ K)dV+ (LK°;+UKD) (LK; K)dA
& Koak o =f6; !
N

+ QLM uk +9) (L )dA=q10)
@\ =fe; |

This is essentiallythe UWVF of Cessenaand Despesbeforediscretizatiorbut to make

the connectiormoreobviouswe de ne
XK = LK uKjgeo; YK = LAY Kjg andFe (YK) = LN Kja:

Then(10) becomesghe problemof nding XK onthefaces@ of eachelementK such

that
Z X Z
XK YK dA XK° Fe (YK) dA
@<X 7 Koaoec=re; |
QXX Fr (YK)dA = § Fx (YX)dA (11)
@\ = f6; f &
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10 HUTTUNEN, MALINEN, KAIPIO

for all appropriatey X . Thisis the UWVF for Maxwell's equationseforediscretization.
A naturalquestionis whatis the correctspacefor the trial andtestfunctions. It turnsout
thatif L2(@X ) denoteshespaceof squareintegrable elds on @ thataretangento @

thenwe canseekX X 2 L2(@ ) oneachK suchthat(11)holdsforall Y 2 LZ(@ ) and
all elementx . Theonly dif culty is to seethatin thiscasegivenary YK 2 L?(@ ), we
can nd asolution ¥ (in H (curl; K )2) of (4)—(5)thatsatis esthegeneralizedmpedance
boundaryconditionL: * X = YK on @ andfurthermorethatFy (YX) 2 L(@).

This canbeprovedasusualby studyingtheimpedanceroblemonaboundedlomain(see

[5, 19)).

It canbe shawn [5] that(11) hasexactly onesolutionfor ary § 2 L2() andthatif uX
is computedelement-wisausing the Maxwell system(1)-(2) togetherwith the boundary
conditionLK *uk = XK thenthe resultingpiecevise de ned functionis exactly the

solutionu thatsatis es(1)—(3).

We remarkthat the above derivation of the UWVF extendsin a simple way to the
equation®f elasticityandto the Helmholtzequationwrittenasa rst ordersystem(indeed

to ageneraklassof symmetrichyperbolicequations).

It remainsonly to discretizethe UWVF andherewe follow exactly [5]. Hencewe only
give enoughdetailsto make this paperself containedandrefer the readerto the original

sourcefor adetaileddiscussiorof the discreteproblem.

The key to CessenaandDespgés' discreteUWVF is to choosethe basisfunctionsfor
XX andYX in away that allows the actionof the operatorFy to be computedeasily
Variouschoicesare possible,but for themall it is necessaryo assumehat and are
piecavise constanton the mesh. We shall assumehis from now on in the paper Under

this restrictionwe useplanewave solutionsto approximate ¥

. In practice,following
[5], a suitablefamily of planewavesaregeneratedn K by choosingpk directionsd
jdj=1,1 ° pk (weusetheoptimalsphericacodesrom thewebsite[21]), andthen

de ning a unit real polarizationvector :;, orthogonatlto d-. Fromthis we computethe

DRAFT January 18, 2006, 10:14am DRAFT
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comple polarizations
F= & +i & dbandcf = § 0§ d51 0 o
It is theneasyto verify thatthefunctions( F%; 7)) givenby

FK = 7 "KEK exp(ikd® x)and F¥ =i KEK exp(ikd® x)

49—
wherek = ! K K satisfytheadjointMaxwell system(4)-(5) onK . Similarly, the pair
( &, &%) givenby
ok _ P —cnk K GK -p:K K
0= KG® exp(ikd® x)and 2" = i KGT exp(ikd® x)

areanindependensetof solutionsof the adjointMaxwell system.Thesefunctionsin turn

generatelanewaves

0 1 0 1
FiK S
Bk~ % g and &K = % g
FiK GK
forl ° pk - The reasonfor this somavhat complex choiceof planewave is that

Gk FK = o0foranyl ;'° px which providessomeextra sparsenesisi certain

matricesto be de ned shortly. We cannow de ne theapproximatiorto X ¥ denotedX ¥
andgivenby

e . .

XK= XL B e S

T=1
To computethe unknovn expansioncoefcients fx gP%, for eachelement in themesh
we follow the usual Galerkin approachof substitutingX/¢ in placeof XX in (11) and
choosingthe testfunctionsYX to be successiely the basisfunction YX = LK+ FK
1 ° pcandy® =LK+ 8K 1 pc. WenotethatFy iseasyto computefor

thesebasisfunctionssince
FK (LK;+ F;K): LK: F?K

andsimilarly for the“G" basisfunctions. By enumeratinghe the tetrahedrave canform

P
avectorof unknovnsx of lengthM =, 2px containingx,1 °  2pk inthe
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12 HUTTUNEN, MALINEN, KAIPIO

sameorderastheelementsarenumberedThis vectorsatis esthatmatrix equation
(D Cyx=f (12)

whereD is the block diagonalHermitianM M matrix resultingfrom the rst termon
the left handsideof (11), C is thesparseM M matrix resultingfrom the remaining
two termson the left handsideandf™ is theload vectorgivenby theright handsideafter
choosingYX to beeachof thediscretebasisfunctions.

In orderto computethesematricesjntegralsneedto be performedover thefacesof the
tetrahedran the mesh. For example,in orderto computethe matrix D we mustevaluate

integralsof the form
Z N
(L T Lk 55 dA

for1 ;"%  px andsimilar integralsinvolving the “G" basisfunctions(aswell as

integralsinvolving both“F" and“G" basisfunctionsfor othertermsin (11)). Usingthe

F:K

de nition of theoperator X * andthebasisfunction we seethat

p

LK+ FK - 9—17 PZKEE 4T K(ZEPFE exp(kd® x)

with a similar expressiorfor (L% * ). Oneachplanarfacef of K thematrixZ¥ is

constantandwe alsoassuméhat is alsoconstanbnf thus

4

(LK;+ F?K) (LK;+ F;K)dA:
1

= szFK+ip?(zK)2F!< Pz *<F!<o+ip?(z'<)2F!<0

b & 2 i f .
f exp(ik(d® d'%) x)dA

The vectorpart of this expressionis easyto computeandrelatively cheapsincethe dot

productmustbe doneonceper face. The main dif culty in computingthis term is the

complex exponentialintegral. Fortunately Cessenaf5] shaws that the integral over the

facecanbecomputedn closedform asadifferenceof sincfunctions.Althoughsomecare

needdo betakento avoid cancellatiorerrorsthis integral is theneasyto implement.
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SOLVING MAXWELL'S EQUATIONS USING THE UWVF 13

Theremainingintegralsin (11) canbe computedn the sameway. Theresultis thatwe
cancomputeablockdiagonainnerproductmatrixD correspondingo the rst termonthe
left handsideof (11). This matrix is Hermitianandpositive de nite (aslong asthewave
directionsaredistinct),but maybecomesererelyill-conditionedif too mary directionsare
used. We shallreturnto this point whenwe discusshe numericalimplementatiorof the
methodin Section3. We alsoconstructa matrix C correspondingo the remainingterms
on the left handside of (11). Thisis a more generalmatrix that couplesthe expansion
coefcients on atetrahedrorK to the expansioncoefcients ontetrahedra& °thatsharea
facewith K .

Theright handsidein the matrix equation(12) canalsobe computedn the sameway
providedthe sourcevectorg involvesonly complex exponentialgsuchasis the casewhen
solving scatteringproblemswhena planeincidentwave strikesa givenscattererandit is
desiredto computethe scatteredeld). Otherwisequadraturdés neededo computethe
right handside. Thisis ratherexpensve dueto the oscillatorynatureof the basisfunctions
andour currentimplementatiordoesnot allow generaboundarydatafor this reason.

In other applicationsof the UWVF in two dimensionswe have found that whenthe
boundaryof the domainis smooth the accurag of the UWVF canbe improved by using
cunvededgedo the elementsadjacento the boundary This requiresusingquadraturgo
computetheintegralson suchcurvededges.Sofarwe have notimplementedhis scheme
in 3D but a future improvementto our UWVF codewould be to improve the accuray
of the boundaryrepresentatioim this way (at the costof anincreasen computertime to
computethematricesD andC). Currentlywe useare ned grid nearto curvedboundaries

andallow the elementgo grow rapidly away from the boundary

3. IMPLEMENT ATION
In the previous sectionwe provided a novel derivation of the UWVF and summarized
how, afterchoosinghenumberof planewave directionson eachelementwe cancompute

a matrix system(12) thatmustbe solvedin orderto obtainthe coefcients of the surface
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14 HUTTUNEN, MALINEN, KAIPIO

unknowvn XX . In this sectionwe discussseveral practicalchoicesneededo improve the

basicUWVF.

3.1. Choiceof the plane wave dir ections

The choice of the numberand directionsof the planewaves on eachelementhasa
criticalin uence ontheaccurag of thediscretdUWVF. Choosingoomary directionsona
givenelementanresultin avery poorly conditionedmatrix D (introducedn theprevious
section).Sinceour inversionschemaequiresto computeD ! this cancauseheiterative
methodto fail to corverge. Thusthechoiceof thenumberof directionsonagivenelement
requiresa balanceébetweeraccurag andconditioning.

CessenaandDespessuggestheuseof a x ednumberof directionson all theelements

in themesh.In this casewe recallthe basicconvergenceresultdueto Cessengb].

Theorem 3.1. Suppose = = 1 andthat p directionsare usedon eat element
in a quasi-uniformand regular mesh. Thenthere is a setof directionsfdngb_; , whee

p= (N + 1)(N + 3) sudrthatif jQj < Lon@ then
kX  Xnkiz@ ~ ChN*t=2

asthemesksizeh decreasesprovidedthesolutionis sufciently smooth.

This theoremtells usthat, at leastfor smoothsolutionsto the Maxwell systemwe can
increasethe order of corvergenceof the methodby increasingthe numberof directions
p perelement(similar to an h- nite elementmethodwherethe degreeof the polynomial
basisgovernsthe orderof convergencefor smoothsolutions).In additionit wasshovnin
[10] thatfor ary x edmeshkX Xnyky ! Oasp! 1 for ary electromagneticeld in
H(curl; ) (againassuming = = 1) providedthedirectionsarechoserto be suitable
guadraturegoointson the unit sphere. Theseresultssuggesthat choosingp large may be

adwantageousor accurag.
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SOLVING MAXWELL'S EQUATIONS USING THE UWVF 15

Usingthe UWVF for acoustigproblemswe have foundthatauniformchoiceof p across
all elementamay leadto pooraccurag on large elementspr poor conditioningon small
elementd17]. In [17] we adwcatedthe practicalchoiceof settinga maximumallowable
condition numberand choosingthe numberof directionspx for eachelementK to be
thelargestnumbersuchthattheblock of D associatedvith K hasconditionnumberat or
below the cutoff. Thuswe emphasizedhe practicalneedfor corvergenceof theiterative
schemeat the expenseof indirect control over accurag. This choiceworks well for a
serialprogram,but whenwe cometo implementa parallelcodewe would like to predict
approximatelythe numberof directionsper elementquickly to helploadbalancing. This
choicecanlaterbere ned elementby elementafterthe paralleljob hasbeenallocatedto
theprocessoraslong asthe numberof directionsperelementdoesnot changegreatly

We have adopteda heuristicfor choosingthe numberof directionsper elementbased
on the analysisof the error in using planewavesto approximatean independenplane
wave notin the basis. This analysisdoesnot includepolarizationeffectsat this stageand
is thereforeincomplete but it doessuggestvhy planewavesare essentiallyequivalentto
Bessefunctionsfor building thebasis.Anotherlimitation of theanalysiss thatit doesnot
applyto evanescenvaves.

Supposeve wish to approximatea planewave exp(ikx d), jdj = 1, usinga sumof
planewavesin the directionsdy;  ;dp, onanelementK. We choosethe origin of
the coordinatesystemto be at the centerof the inscribedsphere(having radius ¢ ) and
denoteby hx the maximumdistanceof pointson @ from thisinscribedcenter In fact
hk isroughlytheradiusof theelemenif theelementareregular Theassumptiomehind
the analysiswe shall now give is thatk g is large sothatthe inscribedsphereis mary
wavelengthsacrosqgandof coursekhy is still larger). For any pointon the surfaceof the
element ¢ jxj hg Thuswe canseekto approximateexp(ikd x) to error in the
maximumnormfor largekjxj k g . CarayolandCollino [4] show thatif

3=2 2khy

Lk khg + w23 3z (khg )13 %+termsvanishinginth: (13)

NI =
wI N
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16 HUTTUNEN, MALINEN, KAIPIO

whereW is the LambertW functionde ned on[1=g;1 ) by W (t) exp(W (t)) = t, then
for largekhx we cantruncatethe Jacobi-Angeexpansiorto error using(Lk + 1)? terms
in thesum. UsingthefactthatL ¢ is anincreasingunctionof khx andkjxj is alsolarge

onthesurfaceof theelementwe have

X< X _
exp(ikd x) 4 i j- (Kixj) Y™ (R)Y (d)
o -

toerror wherer = x5jx|, - isthe th sphericaBessefunctionandY.™ is thespherical

harmonicof index * andmomentunm. The sameholdsfor eachof the directionsd; and

thuswe canwrite
Rk
exp(ikx d) cnh exp(ikx dp)
n=1 !
Xe X X '
4 i (kixj)Y-"(®) Y™ (d) n Y- (dn)
=0 m= °~ n=1
P . L
to accurag (1+ ﬁ*;l jicnj) whenkjxj is large and wherethec,, n = 1; T PK

aresuitableexpansioncoefcients. The right handsidewill vanishif we canchoosethe
coefcients ¢, suchthat

R«

Y (d) = & Y"(dn)

n=1
forO ° Lgkand ° m . Foragivenchoiceof d andapproximatingdirections
thisis asystemof (Lx + 1)? equationsn px unknavns(thec,'s). We thuscanchoose
pc = (Lk + 1)? andthenchoosehedirectionsf d, g%, sothatthey form afundamental
systemfor the givensetof sphericaharmonicgthis is alwayspossiblesincethe spherical
harmonicsarelinearly independent)24]. This guaranteeshe invertibility of the matrix
thatwould ariseif we wishedto computethe coefcients c,. Hencetheabove equationis
solvable. Varioustablesof fundamentasetsof directionsfor Lx = 1; ; 29aregivenin
[20] (optimalwith respecto differentcriteria). Note thatthe needfor a fundamentaket

of directionsis alsosuggestedty the statemenbf theerrorestimatan Theorem3.1where

only certainchoicesof directionsgive agooderrorestimate.

DRAFT January 18, 2006, 10:14am DRAFT



SOLVING MAXWELL'S EQUATIONS USING THE UWVF 17

P TABLE 1
Factor 1+ PK jc.j appearing in the error analysis as a function of Lk

computedfrom 10,000randomly chosend vectorson the unit sphere.

OrderL ¢ 1 2 3 4 5 6 7 8 9 10

Dimensionpg 4 9 16 25 36 49 64 81 100 121

Pook o 10
Factor 1+ X, jcnj 3 42 46 2 10 20 11 16 25 58 39

Thereremainsthe possibility that (1 + P 2K=1 jcnj) might grow very rapidly with pg
andhencemale the above estimatesneaninglessWe usethe directionsf d, g, (from
pk = 4topx = 121lorLg = 1; ;10)fortheoptimalsphericacodedrom thewebsite
[21]. Forthesedirectionswe have computedheexpansiorcoefcientsc,,n = 1;  ;pk
forpk = (Lx + 1)?2andLk = 1; 10testedat 10,000randomlychoserpointson the
unit sphere Theresultsareshovn in Table1 andshow thatthefactorgenerallydoesgrow
for thevaluesof L ¢ usedhereln factthegrowth (ignoringL « = 4) is consistentvith an
exponentialgrowth (proportionalto exp(0:35L ¢ )). We have no explanationfor thelarge
valuefor Lk = 4.

In conclusionjf we computel ¢ via (13)andsetpx = (Lx + 1)? wecanapproximate
thetraceof the planewave on the boundaryof the elementK to accurag approximately

provided the elementis non-deyenerateandkjxj is large on the facesof the element
(i.e. for exampleif the elementcontainsa spherethat mary wavelengthsacrossjandthe
directionsarechoserto be afundamentaset. In practicewe useestimatg(13) to motivate
aheuristicfor calculatingL ¢ evenfor elementghataresmallcomparedo thewavelength
of the radiation,but this needsto be improved. Note that, even for large elementsthis
procedureonly concernghe local approximationof planewavesanddoesnot guarantee

gooddispersiorerroror goodapproximatiorerrorfor moregeneral elds.
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18 HUTTUNEN, MALINEN, KAIPIO
Notethatif khy is large,dueto the slowerthanlogarithmicgrowth of W, we have that
Lk Cth + 1=2

forany x edC > landfor khg largeenough.Thisavoidsthe(simple)taskof computing

W. Thus,in practiceweallow theuserto chooseoefcients A ,j = 0; 1; 2, thencompute
pk = Az(khg )? + Arkhg + Ag

andsetpg to bethe smallestinteger greaterthan(Cx + 1)?. This givesthe numberof
directionson K andthe actualdirectionsaredravn from the table of sphericalcodesas
mentionedabove. No restrictionis placedon the choiceof px otherthanthe practical
restrictionthat3 px  130soadjacentlementsanay have widely differenthumberof
basiselementsWe shallpresentoredetailsof this approactandsomenumericaktestsin

Sectiord.

3.2. Adding aPML layer

The rst order absorbingboundarycondition obtainedby settingQ = 0 and =
P _O:p "o in (3) requiresthe absorbingboundaryto be far from the scattererto obtain
reasonabl@accurag. It is thusdesirableto be ableto usemoreef cient meshtermination
methods.In [16] we shavedhow to implementthe PerfectlyMatchedLayer(PML) in the
UWVF for acoustics. A similar approachcanbe taken for the Maxwell systemandwe
now outlinethatapproacthere. The PML is appliedto the Maxwell systemin free space
where = gand = . Forsimplicity we shallassumehatthe PML is appliedwhen
iXij = Xoi > 0 sothe standardMaxwell systemgovernsthe eld in theboxjx;j  Xoi,
i = 1,;2; 3which containsthe scatterer The PML will occufy the region outsidethe box
andwithinthebox Xoi Li < Xj < Xgi+Li,i = 1;2;3. ThusthePML hasthicknesg ;
in thedirectionx; alongtheith coordinateaxis. Our experiencewith the acoustidUWVF
is that, unlike standardnite elementmethods,the UWVF works well with a constant
absorptionin the layer As we shall seethis allows the analytic calculationof certain

integralsin thetheory andtheconstanPML doesnot causainacceptablee ectionsatthe

DRAFT January 18, 2006, 10:14am DRAFT



SOLVING MAXWELL'S EQUATIONS USING THE UWVF 19

PML boundary A key assumptioris thattheplanesx; =  Xg.i,i = 1;2; 3 attheinterface
betweenthe PML andthe ordinary Maxwell region of the computationalomainarethe
unionof faceof elementgi.e. theplanesoincidewith boundariebetweerelements ary
elements eitherentirelyin the PML or entirelyin the Maxwell partof the computational
domain).

In orderto de ne the PML we usea complex stretchingof the spatialvariableq7, 19|
sothatwe de ne
8 i oJXi  Xoi)
2 TOJ'Lio”J forjxij > Xoi
i = i (14)
Xi for jxij < Xoi
fori = 1;2;3wherek = | P o o, L isthepreviously de ned thicknessf theabsorbing
layerin theith directionand ;.o > 0istheconstanPML absorptiomarametein theith
direction. Replacing; , formally, by %; in (1)-(2) de nesthenon-physicaklectromagnetic

eld denotedE and H which satisfy the Maxwell systemwith respectto the “tilde"

variables:

il oH+r E

1
o

in the PML wherer~ denoteghe curl in “tilde” variables. We now usethe de nition
of the“tilde" variablesto changevariablesbackto realcoordinate;, i = 1;2; 3. De ne

d = 1+ i ;o=(kL;) andletthematricesA andB begivenby
0 1

0
1:(d2d3) 0 0 d]_ 00
A 0  1=(dids) 0 andB = % 0d O

0 0 1=(d;d) 0 0 ds

thenafterthe changeof variableghe above equationdbecome

il oF Ar BH

I
o

i! o+ Ar BE

I
e
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20 HUTTUNEN, MALINEN, KAIPIO

De ning the computedelds in the PML denotedjn anakuseof notation,oy E = BE
andH = BH we obtainthefollowing systemfor the non-physicaklectromagneticeld

in the PML:

i QA B ™E r H

I
o

(15)

il oA B H+r E

I
e

(16)

Thusde ning the non-physicalanisotropicelectromagnetiparametersn the PML by
B = oA B tand g = (A !B ! weseethatin the PML the elds satisfythe
Maxwell system(1)-(2) with and replacedby g and g respectiely (the subscript
B refersto J.P Bérengemwho rst proposedhe PML in 1996[2]). Notethatnow g is
comple valued,and g and g aresymmetricbut not Hermitianmatrices.

Thus, within the PML region, the derivation of the UWVF in Section2 applies. The

only changdsto allow to becomple sothatthe adjointproblembecomes

it5 < K =0 (7)

il Ko+ K =0 (18)

in eachelementK in the PML. The sameboundaryconditioncanbe usedon the outer
surface of the PML, and since the matrix B is continuouswithin the PML, the same
matchingconditionand ux computatiorcanbe usedacrossnter-elementoundaries.
At the boundarybetweenthe PML and Maxwell (vacuum)regionsthe samematching
of elds betweeradjacenelementsanalsobe performed.Thisis becaus¢heboundaries
betweenthe PML and Maxwell regionsare coordinateplanesthat are the union of faces
in the mesh. For examplesupposeve have onetetrahedrorK in the vacuumregion, and
anotherk %in the PML meetingat a commonfaceon the surfacex; = x1.0. Acrossthe
interface(i.e. onf ) thechangeof variablesapproactimpliesthatE jx  nX = Exo nK.
Butd, = d3 = 1in K °andonly d; 6 1. Sinceonly tangentiacomponentsf the eld are
continuousacros§ wehavealsoEjx  nK = (BEko nK = Exo nK. Similarly

H nX isalsocontinuousacrosd . Thusthe ux matchingequation(9) holdsbetweerk
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andK %sincebothsidesonly involve tangentiacomponentsf therelevant elds. We can
concludehatthe UWVF equation(11) holdsthroughouthe Maxwell region andthe PML
regions of the computationadomain, provided the modi ed adjoint equationg17)-(18)
areusedin calculatingFx for elementsn the PML.

The PML can be discretized,becausepy construction,plane wave solutionsof the
adjointsystem(17)-(18)canbe derived from standardblanewave solutionsin the “tilde"

coordinatewvia thechangeof variableg14).

3.3. Point sources
In Section4 we shallinvestigateelds originatingfrom anelectricdipole sourceat the

pointxg 2 . Thedipole point sourcecanbe de ned asthe solution of the Maxwell

system
i'E r H =jin ; (19)
i H+r E = 0in i (20)
wherej = la 4, andwherel anda, jaj = 1 denotethe amplitudeandpolarizationof

thedipole. In addition, x, denoteghe Dirac deltafunction. Following the procedureof
Section2, it is easyto shav thattheright handsideof equation(19) providesatermto the
right handsideof the UWVF equation(11). For the point sourcein theelementxy 2 K,

theadditionaltermis simply as

z

2 j Ejkx = 2la E(Xp): (21)
K

3.4. Reconstructionwithin elements
Sincethe UWVF methodprovidesan approximatiorfor the function XK (whichis a
functionof E andH ) on eachelementface@X , but not a direct solutionfor the electric
eld E andthe magneticeld H , a post-processingtepis neededo resohe E andH

within elements TheapproximatiorX ¢ for thefunctionX ¥ is constructedby usingplane

DRAFT January 18, 2006, 10:14am DRAFT



22 HUTTUNEN, MALINEN, KAIPIO

waves " and ®*¥ whichin turn aresolutionsof the adjoint Maxwell system(4) and
(5). It is clearthatin the absenceof absorptionthe permittivity andthe wave number
k arerealvaluedandthe adjoint system(4) and(5) is the sameasthe physicalMaxwell
equationgl) and(2). Consequentlyfor realvalued , the planewave basisfunctions ik
and % aresolutionsof the local Maxwell equationsn the correspondinglement .

Therefore,it is easyto obsenre thatfor any elementK in a non-absorbingnedium,the

approximatioru X for u® is

KB x5 (22)

Resolvingthe eld uX for elementsn anabsorbingnedium(i.e. is complex valued)or
within the PML requiresa differentapproach.Themethodusedhereis analogousvith the
UWVF post-processintechniquentroducedor the Helmholtzproblemin [16]. Namely
we wantto approximatehe elds E andH in a planewave basiswhich is a solutionof
theactualMaxwell system(1) and(2) (or (15) and(16) in the PML), ratherthanusingthe
adjoint planewave basisof the discreteUWVF. Therefore we de ne a new setof plane
wavesbasisfunctionsas

0 1 0 1
AFiK AGK

KB § a2 B &

AFK AGK

AFiK

. FiK GK GK . .
wherethepairs(™ " ; yand("~" ;*77 ) aresolutionsof the physicalHemlholtz

system(1) and(2) ((15) and(16) in thePML) sothat

AFiK AFiK

= P KEK exp(iRd®  x); ipTF!< exp(ikd® x;)

/\G;K

. _ P—
AGK KGK exp(RdX x): DT =) KGR exp(iRd® x);

p——— . L .
wherek = | K K. Fortheelementsn the PML, thepermittivity ¥ andpermeability
K aretakenasthe modi ed parametersk = g and X = g whichalsoleadsto a

matrix valuedwave numberk.
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The next stepis to computenew coefcients y€, 1  °  2px for this new basis
correspondingo thecoefcients xX of thediscretetUWVF problem.In particulag in each
elementin an absorbingmedium (a physicalinterpretationof the PML is an anisotropic

absorbingnedium)we wantto approximatehesolutionu¥ as

/\G;K

F;K
KAyl T (23)

In thecontext of the UWVF, thecoefcients yX for theelemenK arenaturallyobtained

asasolutionof theequation
¥ = Dy Dk %« ; (24)

wherethe vectorsyx andxy containthe coefcients yK andxX,1 °  2px for the
elemenK . The2px  2pk matricesD, andD areassembledsthediagonalblocksof
D in thediscreteUWVF equation(12). However, dueto thetwo typesof planewave bases

involvedin the post-processinghe matrix Dk is computedusingintegralsof theform

z

K.+ AFK L AFK
N ~0

(L ) (LS ) dA;

i.e. usingthe physical(non-adjointplanewavesonly. Similarintegralsareneededor the
basisfunctionsinvolving “G” basisfunctionsaswell asboth“F” and”G” functions. The
integralsfor thematrix D¢ includeboth adjointandnon-adjointbasisfunctionsbeingof

theform

z
(L By e NS da
&

In essencethe post-processingtepfor a hon-absorbingnediumis trivial sincethe
solutionfor E andH canbeextendeddirectly within elementsisingthe sameplanebasis
functionsand coefcients neededo approximatehe UWVF function X, seeEq. (22).

For elementsn anabsorbingnediumor in the PML, the extensionof the solutionin the
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24 HUTTUNEN, MALINEN, KAIPIO

elementscan be computedsimilarly (seeEq. (23)) but by de ning a nev non-adjoint
planewave basisandby resolvingcoefcients for the new basisusinga relatively simple

UWVF-type tting (24).

3.5. lIterati ve solution and parallelization

In histhesisCessenafb] suggests$o solve the UWVF equation(12) by writing it as
(I D ™Cx=D (25)

andapplyinga dampedRichardsorscheme.NotethatD 1 is easyto computesinceD
is block diagonal,sothe actionof D 1C on ary vectorcanbe computedat the expense,
essentiallyof multiplying by C. We have foundthatthe stabilizedbi-ConjugateGradient
schemgBICGStab)is faster andwe usethatmethodin all theexamplespresentedhere.

TheUWVF hasbeerparallelizedisingthesameechiqueusedo parallelizetheaoustic
UWVF in [15]. A domaindecompositiorstrateyy is used. The meshis decomposethto
collectionsof elementaisingMETIS. Becauseghe numberof basisfunctionsperelement
differswidely, the predictednumberof basisfunctionsper elementis usedto weightthe
METIS graphnodesto improve load balancing. Note that elementsare only connected
throughfaceswvhichsimpli es theconnectvity graphanddecreasethenumberof elements
in onesub-domairthatareconnectedo anothercomparedo a FEM solution.

Oncethe meshis partitioned,eachpartition is sentto a processorusing MPI) and
the processoperformsthe conditioningcheckand adjuststhe numberof unknavns per
elemen{asdescribedn Sectior3.1). ThelocalmatrixD isalsocomputed.Thisrequiresno
communicationThenthematrix C is computedequiringcommunicatiorio determinghe
directionson elementaeighboringeachpartition (throughfaces).Finally f~is computed
locally. Then the bi-conjugategradientschemeis parallelizedin the usualway using

parallelmatrix multiply.

4. NUMERICAL RESULTS
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To investigatethe UWVF methodfor simulatingactual problemsinvolving the time-
harmonicMaxwell problems,we study the methodfor three different model casesfor
whichthe exactsolutionis known. In the rst casewe approximatehe eld emittedby an
electricdipolein free-spaceSincethe domainof theproblemis physicallyunboundedan
absorbinghoundarycondition(ABC) is needontheexteriorboundaryof thecomputational
domain. We comparewo ABCs of which the rst is obtainedby choosingQ = 0in (3).
This conditionis referredto as ABC in the following sections. The secondmethodto
truncatethe domainis the perfectlymatchedayer (PML) outlinedin Section3.2.

Seconde approximatehe eld emittedby the dipolein aninhomogeneoumedium.
In particular whenthedipoleis locatedoveralayeredmaterialfor whichanexactsolution
is availablevia the Sommerfeldntegral [19]. The third modelproblemis the scattering
of a planewave from a perfectlyconductingsphere.In this case the principalinterestis
in the computatiornof thefar- eld patternandin the ef ciency of the parallelizedUWVF
code.However, prior to proceedingo speci ¢ modelcasesve shalloutlinethemethodfor
selectinga stablebasisfor the discreteUWVF.

Finally we provide somesolutionsusingthe NASA Almond andcomparetheresultsto

resultsin theliterature.

4.1. The choiceof basis

Sinceit is known from the previous UWVF studiesthat the methodcan suffer from
instability if the planewave basisis not carefully chosen[17], we begin this study by
examininga methodfor selectinga basison eachelementi.e. apossiblydifferentnumber
of directionson eachelement)which leadsto stablesolutionof the UWVF problem. The
stability of the problemis in particularimportancesincewe usethe Bi-CGstahiterationfor
solvingthe UWVF matrix system.

Aswasnotedin 2D UWVF simulationsof theHelmholtzequationin [17], if thenumber
of basisdirectionsis too large, thematrix (I D *C) may becomeill-conditioned. It

was also obsened that by controlling the condition numberof matrix blocks Dk it is
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possibleto have control over the conditioningof the overall UWVF matrix system.More
preciselyalargetolerances setandthecomputatiorof the matrix blocksD  is begunby
usingarelatively smallnumberof basisfunctionsperelement.After theassemblyf D ,
its condition numberis computed. If the condition numberis belov the predetermined
tolerance the local basisdimension(numberof directions)is increasedand the matrix
D isrecomputedThis procedurds repeatedintil the largesthumberof basisfunctions
giving a conditionnumberbelow thetolerancegfound. Our experiences thatthis approach
ensureghatthe iterative schemefor solving (25) corvergesprovided the tolerances not
chosentoo large. Accurag canbe improved by choosingthe tolerancearger within the
overall constraintof requiringtheiterative methodcorverge.

While in 2D it is possibleto make arelatively poorinitial guesdor thebasisdimension,
dueto thewiderrangeof possibleébasisdimensiorin 3D, abetterapproactior 3D problems
is needed.Theanalysisof Section3.1 shavedthatwhenkhy is large,the approximation
error for px planewavesis relatively a simple function of kk hx . On the otherhand,
numericalexperimentdor the 3D Helmholtzproblemin [15] shav thatby constraininghe
conditionnumberof Dk leadsto almostlinearrelationof scaledwvave numberkk hxy and
the basisdimensionpk . Despitethe fact that the relationshipbetweenthe conditioning
andthe erroris not yet properlyunderstoodye focuson the controllingthe conditioning
sinceill-conditioning leadsto divergentBi-CG iterations.

Let ke denotetherealpartof thewave numberk. In Fig. 1, thebasisdimensionpk is
plottedasa functionof k. hg’ whenthe maximumconditionnumberof thematrix blocks
Dk is limited by the tolerancesl0®, 10’ and 10°. The elementsize parameteh?’ is

de ned asa meandistanceof the elementverticesfrom its centroidby

wherex ¥, is thepositionof the centroidof thetetrahedrorK andx € ,j = 1;:::4 arethe

coordinate®f thevertices.
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FIG. 1. Thenumberof basisfunctionspix asafunctionof kx hg' whenthebasisdimensioris choserby

constraininghe maximumconditionnumberof D .

As in the Helmholtz case[15], we seean almostlinear relationshipbetweenthe basis
dimensiorandtheelemensizescaledvave numberk.. hg'. Motivatedby this obsenation
andour accurag considerationgn Section3.1, we supposehatthe basisdimensioncan

beapproximatedy usinga quadratigpolynomialof theform
pk = roundAz(keh)? + Arkehl + Ao): (26)

The coefcient Ay, A; andAy computedusinga least-squareg to dataof Fig. 1 are

listedin Table2.
TABLE 2

Parametersfor the basispolynomials

Max(CondD k )) Az A1 Ao
le5 0.3175 6.9819  7.1573
le7 0.2578 10.7795 10.0676
1e9 0.0053 15.5926 13.5771

We note that sincethe estimate(26) usesthe real part of the wave numberonly, the
absorptionis not taken into account. However, numericalsimulationsshav that the ab-
sorptionhasa strongeffect on the conditionnumberof D . Sincewe wantto investigate

the performanceof the PML (which generatesn absorption),the estimate(26) for the
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elementdn the PML is misleading. Consequentlythe basisestimate(26) is usedmainly
for choosingthe initial basisfor the conditioningbasedselection. In particular to give a
fair comparisorbetweerthe PML andABC, thesamestratey for choosinghe basismust
be used. We shall shav, however, in Section4.6 thatin the absenceof absorptionthe

estimate®of (26) aredirectly applicable.

4.2. Electric dipole in free-space
The rst modelproblemwe investigatds to computethe eld dueto anelectricdipole
which we get by choosingequation(21) as the right hand side of the UWVF. In the

free-spacethe exactsolutionof the problemss
Eex =il | (X;X0)a ill—r «(rx a) (27)

where

exp( P X Xol).
4 jx  Xoqj ’

(X;Xo) =

Thegeometryandthe meshusedin the free-spacelipole simulationsareshavn in Fig.
2. To avoid possiblespuriousaccurag dueto symmetry the point sourceis locatedat
the point (0.2,0.2,0.20f the 1:0 1:0 1:0 cubecenteredat the origin . The cubeis
surroundedy 0.1thick PML. Dueto the presencef the singularityat the locationof the
pointsource themeshis re ned nearthepoint (0.2,0.2,0.2).

In all simulationsfor this problem,thebasisis choserby limiting the conditionnumber
of thematrix blocksDk . Theinitial guesdor the basisis madeusingthe polynomialsof
Fig. 1. During the assemblyof matrix D, the largestnumberof planewaveswhich give
the conditionnumberof Dk below the predeterminedimit is chosen.The Bi-CGstabis
terminatedvhentherelative residualis belov 10 °.

Fig. 3 shavsthatall threeconditionnumberimits usedin Fig. 1 leadto corvergentBi-
CGstahterationwhentheangularfrequengis! = 10 andthe ABC isused.Subsequent

simulationsshow that the condition numbersbelov 10° give a sufciently large basis

dimensiorfor accuray in thefrequeng rangeusedin this study(to bequanti ed shortly).
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FIG. 2. Left Thedomainenclosingthe point sourceat (0.2,0.2,0.2 markby a smallsphere).Theactual
region of interestisthe1:0 1:0 1:0 cubesurroundedy a0.1thick PML. Right The meshfor the problem
consistingof 22620elementsand4430vertices. Themeshis re®nednearthe locationof the point sourcesothat

elementssizeincreasesvith distancefrom the sourcer as5r 2.
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FIG. 3. Theconvemgenceof the Bi-CGstabfor differentconditionnumbersat! = 10 .

Thereforejt is usedin therestof the simulations.Hence the numberof basisfunctionsin

eachelementreapproximatelfthesameasshavnin thelowestgraphof Fig. 1, depending
onthelocalwave numberandsizeof theelement.We wantto note,howeverthattheactual
numbemnf basisfunctionscanhave smallvariationbetweerelementsgespitehesamdocal

wave numberkk andelementsizeparameteh’, sincethe conditioningis alsoaffected
by the shapeof the elements.And asnotedearlier, the absorptionin the PML elements
reduceghe numberof basisfunctionsascomparedo the estimatesof Fig. 1 which are

computedor anon-absorbingnedium.
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4.2.1. Theeffectof thePML

Oneobjective of this studyis to investigatehe performancef thePML in theUWVF as
amethodfor eliminatingspuriousre ectionsarisingfrom thetruncationof wave problems
onunboundedlomains.Fig. 4 shavs the solutionfor the free-spacelipole atthe angular

frequeng! = 30 .

real( E3) , Exact real( E3 ), UWVF ABC real( E3 ), UWVF PML
0.4 15 0.4 15 0.4 15
02 10 02 10 02 10
5 5 5
N 0 0 N 0 0 N 0 0
-5 5 5
0.2 10 0.2 10 0.2 10
0.4 15 0.4 15 0.4 15
04 -0.2 0 02 04 04 02 0 02 04 04 02 0 02 04
y y y
| E |, Exact | E |, UWVF ABC | E |, UWVF PML
0.4 [ 04 [] 0.4 1
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0.2 0.2 0.2
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—0 —0 —0
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FIG. 4. UWVF approximatiorfor thefree-spacelipoleat! = 30 . Theexactsolutionis computedising
equation(27). The UWVF-ABC correspondso the absorbingboundarycondition(3) with Q = 0 andg = 0.
The approximationwith the PML is for the decayparameter ¢ = 0. Thetop row shaws the real partsof the
z-componenbf the electric®eld. The middlerow shavs the full amplitudeof the electric®led E . The bottom
row presentshedistribution of theerrorin the UWVF-ABC andUWVF-PML solutions.Theerrorsfor the ABC

andPML approximationsre6.69%and2.63%,respectiely.

Theeffectof thePML decayparameter o ontheaccuray of the UWVF approximation
is investigatedn Fig. 5. Sincethe boundaryconditionon the exterior boundaryof the

PML is equation(3) with Q = 0 andg = 0, thecase o = 0 correspondso thelow order
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absorbingboundaryconditionreferredo asABC in thisstudy Simulationarecomputedor
threedifferentangulafrequencies = 10 ;20 and30 . Thecorrespondingvavelengths
are = 0:2;0:1and0:0667, sothethicknessf thePML in termsof wavelengthds 0:5 ;

and3=2 . Thesamegure alsoshowvsthenumberof Bi-CGstabiterationsneededo reach

therelative residualbelon 10 °.

12 o w-10p 1000
—~ 10 —— w=20p
S ~7- w=30p g 800
S 8 b
2 © 600
5 2
Q 6 k)
= g 400
g 4 E %
& 2
2 200
0 0
0 2 4 6 8 0 2 4 6 8
So So

FIG. 5. Left Errorasafunctionof the PML decayparameter ¢ atthepoint(-0.2,-0.2,-0.2).Right The

numberof BiCGstabiterationsasa functionof ¢ in thesameproblem.

Theseresultssuggesthatthe UWVF approximatiorusingthe PML becomesunstable
atlow frequeny causinganincreasechumberof iterations. On the otherhand,thereis a
window of valuesfor o which improve the accurag of the UWVF-PML in comparison
to the UWVF-ABC. Whenthe decayparameteis too large, the errorincreases.This is
causedy the reducechumberof basisfunctionsin the PML elementgesultingfrom the
condition numberbasedcriterion for choosingthe basis. More precisely we limit the
maximumconditionnumberof blocksD belav 10°. At large ¢ this criterionis metor
evenexceededvhenthe numberof planewavesin the PML elementss only three.

Theinstability of the UWVF-PML approximatioratlow frequenciess seermoreclearly
in Fig. 6 in which the error andthe numberof degreesof freedom(DOF) are plotteda
function of the frequeng. The axis on the top of the error plot shows the ratio of the
maximumelementsizehn,,x andthe wavelength . The PML leadsto pooreraccuray
thanthe ABC atthe lowestfrequengy ! = 5 afterwhich the performanceof the PML
improves. Resultssuggesthattheuseof thePML athigherfrequenciefastwo advantages,

First, it reducegheerror. Seconddueto the smallernumberof basisfunctionsneededor
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FIG. 6. Left Errorasa functionof theangularfrequeng ! atthe point (-0.2,-0.2,-0.2).The top axis of
the ®gure shavs the numberof wavelengthsper largestelementedgelengthin the non-PMLregionh = 0:17.

Right Thenumberof degreesof freedom(DOF) asthefunctionof ! .

theelementsn thePML, it alsoreduceshesizeof the problem(of coursethe PML would
alsoallow usto reducethe sizeof the computationatlomainwhich would furtherreduce

thesizeof the problem).

4.2.2. Field nearthesingularity

Sincethe eld of thedipole hasa singularityat its origin, it is importantto investigate
the error of the UWVF approximationsasa function of the distancefrom the singularity
Fig. 7 presentghe error for approximatingthe solutionusingthe UWVF-ABC andthe
UWVF-PML alongthe diagonalof the cubic computationatiomain. The erroris plotted
on the line from the point (-0.5,-0.5,-0.5%0 (0.5,0.5,0.5).As is to be expectedthe error
peaksstronglyat locationof the dipole wherethe true solutionis unbounded.While the
solutionwith the ABC haswavy spuriousre ections, the error for the PML is smoother
within the computationatiomain. However, the PML erroralsoincreasesapidly nearthe
cornerof theactualcomputationatiomain. This suggestshatthe PML still inducesweak

re ectionsbackto the computationatlomain.

4.3. Layeredmedia
TheUWVF methodcaneasilybe usedfor problemsn aninhomogeneousedium.Fig.

8 shavs the UWVF approximationdor a dipole sourceabove a layeredmedium. The
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FIG. 7. The error on the diagonalof the computationaldomain(along the line from (-0.5,-0.5,-0.5)o
(0.5,0.5,0.5)) Thedashedine is theerrorfor the ABC andsolidline shavs theerrorwhenthe PML is used.The
PML simulationsarecomputedusingthe decayparameter o = 2:0. Thepeakin theerroris atthelocationof

thedipoleat(0.2,0.2,0.2).

upperdomainz > 0 hasn = 1 andin theregionz < 0n = 2. Resultsareshown for
I = 30 . Asin thecaseof thehomogeneousedium theuseof thePML reducespurious
re ectionsfrom theexterior boundary This canbe shaovn by comparingheresultsfor the
ABC andthe PML with a analyticalsolutionof the problemwhich is outlinedin [19]. In
Fig. 9weplotthe eld jEj alongthelinez = 0:2inthex = 0plane.Thewavy spurious
re ection of the ABC arealmostextinguishedwhenthe PML is used. Consequentlythe

erroris reducedrom from 3.4%to 0.8%.

4.4, Scatteringfrom asphere
The third model problemwe study is the scatteringof a planewave from a perfectly

conductingspherewith radiusR = 0:5. The actualregion of interestis a cubewith
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FIG. 8. TheUWVF-approximationgor adipolein alayeredmediumwhen! = 30 . ThePML improves

thesolution.

— Exact
- UWVF ABC
— — UWVF PML

[E|

4 Il Il Il Il Il Il Il Il Il
0.5 0.4 0.3 0.2 0.1 0 0.1 0.2 0.3 0.4 0.5

y
FIG. 9. The®eldjEj alongthelinez = 0:2inthex = 0 plane.The PML reducegheerrorfrom 3.4%

to 0.8%. Theexactsolutionfor the problemis formulatedin [19].

sidelength0.55. This domainis surroundeddy a 0.2 thick PML. The meshusedin all
simulationsof this sectionis shavn in Fig. 10. It hasmaximumlength of an element
edgehmax = 0:196. To ensureanaccurateggeometricrepresentationf the surfaceof the
spherethemeshis re ned nearthescattererWe computesolutionat! = 30 whichgives

=h max = 0:340, i.e. approximatelythreewavelengthgerelement.
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FIG. 10. Themeshusedin thescatteringrom the spheresimulations.The meshconsistof 12176vertices
and45461tetrahedra.To betterapproximatethe sphere the meshis relatively ®ne on nearthe surfaceof the

scatterer

The problemcanbe decomposethto the scatterecpart E o andtheincidentpartE j, .
The incident eld is a y-direction polarizedplanewave propagatingn the direction of
positive x-axis. The problemis formulatedfor the scatteredeld only. In the UWVF, we
setQ = landg = (1=2)n Ej, (seeEq. (3)) onthesurfaceof thesphere.Ontheexterior

boundarywehaveQ = 0, = p_ozp

"o andg = 0 which correspondso the low-order
ABC. We alsocomputethe electricfar eld patternE ; de ned in sphericalcoordinates

(r; ; )as

whenr ! 1 . Thecomputatiorof thefar eld fromthe UWVF agproximationis presered
in [5]. In all far eld simulationsof this study theintegralsfor the resolvingthe far- eld
arecomputecbverthe exterior boundaryof the computationalomain.

Fig. 11shavsthenear eld UWVF-PML approximationsvith o = 2:0forthescattered
eld E . Thetotal eld E s+ E i, is shavn ontheright. Theelectricfar eld patternfor
thesameproblemis plottedin Fig. 12. The gure shovs UWVF approximationsisingthe
ABC andthe PML which both comparewell with the analyticalMie seriessolution(the

PML solutionis almostindistinguishabldrom the exactsolution).
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FIG. 11. TheUWVF-PML approximatiorfor the scatteringproblemat! = 30 . Theamplitudeof the
scattere®eld is shavn ontheleft. Ontherightis theamplitudeof thetotal ®eld (giving anideaof theradiusof

the spherdn wavelengths).

30

Mie
4 |- — —UWVFABC
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FIG. 12. Thefar®eld patternjE; j for the scattered®eld from the sphereat! = 30 . The UWVF

approximationgrein goodagreementvith the Mie seriessolution.

Theerrorin thefar- eld andthe numberof degreesof freedom(DOF) asa function of
theangularfrequeng ! is shovn in Fig. 13. Theaxison thetop of the error plot showvs

theratio of themaximumelementsizeh,,x andthewavelength .

4.5. NASA almond
The last modelproblemis the scatteringof a planefrom the NASA almondfor which
experimentaldatais publishedin [25]. The perfectlyconductingmetallicalmond-shaped
scatterelis 25:2 cmlong. The coordinatesystemis chosersothatthe longestdimension
of thealmondis in the x-directionandthe smallestin the z-direction. The computational
domainis40 40 40cm? cube.Theobjectisilluminatedby planewaveswhichpropagate

in (x; y)-planeandarevertically polarized(i.e. the VV-polarizationin [25]). Hence,the
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FIG. 13. Left Errorinthefar®eld patternasthefunctionof theangularfrequeng ! . Right Thenumberof
degreesof freedom(DOF) asafunctionof ! . Notethatthesamemeshis used.Thusas! increaseshegeometric
errorin representinghe spherewill dominateandwe expectthe PML and ABC solutionsto have roughly the

sameerrorathigh frequeng.

formulationof the problemfor the scatteredeld E . is identicalwith thatof thespheran
theprevioussection.

For eachplanewave, the back-scatteredadarcrosssection(RCS)is computed. We
simulatetwo of the measuredrequencies.At 1.19GHz,the wavelengthis = 25:2 cm

and9.92GHzcorrespond$o = 3:.0cm.

FIG. 14. Two meshedisedin theNASA almondsimulations.Thecoarsaneshconsistf 12715tetrahedra
and 3658 vertices. The ®ne meshis constructedrom 44903tetrahedraand 9130 vertices. Despitethe large
differencein the numberof elementsthe surfacedicretizationis almostequalfor both meshes.The surfaceof

thealmondis representedsing5486trianglesin thedensemeshand5278trianglesin the coarsemesh.
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In Fig. 15 we compareUWVF approximationfor the RCSwith the simulationcom-
putedusingthe electromagneticemoduleof the COMSOL Multiphysics3.2 (ComsolAB,
Stockholm Sweden). The UWVF approximationgarecomputecnthemeshe®f Fig. 14.
We usethesamene UWVF mesh(with hihax = 0:072) alsofor the nite elementmethod
(FEM) simulationsusing COMSOL Multiphysics3.2. In thatcase =h yax = 3:5 which
canbe expectedto be nearthe minimumthat canbe handledby COMSOL Multiphysics
dueto thelimitations of the underlying rst orderedge(vector)edgeelementmethod.An
additionalFEM simulationis computedusinga meshwith hpyax = 4:0 cm which gives
=h max = 6:3 (the meshconsistsof 72 559 tetrahedraand 14306verices). All UWVF
and FEM resultsare computedusing the samelow-order ABC on the truncatedexterior

boundary(ie.Q=0, = P _O:p "o andg = 0in Eq. (3)).

___ UWVF, h =0.145
max
— _ UWVF,h_=0.072
max
_. COMSOL, h__ =0.072
max
.. COMSOL, h__ =0.040
max
O Measured

RCS (dBSM)

60 i i i i i i i i
0 20 40 60 80 100 120 140 160 180

Azimuthal angle (degrees)
FIG. 15. A comparisorof the UWVF andCOMSOLMultiphysics3.2 simulationsfor the NASA almondat

1.19GHz(VV-polarization).Experimentatlatain every 10 degreesis extractedfrom Fig. 3 of thereferencd25].

A comparisorof the resultswith Woo's experimentaldata(measurediatais extracted
every 10degreedrom theenlagenedrig. 3 of [25]) shavsthatall simulationsarein good
agreementvith the measurementsHowever, despitethe equalaccuray in the surface
triangulationandthe samestatemenbf the problem,the COMSOL andUWVF solutions
differ slightly nearthe minimaat45 and135 angles.A detailedinspectionwith Fig. 3
of the referencd25] suggestshat the locationof the minima andthe value of the RCS
at the minima are capturedmore accuratelyby the UWVF. The re nementof the mesh

improvedthe accurag of the FEM approximatiornbut furtherre nementwasimpossible
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dueto the limited memoryin our workstation(COMSOL Multiphysicswasrunon a 3.0

GHz Pentium4 processohaving 3.0GBRAM).

It is evidentthatthe UWVF is notvery ef cient for solvingproblemsatlow frequencies
(suchasthealmondproblemat 1.19GHz)whenthedetailedrepresentationf thegeometry
requiresthe useof a meshcontainingmary small elements. Namely despitethe dense
meshnearthe scattergrthe UWVF basisshouldconsistof atleastthreeplanewavesper
elemenwhichinevitably increasesheoverallnumberof degreef freedom.In thecoarse
meshthenumberof planewavesin theUWVF basisvariesfrom 3to 22, thecorresponding
DOF being222236. Thesolutionrequiredd76 MB memory

However, agreatadvantageof theUWVF isthatasinglemeshcanbeusedor simuations
over awide rangeof frequenciedy increasingthe numberof basisfunctionsalongwith
thefrequeng (asshavn in Fig. 1). To demonstrateéhis featureof the method,we solve
the RCSfor thealmondat 9.92 GHz usingthe coarsemeshof Fig. 14. Theresultsare
showvn in Fig. 16. We notethateventhoughthe solutionfor the coarsemeshhasseveral
wavelengthsper elementsize ( =h nax = 0:21), the methodcan accuratelyresohe the
RCS.In this case the numberof basisfunctionsvariesfrom 4 to 130 andthe numberof
DOFis 657,538.Thesolutionneeded’.73GB memory To verify the corvergenceof the
solution,we alsoplot the samedatathatis computednthe ne meshof Fig. 14. Thetwo
solutionsare almostindistinguishablebetweenangles55 and180 but differ in angles
below 55 whenthebackscatteredignalis extremelyweak.

Due to the divergent PML solutionsat low frequenciesthe PML could not be used
for the UWVF simulationsat 1.19 GHz. However, the PML is fully functionalat higher
frequenciesandthereforewe also plot the RCS computedusing PML in Fig. 16. The
meshusedwith the PML is relatively coarse(hmax = 14:5 cm) andit is constructedy
surroundinghe40 40 40cm® computationatiomainby a5 cmthick PML. Themesh
consistedf 14,21 1tetrahedrand3,943vertices. Thedecayparameters setto ¢ = 2:0.
The approximationwith the PML is againin goodagreementvith the two UWVF-ABC

solutionsbut differ mostin theanglesbelow 55 .
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A comparisorof UWVF approximationaith the experimentaldata(measurediatais
extractedin v e degreesspacingfrom the enlagedFig. 6 of the referencd25]) shows
thatall simulationscomparewell with measuremenis angledargerthan55 . At smaller
anglesthe backscatteredvave wealensandthe differencesn the UWVF approximations
increases.lt is dif cult to judgewhich onethe threesimulatedRCSbestcorresponds$o
the measurementsHowever, the UWVF-PML simulationgivesthe bestapproximation
for the RCSwhenthetargetis illuminatedfrom the anglezero. In addition,the location
of theminimain the RCSaresomevhat correctlycapturedusingthe PML. However, the
deepnessf the minima differs from the measurementsThe differencesn two UWVF-

ABC solutionscanarisefrom theapproximatiorerroror in smalldifferencesn thesurface

representation.
10 T T T T T i T T —_ UWVFABC,h _=0145
_ _ UWVFABC,h___ =0.072
20 B max
0A00C — . UWVFPML, h =0.145
< max
30 O Measured

40

RCS (dBSM)

50 b

60 |

70 ; ; ; ; ' ! : !
0 20 40 60 80 100 120 140 160 180
Azimuthal angle (degrees)
FIG. 16. UWVF approximationgor the RCS from the NASA almondat 9.92 GHz (VV-polarization).

Experimentabatafor the problemcanbe foundfrom Fig. 6 in [25].

4.6. Parallel ef ciency
Inthe nal partof thisstudyweinvestigateheparallelef ciency of theUWVF code The
problemusedhereis scatteringrom the conductingsphereat! = 10 . Thecomputation
of thefar- eld patternis notincludedinto the computatiortime sinceit is doneasa post-
processingstepon a singleprocessarin Fig. 17, we plot the CPU-timeasa function of
processonumberwhenthe solutionis computedusingthe ABC andPML. In bothcases,
the scalability compareswell with the ideal speed-upl=np wherenp is the numberof

processors.
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FIG. 17. TheCPU-timeasafunctionof the numberof processorsLeft The computatiortimeswhenthe
conditionnumberbasisselectionandthe PML is usedat! = 10 . Right Ef®cieng for the directuseof the

estimateg26) andthe ABC. Solid linesshav theideal speed-ud=np wherenp is thenumberof processors.

For Fig. 17, the UWVF-ABC solutionis computedusing the numberbasisfunctions
whichis obtaineddirectly from theestimateof Fig. 1 for theconditionnumberl0® (i.e. the
numberof basisfunctionsis notchangedaluringtheassemblyf matrixD). Thisapproach
is feasiblewhenthereis no stronglyabsorbingmaterialsor the PML in the computational
domain. The accurag of the solutionis almostequalwhenthe basisis choserusingthe
estimateof Fig. 1 or whenthebasisis choserby constraininghe conditionnumberduring
the assemblyof matrix D. The errorsfor thesetwo approachesire 1.33%and 1.19%,
respectiely. The correspondindOFsare 1,658,908and1,892,382. Whenthe PML is
used,the erroris reducedto 0.23%but thenthe basismustbe selectedduring assembly
which leadsto 1,740,922D0Fs.

Fig. 18 shavs how the CPU-timeis distributedbetweerdifferentsub-procedureduring
the computation. The major differencebetweenthe ABC and PML simulationsis in the
assemblyof the matrix D but the reasonfor this obvious. The fastestway is to usethe
pre-selecteshumberof basisfunctions(the gure in themiddle). In thetwo othergraphs,
the numberof basisfunctionsfor eachelementis chosenduring the assemblyof D by
constraininghe conditionnumberof the matrix blocksD ¢ (seeSection4.1). Theinitial
numberof basisfunctionsis choserusingthe estimate®f Fig. 1. Sincethe estimatedoes

nottake into accounthe effect of absorptiorin the PML onthenumberof basisfunctions,
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theinitial basismustbe correctedduringthe assemblymorefor the PML thanin the case
of the ABC, whichis seenin thelongerCPU-time.

Initialization: 1.5 s
Running Bi CGstab: 99.2 s

Assembling C: 93.7 s

Assembling D: 390.8 s

Initialization: 1.8 s

Assembling D: 97.7 s
Running Bi CGstab: 100.8 s ‘ Q

Assembling C: 93.6 s
Initialization: 1.6 s

Running Bi CGstab: 105.3 s

Assembling C: 94.8 s
Assembling D: 318.4 s
FIG. 18. Thedistribution of the CPUtime for two stratgiesfor choosingthe basis.Top: The computation
time whenthe conditionnumberbasisselectionandthe PML is usedat! = 10 with 22 processorsMid: The
sameplot for the direct useof the estimate(26) andthe ABC. Bottom The distribution of the CPU-timewhen

theconditionnumberbasisselectionandthe ABC is used.

5. CONCLUSION
We have investigatedhe feasibility of the ultra weakvariationalformulation (UWVF)
for solvingtime-harmonidaxwell problems.In the rst partof thepaperthe UWVF was
shawvn to bea upwinddiscontinuousGalerkin(DG) methodwith a specialchoiceof basis

functions.Namely whenthe basisis a solutionof thelocal adjointMaxwell equation.

DRAFT January 18, 2006, 10:14am DRAFT



SOLVING MAXWELL'S EQUATIONS USING THE UWVF 43

The main goal of this studywasto presenta practicalimplementationof the UWVF
method. A parallel procedurefor solving the UWVF approximationsvas outlined. In
addition, we introduceda methodfor choosingthe numberplanewave basisfunctions
for the UWVF, so that the resultingmatrix equationis solvable using standardterative
methodg(we usedstabilizedbi-conjugategradientiteration). The ideais to constrainthe
conditionnumberof local (element-wisenatrix systemwhich providesa controloverthe
conditioningof the whole UWVF matrix equation. We shaved that the in the absence
of the absorptionthe stablenumberof basisfunctionscanbe estimatedor eachelement
basednthe local wave numberandthe elementsize. Numericalexamplesin 3D shoved
thefeasibility of the proposeccomputationamethod.

Potentialfuture developmentof the UWVF include:

1. Theoreticakstimategor the errorandconditionnumberfor the UWVF (our method
was basedon the use of experimentalsimulationsfor providing the information on the

conditionnumberandaccurag).

2. Reductionin the numberof directionsin the planewave basisby alteringalsothe
directionsof the planewaves elementby element(only the numberof equidistrituted
directionsas was variedin this study This will requirethe useof information of the

dominantdirectionsof the solution.

3. A betterparametrizationf surfacesor interfacesin the computationameshto avoid
the needof usingdensemeshesiearboundaries.This would alsoreducethe size of the
problemby reducingthe numberof elementdn the mesh. For examplecurved elements

have beenusedon a circularscatterein 2D UWVF simulation[17].

4. To improve theaccurag of the UWVF nearsingularities.Despitethe re nementof
themeshnearsingularitiesthe UWVF approximationgailednearthe pointsource.lt may
be possibleto improve the accurag thereby using singularbasisfunctions(suchasthe
Besselfunctions)or by couplingthe UWVF with a polynomialDG methodwhich canbe

usednearsingularities.
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