
European Congress on Computational Methods in Applied Sciences and Engineering
ECCOMAS 2004
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Abstract. We investigate the parallelized ultra weak variational formulation (UWVF)
method for large-scale 3D Helmholtz problems. The unbounded Helmholtz problem is trun-
cated using the perfectly matched layers (PML). We propose a method to partition the
problem in a balanced way and examine the scalability of the parallel UWVF method. The
method is evaluated with numerical simulations that are performed on a PC cluster.
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1 INTRODUCTION

The use of oscillatory basis functions has opened new possibilities for solving large-
scale wave problems. In articular, during the last decade, a variety of such techniques
have been proposed. An extension of the finite element method, called the partition of
unity finite element method (PUM) [1], has been successfully used with plane wave basis
functions to solve Helmholtz problems at high wave numbers [16, 19]. Plane waves are
also used in the discontinuous enrichment method [8], discontinuous Galerkin method [9],
least-squares method [18], micro-local discretization [6], boundary element method [20]
and in the ultra weak variational formulation (UWVF) [3, 4]. This study is dedicated to
the parallel UWVF solver for 3D Helmholtz problems.

The UWVF in a general form was first introduced in [7] and further analyzed for
Helmholtz and Maxwell problems in [3, 4, 5]. Numerical simulations of the UWVF method
for Helmholtz problems in inhomogeneous media have been performed in [11, 13] and an
extension of the method for Navier problems is proposed in [12]. Although the UWVF
has given a promise for solving wave problems with reduced computational burden, it can
suffer from numerical instability and a special method for choosing the basis is needed.

As shown by 2D examples in [11], the instability of the UWVF method can be reduced
by using an element-wise varying number of plane wave basis functions. In addition, the
truncation of unbounded problems with the perfectly matched layer (PML) [2] can essen-
tially improve the accuracy of UWVF approximations [13]. However, the use of variable
number of basis functions in the parallel UWVF method can lead to severe imbalance
in memory requirements between processors if the UWVF problem is partitioned into
subproblems with equal number of elements. Furthermore, the use of PML can further
increase the imbalance since a reduced number of basis functions is needed in the PML.

In this study, we show how the memory requirement of partitioned UWVF problems
can be estimated based on the knowledge on the element size and material properties. A
relatively simple estimate can be obtained for the memory requirement for elements in
the non-PML region. We also sketch how similar method could be extended into elements
in the PML.

2 ULTRA WEAK VARIATIONAL FORMULATION

In this section, the UWVF for the inhomogeneous Helmholtz problem is outlined. The
truncation of an unbounded problem is done using the perfectly matched layer (PML)
[2]. Only a short review of the method is given here. A more thorough presentation of
the coupled UWVF-PML method can be found from [13].

Let us define a domain Ω having the boundary Γ and outward unit normal n. We
assume that domain can be divided into two parts Ω = Ω1 ∪ Ω2 so that Ω1 is the actual
computational domain and Ω2 is the surrounding PML region. The Helmholtz problem
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in an inhomogeneous medium occupying Ω can be formulated as follows

∇ ·
(

1

ρ
A∇p

)
+
κ2η2

ρ
p = 0 in Ω, (1)

(
1

ρ
n · (A∇p)− iςp

)
= Q

(
− 1

ρ
n · (A∇p)− iςp

)
+ g on Γ, (2)

where κ = κ(r) ∈ C is the spatially varying wave number that satisfies <(κ) > 0 and
=(κ) ≥ 0. On the boundary the parameter Q ∈ C with |Q| ≤ 1. The density ρ = ρ(r)
and parameter ς are real and positive. Finally, the complex valued source function on the
exterior boundary Γ is denoted by g.

In this study, the matrix A and the parameter η are either A = I and η = 1 in the
non-PML region Ω1 or

A = diag

(
dydz
dx

,
dxdz
dy

,
dxdy
dz

)
and η2 = dxdydz (3)

in the PML domain Ω2. The parameters dx, dy and dz arise from the complex stretching
of the spatial variables so that

∂x′

∂x
= dx (4)

where

x′ =




x +

i

κ

∫ x
x0
σ0(|x| − x0)ndx, |x| ≥ x0,

x, |x| < x0.
(5)

Similar expressions are used also for y and z. We also denote r = (x, y, z) and r′ =
(x′, y′, z′).

For the UWVF we partition the domain Ω using a tetrahedral finite element mesh with
elements Kk, k = 1, · · · , N . We assume that the mesh is chosen so that the parameters ρ
and κ are constants in each element and we denote ρk ≡ ρ|Kk and κk ≡ κ|Kk. The problem
(1)-(2) can now be decomposed into subproblems for each element Kk, k = 1, · · · , N

∇ · (Ak∇pk) + κ2
kη

2
kpk = 0 in Kk, (6)

1

ρk
nk · (Ak∇pk)− iςpk = − 1

ρj
nj · (Aj∇pj)− iςpj on Σk,j, (7)

1

ρk
nk · (Ak∇pk) + iςpk = − 1

ρj
nj · (Aj∇pj) + iςpj on Σk,j, (8)

(
1

ρk
nk · (Ak∇pk)− iςpk

)
= Q

(
− 1

ρk
nk · (Ak∇pk)− iςpk

)
+ g on Γk, (9)
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where pk = p|Kk . The coupling parameter for (7) and (8) on the interface Σk,j and exterior
boundary Γk is

ς =
1

2

(<(κk)

ρk
+
<(κj)

ρj

)
and ς =

<(κ)

ρ
, (10)

respectively.
For the UWVF we define a new function χk on the skeleton of the mesh

χk =
((
− 1

ρk
nk · (Ak∇)− iς

)
pk

)∣∣∣
∂Kk

, 1 ≤ k ≤ N. (11)

It is shown in [3, 4] that χk satisfies the variational formulation.
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for all piecewise smooth functions vk satisfying ∇ · (Ak∇vk) + κ2
kη

2vk = 0 in Kk. Terms
of the double summation in the second term of the left hand side are assumed to exist
only if two elements share a common face Σk,j. Equation (12) is called the ultra weak
variational formulation of the Helmholtz problem.

The discrete UWVF is obtained by approximating the function χk using complex con-
jugated plane wave basis functions

χak =

Nk∑

`=1

χk,`

(
− 1

ρk
nk · (Ak∇)− iς

)
ϕk,`, (13)

where

ϕk,` =

{
exp(iκkdk,` · r′) in Kk

0 elsewhere,

In addition, following the Galerkin method developed in [4], we choose vk = ϕk,`. The an-
gularly equidistributed directions dk,` are obtained by minimizing the maximum distance
between Nk points on the unit sphere [10]. In this study, the maximum allowed number
of directions per element is limited to 130.

By substituting the plane wave approximation to the equation (12), the discrete UWVF
problem can be written in the form of the matrix equation

(I −D−1C)X = D−1b. (14)

The matrix D is a block diagonal matrix arising from the first term of (12). It consists of
blocks Dk, 1 ≤ k ≤ N so that the block Dk corresponds to the element Kk. The sparse
block matrix C couples the solution in a single element to adjacent elements or includes
terms arising from the boundary conditions. The data vector b corresponds to the right
hand side of (12).
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3 Parallel UWVF

In this section a parallelization strategy for the UWVF method is developed. First, we
discuss on the partitioning of the problem for a distributed memory computers. Second,
a load balancing method for the problem is proposed. The aim is to use compute an
estimate for the number of basis functions in each element based on the knowledge on the
material properties and the size of the element. This estimate can be used to partition
the mesh so that the memory requirement for each processor is balanced.

3.1 Partitioning of the mesh

The idea behind the efficient parallelized UWVF code is that the computational mesh
is first partitioned into n parts where n is the number of processors. Then each processor
assembles the parts of the matrices D and C along with the right hand side b for the
corresponding part of the mesh. The blocks Dk for the matrix D can be constructed
using geometric and material property information of the element Kk only. However, for
the blocks in the coupling matrix C, information from the elements adjacent to Kk are
needed which necessitates communication between processors. Furthermore, for solving
the matrix equation (14) with an iterative solver, the matrix-vector multiplication (I −
D−1C)X is computed on each iteration which again calls for communication between
subprocesses. The Bi-CGStab is used to solve (14). The parallel implementation of the
Bi-CGStab methods are discussed in more detail in [21].

On one hand, it is known that the bottleneck in parallel iterations is often the amount
of communication between processors. On the other hand, it is obvious that the amount of
communication can be reduced with the number of faces of tetrahedra shared by different
parts of the mesh. The method used in this study is based on the multilevel partitioning
of the mesh [15] using the single processor version of METIS software package [17].

3.2 Load balancing

Let the element Kk be occupied by Nk basis functions. Furthermore, in the case of
a tetrahedral mesh, the element has four faces shared with adjacent elements or at least
one of the faces is on the exterior boundary. The number of entries in the matrices D and
C of (14) for a single element is then

Mk = N2
k +

4∑

`=1

NkNj` (15)

where Nj` is the number of basis functions in the element Kj sharing the face Σk,j or
Nj = Nk if the face is on exterior boundary. The storage needed for the right hand side
and the vector to be solved in (14), together with vectors needed in the iterative solver,
can be taken into account with an additional storage of mNk coefficients. The value of m
depends on the type of the iterative solver being used.
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As discussed in [11] the method used to choose Nk in 2D examples relied on limiting
the condition number of matrix blocks Dk below a predetermined limit. The number of
basis functions Nk and the building of Dk was then obtained as a sequential procedure.
More precisely, after an initial guess for Nk, the matrix block Dk was computed and the
condition number of Dk was evaluated. This procedure was continued until the highest
Nk which provided the condition number below a predetermined limit was found.

In the parallelized approach, the previous scheme that is used to choose Nk has two
drawbacks. First, to use parallel processing efficiently, the mesh must be partitioned to
each processor before starting of the dynamic procedure for selecting Nk. The partitioning
of the mesh so that each part has approximately equal number of elements may lead to
severe imbalance between loads at different processors. Namely, if the element size and
material properties vary within the mesh, the number of basis functions that give an equal
condition number of Dk varies significantly between elements. Second, in 2D examples
the initial guess for Nk was chosen equal for each element. However, in 3D , due to the
increased number of elements and number of basis function per an element, this approach
becomes intolerably time-consuming. Both these drawbacks call for a method to estimate
Nk prior to partitioning based on the element size and material properties in the element.

The numerical experiments in [4, 11] show that the condition number of Dk depends
on the element size hk and wave number κk. Let the element size hk be defined as the
average distance of element vertices rk,`, ` = 1, ..., 4 from the centroid ck of Kk

hk =
1

4

4∑

`=1

|ck − rk,`|. (16)

The numerical examples of Section 4 show almost linear correlation between the number of
basis function per element Nk and the dimensionless quantity κkhk (see Fig. 3). Therefore,
the initial guess can be made, for example, in the form

Nk = A(κkhk) +B, (17)

where feasible parameters A and B can be estimated from the experimental cases.
The METIS allows weighed partitioning of the mesh. For load balancing, the approx-

imately linear relation between κkhk and Nk provides means of estimating the number of
matrix entries Mk corresponding to each element Kk. Furthermore, the use of Mk and
mNk to weight Kk in METIS gives a relatively balanced memory storage for all processors.

After the mesh is partitioned, the dynamic procedure introduced in [11] can be used to
choose the stable number of basis functions Nk and to build the blocks Dk. A significantly
reduced number of trials is needed for finding Nk due to the improved initial guess (17).
However, the estimate (17) can be misleading if the medium in Kk is strongly absorbing
since the effect of imaginary part of κk is not taken into account.
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Figure 1: The spherical sound-hard scatterer D with radius a = 1 is located off-centered at point (0,0,0.2)
inside a cubic computational domain (L1 = 3). In addition, the computational domain is enclosed with a
larger cube (L2 = 4) and the region between the two cubes constitutes the PML. The whole computational
domain, including the PML, is denoted by Ω = Ω1∪Ω2 and the exterior boundary by Γext. The boundary
of the scatterer is denoted by Γ.

4 NUMERICAL SIMULATIONS

The numerical simulations are performed for the scattered wave field ps from a sound-
hard sphere with radius a = 1, see Fig. 1. The incident plane wave pi propagates in the
direction of the positive z axis and the boundary condition of the surface of the scatterer
Γ is

∂p

∂n
=
∂pi
∂n

+
∂ps
∂n

= 0,

where ps is the scattered field.
The Fourier series solution for ps in the spherical coordinates (R, θ, φ) can be computed

as [14]

ps(R, θ, φ) = p0

∞∑

n=0

in(2n+ 1)
j ′n(κa)

h′n(κa)
Pn(cos θ)hn(κR),

where j ′n and h′n are derivatives of the nth order spherical Bessel and Hankel functions.
The Legendre polynomials of order n are denoted by Pn and p0 is the complex valued
amplitude of the plane wave. The series is truncated when the changes in the solution
due to an additional Fourier mode is below 10−6.
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Figure 2: The mesh used in all simulations of this study. Relatively dense discretization is used near the
scatterer. The PML consists about 2 layers of elements.

The UWVF approximation of the problem is obtained by setting Q = 1 and g = 1
2
pi

on Γ. On the exterior boundary of the PML region Γext we use Q = 0 and g = 0. In
all simulations, the decay parameter in the PML is σ0 = 5. The Bi-CGStab iterations
are terminated when the relative residual is below 10−5. The computer code used in
the simulations is coded with Fortran90 and parallelized using MPI (Message Passing
Interface). The computations are done with a Beowulf PC cluster consisting of 24 2.6
GHz Pentium 4 processors and having 48.0 GB total RAM. The processors are connected
with a 1GB ethernet switch.

All simulations of this study are computed in the mesh of Fig. 2. It consists of 19264
vertices and 84515 tetrahedra. To reduce the error arising from the triangulation of the
curved surface, we use relatively dense discretization near the scatterer. However, the
element size increases rapidly with the distance from the sphere. Using the indicator (16)
for the element size, for the largest element in the mesh we have max(hk)=0.2658.

In Fig. 3, we present the number of basis functions per element as a function of the
dimensionless quantity κkhk. The results are computed for three different value of the
maximum condition number of the blocks Dk inside the non-PML domain. The results
are computed using κa = 10π. The figure shows the highest number of basis functions in
each element which provides the condition number that is below the predetermined value.

A somewhat linear relationship between the condition number and κnhn can be ob-
served. A linear least-squares fit to the data of Fig. 3 for the curve (17) is given in Table
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Figure 3: The number of basis functions per element Nk as function of product of the wave number κk
and element size hk for different condition number limits. The results are computed for κa = 10π.

1. We also list the relative error of the UWVF approximation for each case.

Max(Cond(Dk)) A B Err %
104 7.27 3.17 2.94
105 8.74 5.12 1.21
106 10.76 5.34 0.96

Table 1: The parameters A and B of the equation (17) that are obtained a linear least-squares fit to the
data of Fig. 3. In the last column we show the error of the UWVF approximation for each case.

We examined next the storage distribution between processors when estimates from
Table 1 are used. A test problem (κa = 10π) is computed using the linear initial guess
for Nk from Table 1 in the case of Max(Cond(Dk))=105 for the non-PML elements.
Since notably less basis functions is needed in the PML elements [13], a constant initial
guess Nk = 10 is used in the PML elements. In Fig. 4 we show the normalized memory
requirement for 11 of 12 processors used in the simulation. The processor 1 is not included
since is has additional storage such as the whole computational mesh. The results of Fig.
4 indicate that an improved method for load balancing is needed for elements in the PML.
Such a method will be outlined later in this study.

We also studied the scalability of the UWVF solver. In Fig. 5 the computation time
is plotted against the number of processors in the case of κa = 4π and Max(Cond(Dk))
= 105. Again, the results are computed using the initial guess of the form (17) where
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Figure 4: Normalized load in each processors when estimate for Max(Cond(Dk))=105 from Table 1 is
used in the non-PML elements. The results are computed with κa = 10π. Left: The PML has decay
parameter σ0 = 5 and the initial guess Nk = 10 is used in the PML elements. Right: The PML has decay
parameter σ0 = 0 (i.e. all elements are non-absorbing) and the initial guess for Max(Cond(Dk))=105

from Table 1 is used for all elements.
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Figure 5: Bars show the scalability of the parallel UWVF solver for the scattering problem κa = 4π. The
solid line represents the ideal scalability, i.e. the CPU time is inversely proportional to the number of
processors.

A = 8.74 and B = 5.12 is used in the non-PML region while a constant initial guess
Nk = 10 is used in the PML.

The performance of the UWVF solver as a function of wave number was investigated
next. In Fig. 6 the accuracy of the UWVF approximation is shown as a function of the
parameter κa. A slight increase in error can be observed as the frequency of the problem
increases. For the largest wave number the error jumps. The jump is most likely due
to limit in the highest allowed number of basis functions per element (=130) which is
reached in many element at the highest wave number.
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Figure 6: The accuracy of the UWVF approximation as the function of κa in the mesh of Fig. 2 and
limiting the maximum condition number of Dk below 105.

Finally, we studied whether it could be possible to estimate the number of basis func-
tions in the PML elements based on the elements size and material parameters. The
numerical simulations of this study and the simulations presented in [13] indicate that
the condition number of the block Dk depends also on the absorption in the element
Kk. In Fig. 7 we present the number of basis function in each element in the PML as a
function of κkhk and a decay parameter αk. The decay amplitude for the element Kk is
computed as

αk =

√√√√1

3

3∑

j=1

[κk=(ξ′j)]
2

at the centroid of the element. Here ξ ′j = x′, y′, z′ are the stretched spatial functions given
by the equation (5).

5 CONCLUSIONS

We investigated the performance of the parallel 3D UWVF solver for Helmholtz prob-
lems at high wave numbers. The results indicate that it is possible to obtain a balanced
partitioning of the problem by using the knowledge of the element size and material prop-
erties in each element. Although the partitioning method of this study was applied for
problems in non-absorbing media, the final part of the study (Fig. 7) suggest that a
similar approach can be extended also for absorbing media and elements in the PML.
Furthermore, the results suggest that a stable number of basis functions for each ele-
ment could be obtained directly using element and material properties without “the trial
and error” method used in this study. This would notably speed up the computational
procedure.
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Figure 7: The number of basis functions per element Nk as a function of κkhk and decay amplitude αk
when the condition number Max(Cond(Dk)) is limited below 105 and κa = 10π. Dots in the (κkhk, αk)-
plane are projections of the data points to that plane.
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